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Abstract

There are numerous methodologies for signal and image denoising. Wavelet,
wavelet frame shrinkage, and nonlinear diffusion are effective ways for signal and
image denoising. Also, multiwavelet transforms and multiple wavelet frame trans-
forms have been used for signal and image denoising. Multiwavelets have important
property that they can possess the orthogonality, short support, good performance at
the boundaries, and symmetry simultaneously. The advantage of multiwavelet trans-
form for signal and image denoising was illustrated by Bui et al. in 1998. They showed
that the evaluation of thresholding on a multiwavelet basis has produced good results.
Further, Strela et al. have showed that the decimated multiwavelet denoising provides
superior results than decimated conventional (scalar) wavelet denoising. Mrazek, We-
ickert, and Steidl in 2003 examined the association between one-dimensional nonlinear
diffusion and undecimated Haar wavelet shrinkage. They proved that nonlinear diffu-
sion could be presented by using wavelet shrinkage. High-order nonlinear diffusion in
terms of one-dimensional frame shrinkage and two-dimensional frame shrinkage were
presented in 2012 by Jiang, and in 2013 by Dong, Jiang, and Shen, respectively. They
obtained that the correspondence between both approaches leads to a different form
of diffusion equation that mixes benefits from both approaches.

The objective of this dissertation is to study the correspondence between one-
dimensional multiwavelet shrinkage and high-order nonlinear diffusion, and to study
high-order nonlinear diffusion in terms of one-dimensional multiple frame shrinkage
also well. Further, this dissertation formulates nonlinear diffusion in terms of 2D mul-
tiwavelet shrinkage and 2D multiple wavelet frame shrinkage. From the experiment
results, it can be inferred that nonlinear diffusion in terms of multiwavelet shrink-
age/multiple frame shrinkage gives better results than a scalar case.

On the whole, this dissertation expands nonlinear diffusion in terms of wavelet
shrinkage and nonlinear diffusion in terms of frame shrinkage from the scalar wavelets
and frames to the multiwavelets and multiple frames.
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Chapter 1

Introduction

Wavelets shrinkage, frame shrinkage, and nonlinear diffusion filtering have been effec-
tively utilized as a part of signal and image denoising [9,25,45,46,55,58,61,62,63,66,67].
The advantage of wavelet transform was first illustrated by Donoho and Johnstone
[13,14,15]. They determined that the evaluation of thresholding in a wavelet basis
has performed best in the worst possible case for sets of piecewise regular images.
They implied two thresholding functions: hard-threshold

o x, || > 1
= 1.1
r () {O,|x| <T (1.1)
and soft-threshold
g sgn(z)(|z| = T),|x| > T
= . 1.2
r() {0, lz| < T (1.2)

The undecimated transforms are used to minimize artifacts in the denoised data. The
establishment of this idea was by Coifman and Donoho [9]. They showed that undeci-
mated single wavelet is better than decimated single wavelet denoising. Furthermore,
an undecimated illustration is more advanced than a decimated illustration for image
denoising. Numerous undecimated illustrations have been proposed to image denois-
ing [3,58,61,62].

Multiwavelet has drawn much consideration in the signal processing in recent years
8,10,21,22,23,29,30,31,32,33,38,39,44,48,60]. The extension of wavelet was obtained
by Donovan, Geronimo, Hardin, and Massopust. They suggested using two scaling
functions to approximate a signal [16]. Also, the constructions of multiwavelets and
the design of multifilter banks can be found in many papers such as [11,23,38,39,68].
The advantage of multiwavelet transform was illustrated by Bui, Tien, and Chen.
They proposed that the evaluation of thresholding in a multiwavelet basis has per-
formed good results [3]. Further, Strela et al. have provided that decimated multi-
wavelet denoising provides superior results than decimated single wavelet denoising
[68]. Thus, Tien, Bui, and Chen developed Coifman and Donoho‘s undecimated
single wavelet denoising strategy to multiwavelet and the result demonstrated that
undecimated multiwavelet denoising is more appropriate than the singular case for
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soft thresholding [3],[13]. Multiwavelet has important properties such as orthogonal-
ity, short support, good performance at the boundaries, and symmetry, etc. that
scalar wavelets fail to possess these properties simultaneously [38,39]. Moreover, mul-
tiwavelet achieves better results for image processing in comparison with wavelets in
a scalar case.

Association between wavelet shrinkage and diffusion has been studied in [53,54,67].
Also, diffusion in terms of frame shrinkage has been examined in [12,41,71]. Mrazek,
Weickert, and Steidl examined the association between one-dimensional nonlinear
diffusion and undecimated Haar wavelet shrinkage [54]. They prove that nonlinear
diffusion could be presented by wavelet shrinkage. High-order nonlinear diffusion in
terms of frame shrinkage is presented in [12,41]. In addition, the equivalent between
multiscale wavelet frame shrinkage and nonlinear diffusion in general case is presented
by Wang and Huang in [71]. They generalized nonlinear diffusion in terms of frame
shrinkage from single scale to multiscale. Equivalent between wavelet/wavelet frame
shrinkage and diffusion filtering present diffusion in terms of shrinkage functions with
advance achievement. The correspondence between both approaches leads to a dif-
ferent form of diffusion equations. Further, it may assist to move results from one
scheme to the other and to mixes benefits from both approaches.

This dissertation is divided into eight chapters starting with a prologue followed by
preliminaries in chapter 2, which is concerned with different topics including wavelet,
continuous wavelet transforms and multiresolution. Also, decimated and undecimated
wavelet transform for 1D and 2D at one scale and multiscale are presented. Further,
we discussed wavelet denoising, decimated and undecimated frame transform for 1D
and 2D at one scale and multiscale, and frame denoising.

A basic review about multiwavelet, multiresolution approximation and construc-
tion of biorthogonal multiwavelet are also provided. In addition, decimated and
undecimated multiwavelet transform, multiwavelet shrinkage are presented as well.
Also, the discrete multiframe transform and multiple wavelet frame shrinkage are
reviewed.

This dissertation will rely on the results of the next two chapters that present
nonlinear diffusion in terms of wavelet shrinkage in chapter 3 and nonlinear diffusion
in terms of frame shrinkage in chapter 4.

In chapter 5, the equivalence between one-dimensional undecimated multiwavelet
shrinkage and second-order nonlinear diffusion equation using Haar, CL(2), and
DGHM multifilters are provided. Also, the results are generalized by formulating
the equivalence between multiwavelet shrinkage and high-order nonlinear diffusion.
Experiment results and comparisons for this scheme are also presented.

In chapter 6, diffusion in terms of one-dimensional multiple frame shrinkage has
been formulated. Graphical outcomes and comparisons are also discussed in chapter
6 .

In chapter 7, the second part of the results in this dissertation, the equivalence
between two-dimensional multiwavelet shrinkage/multiple frame shrinkage and non-
lineare diffusion are provided. In addition, the experiment result are presented in this



chapter. This dissertation end with final remarks and conclusions in chapter 8.
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Chapter 2

Preliminaries

Basic concepts and preliminary are presented in this chapter. The first section pro-
vides a review of wavelets. Section 2.2 discusses continuous wavelet transform. Mul-
tiresolution analysis is defined in Section 2.3. Decimated and undecimated wavelet
transforms are studied in Sections 2.4 and 2.5, respectively. In addition, Section
2.6 is devoted to wavelet denoising. In Sections 2.7-2.8, we explain an affine frame,
quasi-affine frame and frame denoising. The review of multiwavelet and multiwavelet
frames are provided with more detail in Sections 2.9 and 2.10, respectively. Nonlinear
diffusion equations are discussed in the last Section of this chapter.

2.1 Wavelets

Examining and studying a signal in accordance to the scale is the main idea to
wavelet. It is a two channel digital filter bank that restates on the lowpass output
if observed from an engineering point of view. At a given scale, lowpass filtering
produces an estimated signal, while on the other side, the highpass filtering provides
the information that shows the difference between these two consecutive estimates.
Bandpass and a group of scaling functions with lowpass filters are associated with a
family of wavelet.

The 20th century was the beginning of wavelet. The simplest wavelet, a Haar
wavelet, was designed by Alfred Haar. Then Haar wavelet, which is a scale-varying
basis function, was discovered by Paul Levy.

The major achievement in the research of wavelets was the multiresolution analysis
proposed by Stephane Mallet [41]. Mallet‘s work allowed analyzing signals by using
wavelet functions of various resolutions and it helped researchers to construct their
own family of wavelets utilizing well defined criteria. The concept of multiresolution
analysis was used to construct a set of Daubechies wavelets by Ingrid Daubechies,
which contains of outstanding properties such as orthogonality, compact support,
continuouity and regularity.

Mother wavelet, which is a unique prototype function, helps to generate the wavelet
family. Function ¢ is known as the mother wavelet only if it wavers almost to zero

11



average.
The function ¥ (t) € La(R) is called a wavelet if it satisfies :

PV/ Y(t) dt = lim / W(t) dt =0 (2.1)
A—)oo _A
(t) — 0 for t — +oo. Let b € R and a > 0 be a two real number then:
t—>b
wab - _¢( )

is called wavelets generated by 1.

2.2 Continuous wavelet transform (CWT)

Continuous wavelet transform was presented in many papers such as [2,9,15,18,20,24,46].
Continuous wavelet transform of f € Ly(R) is given by:

b —t
(Wyf)(b,a) = (f, ) = / fowe" 22)
and the inverse of continuous wavelet transform is defined as
4 [ [ x
fa) =t [ wapa

where Cy, is given by:

b)db}% (2.3)

o0 2
O<Cw:/ de<oo.
0

w

2.3 Multiresolution analysis

The concept of multiresolution analysis was proposed by Meyer and Mallat, which
yields a natural framework for the understanding of wavelet bases. A multiresolution
approximation of Ls(R) is denoted as a sequence {V;} of closed subspace of Ly(RR)
that satisfies some properties[51]:

1.V, CVinVjez
2 Vjis dense in L*(R) and (;2_, V; = {0}
f(x) €Vy & f(20) € Vs Vi €2
flx)eV;= fla—=27k)€V;, foral keZ
Also, there exists a real-valued function ¢ € Ly(R) such that {¢(. — k) : k € Z}

is a Riesz basis of Vy, that is,Vy = span{¢(. — k) : k € Z} and there exist some
constant ¢, C' > 0, such that

e el <[> cndle —k

keZ kEZ

AR R S

2

< CZ x| for all{c,} € (*(2)

kEZ
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2.4 Decimated wavelet transform

Discrete wavelet transforms has been utilized expressly by numerous studies (see
e.g. [2,5,6,9,55,66,70]). Let p,q,p,q be a biorthogonal FIR filter bank, their symbols
satisfy:

BR)P() + P(-2)P() =1
A + a0 =1
QE)PE) +Q=)P(—) =0
PQ() + P)Q(-2) =0

Suppose the scaling functions associated with the lowpass filters p, p are $,¢ , and
P, 1; are the corresponding biorthogonal wavelet functions with highpass filters ¢, .
Let {zx} be an input sequence x. Then the discrete wavelet transform with the
analysis filters p, ¢ for one-dimenstion and one-scale is given by:

1 1
Ln = = ﬁkz—?najk? Hn = = Cjk—2nxka (24)
Vi V32

and inverse discrete wavelet transform with p, ¢ filters is defined by:
V2 V2
Ty = —— ok Lp + — n—ok Hg. 2.5
x 4;p2kk+4;Q2kk (2.5)

Discrete wavelet transform is a decimated transform, which downsamples the decom-
position by dropping the odd-index term, so Eq.(2.4) can be defined as:

1 1
L:E(ﬁ_*g)J/Q 7ﬂzﬁ(q_*£)i2a ﬁ;:ﬁ—na

and upsampling the inverse discrete wavelet transform is given by:

izg(p*{LTQ}H\/Ti(Q*{HT?})-

Theorem (2.1)[6]: If the lowpass filters p, p and highpass filters g, g are biorthogonal,
then an input x can be recovered from its approximant L and details H defined by:

1 _
Ln - 5 Zpk—%zxk

keZ

Hn = %Z@c—2nxka

keZ

13



namely, T defined by
= an—QkLk + Z qn—2kHy, n € L.
keZ keZ

is exactly x.
Proof: We want to show that £ = z. The decimated transform can be defined as:

L(2w) = 3 (Fw)e(w) + w0 + wr(w + ) (2.6
H(2w) = 3 (@w)e(w) + 00 + mew + ) 2.7
z(w) = 2p(w)L(2w) + 2q(w) H (2w) (2.8)
Plugging Eq.(2.6)and Eq.(2.7) into Eq.(2.8), we get
(1) = 2p(o0) [T () + 50 T (-] +24(w0) 5 (@ () + 3w + ()]
() = ()] + ()G ww) + [pluw) Fw + 1) + glw)w + W + ).

p(w)p(w) + q(w)q(w) = 1, p(w) plw +7) + g(w)g(w +7) = 0
holds, then z = x.

2.4.1 One-dimensional decimated wavelet transform

Let {zx = LY} be an input sequence x, then the decimated wavelet transform consists
of DWT algorithms and IDWT algorithm, respectively:

n Zpk: 2Lk
\/_ kEeZ
n ZQk Lk,
Vi
V2 V2
Ty = T an_szk + T Z Qn—Qka’v n e Z (29)
keZ kEZ

If p, q, p, q are satisfied these conditions:
p(w)p(w) + q(w)q(w) =1, (2.10)

p(w)p(w + 7) + q(w)j(w +7) =0 (2.11)
then z,, recovers the original signal z,. The decimated wavelet transform above could
be applied again. The J-level decimated discrete wavelet transforms is defined by:

Lj—T( « L7 |2

14



H = —(Gg *L") |2

H \/5(‘1 L)
for a filter p = {pr}, p~ = {p, } denotes its time-reverse given by p, = p_;. The
J-level inverse decimated discrete wavelet transforms (IDWT) is given by:

g1 V2

L =T(p*[LjT2])+\/T§(q*[ﬂjT2] ), J>1,j=JJ—1,..,1

2.4.2 2D-decimated wavelet transform

Let p = {px}, 4 = {G},p = {pr},q = {qx} be a biorthogonal filter banks. Suppose
the sequence {L ,, = Tk, : k1, ky € Z} is the input x, then the 2D-decimated
wavelet transform consists of decomposition algorithm :

1 Z N _
Lnl,’nz - 5 pk1—2n1pk2—2n2xk1,k2
keZ

1
1 . ~ ~
thng - 5 E Qk1—2n1pk2—2nzxk‘1,k)2
kEZ

1

2 o ~ ~

Hn1 s - 5 Z pkl *277,1 Qk272n2 :Ukl ,kz
keZ

I - 8
Hgl,ng = 5 Z Qk172n1 qk272n2xk1,k‘27 (212)

kEZ
and the reconstruction algorithm:

Ty — L + H}
ni,ne 8 pn172k1pn272k2 kl,kg 8 qu2k1pn272k2 kth
k1, k2 k1,k2

1 1
+§ Z pnl—leqng—%QH;fl,kQ + 3 Z qn1—2k1QH2—2k2HI§1,k:2' (2.13)
k1,k2 k1,k2

Since p = {pr},q = {Gx},p = {pr},q = {qx} are biorthogonal filter banks satisfying
Eq<210) and Eq<211), then jkl,kz = Ty k-

Continuing doing this procedure, for J > 1, the J-level decimated wavelet transform
is given by:

: 1 :
J — E ~ ~ 7j—1
Ln17n2 - 5 pk172n1pk272n2 Lk}17k}2

keZ
51 2 : ~ ~ Jj—1
Hnl’n2 - 5 Qk1—2n1pk2—2n2Lk1,k2
keZ
e o~ L /i L
ny,ng 5 k172n1Qk2_2n2 k1,ka
keZ
P e R A (2.14)
ni,ng 2 le—QkaQ—Qng k17k2’ ‘
k€EZ
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J-1 _ E J E 7,1
Lnl,ng - g pn1—2k1pn2—2k2Lk17k2 + g qn1—2k1pn2—2k2Hk17k2
k’l,k:g k17k2

1 L1 »
%_é'j{:‘pn1—2k1QH2—2k2}Ji;k2_+’§ j{: q”1—2k1q”2—2k2}JiLk2‘ (2'15)
k:hk‘z k?17k72

2.5 Undecimated wavelet transform

The UDWT has been found for different purposes and under diverse names. For ex-
ample, the redundant wavelet transform, shift invariant DWT [4,20,25,55,52]. There
are many advantages of undecimated wavelet transform such as repetitive, shift invari-
ant, direct, and providing a superior estimate to CW'T rather than the orthonormal
(ON) discrete wavelet transform (DWT). The undecimated discrete wavelet transform
(UDWT) is an adjusted rendition of the decimated wavelet transform (DWT). In the
UDWT, the filters are up-sampled at each level of decomposition instead of down-
sampled. Up-sampling the discrete wavelet transform is done by adding zero between
every two consecutive terms. Then the undecimated DWT and inverse undecimated
DWT are defined respectively by:

1 1
L=— xx) H=-—(q *z),
L=—70"*z) H=—5(q *z)
2 2
i=§(p*é)+§(q>kﬂ)- (2.16)
The J-level undecimated decomposition algorithm is given by:
. 1 . , , 1 - 4
L= —(p;« L") H = —(q;_*L7"); J>1,j=JJ—-1,.,L

SR V2

2.5.1 One-dimensional undecimated wavelet transform

The undecimated wavelet transform using filter bank {p, ¢, p, ¢} of an one-dimensional
signal {z), = L{} consists of decomposition algorithm:

and reconstruction algorithm:

. V2 V2
Tn = > pnorli+ e > i Hi. (2.17)

keZ kEZ

The filter bank needs to verify the reconstruction condition:

p(w)p(w) + g(w)q(w) = 1.

16



to recovers the original siginal i.e. x; = 7.
The multi-level undecimated wavelet decomposition algorithm is obtained by:

; 1. i
L= E( kL7
) 1 4 .
Hi = E(T—l x* LY for j=1,2,...,J.

and the undecimated wavelet reconstruction algorithm for j = J,J —1,...,1 is given

by:
. V2 , V2 .
L’ 1:T(pj—1*Lj)+T(Qj—l*ﬁ]) (2.18)
where
(5 = pn if k=mn2
POR=N0 if k£ n2

2.5.2 2D-undecimated wavelet transform

Suppose L} = z; denotes the input x, that is x= {zg, 4, ,k1, k2 € Z}. The shift in-
variant wavelet transform for two-dimensional and one-level consists of decomposition
algorithm with analysis filters p, ¢:

1 . .
Lm,m - 5 E Pki—n1 Pko—noLhy ko
keZ

1
1 - ~ -
thng - 5 § Qky—n1Pko—naLky ko

keZ
1
2 . ~ ~
Hy ., = 5 E Phy—n1 Qi —no Ther ks
kEZ

I N
H21,n2 = 5 Z k1 —n19ko—na Tk ko> (2.19)
keZ

and reconstruction algorithm with the synthesis filters p, q :

1 1
~ 1
Lnyng = g § pn1—k1pn2—k‘2Lk‘17k2 + g E : qﬂ1—k1pn2—k2Hk1,k2
k17k‘2 klka

1 1
+§ Z pnl—kl%‘ng—kgH]zhb + g Z qn1—k1qn2—k2Hl§1,k2' (220)
k1,k2 k1,k2

Continuing doing this procedure, we get the J-level shift invariant DWT:

. 1 n ~ .
J _ _§ :~ Jj—1 = j—1 j—1
Lnl,nz - 9 pkl*nlp’22*n2Lklyk2
kEZ
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1 25-1 741
n17n2 - z :qk1 n1Pho— n2Lk1:k2

kEZ
-1 ~g 1 il
7L17n2 - pk1 —n1 kg —no khkz
keZ
. 1 o " . .
j3 ~Ji—1 = j-1 Jj—1
Hnl,ng - 2 qkl—ﬂlqu—TLQLkll,k27 (221>
kEZ

and J-level shift invariant IDW'T is given by:

. 1 . .
Jj—1 _ = A=l A= ~Jj—1 AJ 1 J»l
Ly, = 3 me—klp;g koL 5 qu 5 P —keo i, s
kl,kg kl)k2
T + -1 -l i (2.22)
8 p’nl qung ko k1 ko q’n1 k1qn2 ko kl ko °
kl,kg k17k2

2.6 Wavelet denoising

The methodology of removing the noise is defined as signal denoising or denoising
simply. There are numerous methodologies for the assignment of denoising, which
can be generalized into two different kinds: denoising in the original signal domain,
and denoising in the transform domain. The image denoising issue has been generally
considered, and as of not long ago wavelet procedures has been created.

Wavelet shrinkage is a famous denoising strategy in picture transforming due to
its effectiveness and simplicity,. The wavelet delicate thresholding system presented
by Donoho et al, was mulled over and stretched out in a few papers [9,13,14]. They
have presented a general edge T

T = \/202%logN

o is the varince and N is the total number of pixels. The threshold choice assumes
an essential part in the wavelet shrinkage system. In the event that the threshold is
excessively little, much commotion is still in the denoised picture. Unexpectedly, if the
threshold is excessively substantial, some critical little subtle elements, for example,
surfaces, will be evacuated. There are different sorts of shrinkage techniques, for
example, SureShrink, BayesShrink, and OracleShrink [5].

Three-stage procedure required to be followed in order to remove noise from the
highpass coefficients by the wavelet shrinkage. First, calculate the wavelet coefficient.
Then modify the details coefficient by shrinking process. The most popular threshold
strategies are hard-thresholding methods, which deletes all the coefficients having
values less then T and keeps the others as it is. The general hard-shrinkage rule is

set by
~H xz, |.Z‘| Z T
g {0, lz| < T (2.23)
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and soft thresholding rule which is set by:

(2.24)

s [son(@)(e) ). Je) > T
0,|z| <T.

Where z is the wavelet coefficient, T is the threshold, and Z is modified coeffi-
cient. After applying the shrinkage method, we get the adjusted wavelet coeffi-
cients. Finally, restore the denoised version associated with original signal through
the shrunken wavelet coefficient by computing the inverse discrete wavelet transform.
One-dimension undecimated denoising algorithm is defined by:

V2 V2
U = T anLk—n + T Z QnSQ(Hk—n>-
keZ keZ

If the filters bank satisfy

then uy can be written as
V2
Uy, = ug + T Z qn[s(;(Hk,n) - kan] (225)
kezZ
Two-dimension undecimated denoising algorithm is given by:

1 1
_ 1
Uky,ky = g E pmanLklfnhsznQ + g E qnlpn2sa<Hk17’n1,k‘27’n2)
kl,kg kl)k2

1 1
+§ Z pnquQSa(lel—nl,kQ—ng) + g Z qnlanSe(H]i—nl,kg—ng)?
k1,k2 klka

the shrinkage function sy is depending upon a parameter . The resulting signal g, f,
after one-step wavelet shrinkage can be written as:

1
_,,0 § : 1 1
ukflylﬁ - uk1,]€2 + g QH1pn2 [Se(Hlﬂ—nl,kg—nz) - Hk:1—n1,k2—n2]
k1,k2

1
+§ Z pnlqn2 [39<H131—n1,k2—n2) - Hzl—nl,kg—ng]
k1,k2

1
+§ Z Gn,qns [Se(Hli—nl,kg—ng) - Hl::l—nl,kg—ng] (226)
k1,k2
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2.7 Frame: affine frame and quasi-affine frame

A gathering of components X = {z; : j € Z} C Ly(R?) with d € N is known as a
frame if

ANy < SIS0 < BlISI VI € IaRY (227)
jez
where A, B are constants and ,0 < A < B < co. The maximum of all such numbers
A and the minimum of all such numbers B are known as the frame bounds of the
frame. A frame is said to be tight when A = B i.e.

D) = Al gy VS € La(RY) (2.28)

JEZ

For any provided frame X of Ly(RY) there is another frame present X = {i; : j €
Z} of Lo(R?) such that:

f=Y (fia;) & Vf € Ly(RY)
i

X is called dual frame of X. And the pair, or (X, X), are called bi-frame. If X is
a tight frame, then

f=Y (fa)a; Vf € Ly(RY).

Affine system X (V)and Quasi-affine system X, (V) generated by ¥ are given,
respectively, by:

X(U) = {hpnp =2F0(2". — k) :1<1<Lnez ke, (2.29)

Xpu(W) = {thynr: 1 <1< LineZkeZ%, (2.30)
where U := {9y, ...,9} C Lo(R) and )y, is given by:

by o= 2% (2", — k),n >0
bR gndyy (9n, — 97T ) i < 00,

X (W) is known as a (tight) frame system when X (V) forms (tight) frame of L, (R?)
is called a (tight) framelet.

2.7.1 One dimensional frame transform

Let p(w) = 3> ,czpee” ™™ be the filter for a one dimensional sequence {py}rez.
Assume the lowpass filters {p, 5}, and the highpass filters {¢V, ..., ¢, ", ..., "}

are a biorthogonal FIR filter bank satisfying:

p(w)p(w) + Y ¢V (w)g®(w) =1, (2.31)
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p(w)plw+m + 3 ¢Ow)q@w+ ) =0, (2.32)

and z = LY is the initial data. Then the decimated discrete frame transform
with the analysis filters {7, ", ... ~(L)} is given by:

n \/— Zpk: 2nLk

kEZ

;Ll)_ \/—qu 2Tk

keZ

and the inverse decimated discrete frame transform with the synthesis filters
{p,qW, ..., ¢} is defined by:

V2 !
= an on Ly, + TZ ¢V B nez. (2.33)

keZ kEZ

The J-level,J > 1 decimated frame transform is given by:

) 1 )
L=—p «L71) |2
L \/ﬁ(p L)

HVI — 1( Vx LY |2

—=( ¢V« [HD 12]) (2.34)

Assume {p, 7}, and {¢™,....¢"®, ¢V, ..., gD} are finite impulse response filters sat-
isfying Eq.(2.31), then undecimated frame transform of one-dimensional signal
x= {LY = x;} consists of decomposition algorithm:

and reconstruction algorithm:

V2 V2 (ORI 340)
In =~ an—k:Lk + e Z U (2.35)

kEZ keZ

Repeating this process,we get the multi-level undecimated frame transform. For j =
1,2,...,J, the J-level undecimated discrete frame transform is obtained by:

, 1
L] (p] 1 LJ 1)

V2
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R
HDI = E(q]'_(l) * L7,

and inverse undecimated discrete frame transform is defined by

VB Ve

; (1 ; ) pn if k=mn2
L= T(pjfl * L) + T(qu(l) *ﬂ(l)’])a D)k = {

0 if k#n2.

2.7.2 Two dimensional frame transform

Suppose f is a two-dimensional image , and the set of two-dimensional images rep-
resents by I, = RM>*N2 Tensor products of univariate frames is one method to
construct frame for two dimensional Ly(R?). Let vi(x,y) = i, 0 < i1,iy <
r, (ki,ks) € R? | and 1y := ¢ be the two-dimensional refinable function and
framelets with i = (i1,49) and k = (ky,k2). Let {q : l = 0,1,...,7, ¢o = p} and
{q:1=0,1,...,7, go = p} be a pair set of univariate masks {¢;} and {g} satisfying
the Mixed extension principle (MEP):

HEBE) + 3 )" () =1 (2.36)

PEBE+v)+ 3 d0©)i" (€ +v) =0 (2.37)

for all v € {0,7}*\{0} and ¢ € [—7,7]%. Let the two-dimensional masks be defined

by:

—
V)

qi,k - qh,/ﬂqiz,kz; O S 7;17 i? S r, (k:h kQ) S ZQa <238)
and let Wy, \1'2 be denoted by:

\112 = {¢i,0 S 7:172.2 S T,i ;é (Oa O)}
Uy = {4y, 0 < iy iy < 7,1 % (0,0)}.
The decomposition of 2D-fast lev-level WFT with {p, ¢V, ..., ¢®)} is defined by:

Wu={Wu=qu*u:0<:<Lev—1,0<I<L}, wel (2.39)
where * denotes the convolution. g,; is denoted by:

w27, ke 27

0 kgaz (2.40)

Qi = Gui % Go—1,0 * - * Qoo with G k] = {
If Lev =1 then Wy; = W, and qo; = ¢
The wavelet frame reconstruction is the adjoint operator of W. The inverse wavelet
frame transform is defined as W7 for a bi-frame system, and as W7 for a tight frame
system.
The perfect reconstruction algorithm by the mixed extension principle (MEP) is de-
fined by:

u=WTWu, forall u€ I, (2.41)
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Two-dimensional decimated frame transform

Suppose that {p, 5}, and {g™", ..., ¢, ¢V, ...,@"P} are finite impulse response filters
satisfying Eq.(2.31) and Eq.(2.32) with the initial data {z; = LY, k € Z*}. Then
the one-level decimated wavelet frame transform in a compact form is given by the

following processes:
1 .
D) Z Pk—2nTk

kez?
1
H\ = 9 Z G gy, n €2 1<I<L,
kez?
an%LkJr ZZH% 1Y nez? (2.42)
8 I=1 kez?

The J-level decimated frame transform can be obtained by the following processes:

1 .
L= =L 2
. 1 .

ﬂja(l) _ §(q~—(l) *Lj—l) 12

, 1 , 1 A
L= 2o+ 12+ gV« (7 2],

Two-dimensional undecimated frame transform

Suppose x {xk LY |k € Z*} denotes the input x for 2-dimensional signal and {p, p},
{qW L) gM, ..., g™} are finite impulse response filters satisfying Eq.(2.31). Thus,the
shlft 1nvar1ant frame transform consist of decomposition algorithm :

Ln = % Z Pk—nTk

keZ?

1

! O] 2

Hf):§ § gy e nEZA 1<I< L,
kez?

and reconstruction algorithm:

Z Pl + = Z S m, nez? (2.43)

k:EZZ =1 keZ?

,, recovers the original signal z;, if the filters {p, p}, {¢V, ..., ¢, ¢V, ..., )} satisfy
Eq.(2.31). The J-level shift invariant frame transform for J > 1, j=JJ—1,..,1,

is defined as: 1

L= 5(@__1 * L7
a7 = %(5;5? * L)
, 1. . 4 1, . ;
D = Ly )+ 200 - 1) (244
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2.8 Frame denoising

Suppose an input signal is x, ( is a noisy signal and y is a noisy data. Then an image
signal corrupted with additive noise is given by:

y=u1x+C.

Few steps should be followed to get image frame denoising algorithm. First apply-
ing frame transform to get frame coefficient. Second modifying the frame coefficient
by using shrinking process (hard threshold or soft-threshold). Finally applying in-
verse frame transform on modify coefficient to get denoised image. Let consider 2D
undecimated discrete frame transform with initial input xy:

1
Ln = 5 Z PkTn+k
kez?

1
HO = =3 nn ne??, 1211
kez?

thus the denoising algorithm is given by:

L
1 N 1 )
we=g > Bulicat g3 > 4y (Hl), ne 2 (2.45)

keZ? =1 kez?

ug is called the denoising signal of the original signal z; with noise. If the filters
satisfy Eq.(2.31), then Eq.(2.45) can be written as:

L
1 . l !
wp =t gy Y allsy (L) ~ ] nez? (2.46)

=1 kez?

2.9 Multiwavelets

The major contrast between scalar wavelets and multiwavelets is definitely the change
from scalar wavelets to multiwavelets, the symbols and the coefficients are matrices.
Multiwavelet require a scaling functions r (multiscaling functions) and a set of wavelet
functions r( multiwavelet functions). The scaling functions r form Riesz basis for V4,
and the wavelet functions r( multiwavelet functions) form an orthonormal basis of
L?(R), which reduces to the scalar wavelet case when r = 1.

Multiwavelet has important properties such as orthogonality, symmetry, short
support, higher order of vanishing moments and good performance at the boundaries,
etc. that scalar wavelets fail to possess these properties simultaneously. Multiwavelet
present higher achievement for image processing in comparison with wavelets in scalar
case.

Likewise to wavelet, construction of multiwavelet is connected with a multireso-
lution analysis using r scaling functions in the system.
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The extension of wavelet was submitted by J.S. Geronimo, D.P Hardin, P.R. Mas-
sopust. They suggested using two scaling functions to approximate a signal [16]. Mul-
tiwavelet has drawn much consideration in current years [7,8,10,21,22,23,29,30,31,32,33,34
,35,36,37,38,39,40,44,48,49,50,57,60,64,65]. In addition the constructions of multi-
wavelets and the design of multifilter banks can be found in many paper such as
[11,23,38,39,68].

Definition (2.1): A refinable function vector is defined as:

$1(x)
O(z) = , O R—>C
¢r<$>
which satisfies
O(x) =2 P®(2x — k) (2.47)
k

where the multiplicity of ® is r and the dilation factor is the integer 2. P, are the
recursion coefficients of r X r matrices.

Definition (2.2): The symbol of a refinable function vector is a trigonometric

matrix polynomial:
k1
P(w) = Z Ppe kv
k=ko

The refinment equation (2.47) can be written in term of Fourier transform as :
w. »~
—)o
e (5)

w

D(w) = P(D)3(

Definition (2.3): A vector-valued function ¥ = (31, ..,1,)7 is called a multiwavelet
if the collections of the integer translates and the dilations of factor 2 of 91, .., %,
make an orthonormal basis of L*(R).

V(r) =2 Qp®(2x — k) (2.48)

keZ
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2.9.1 Multiresolution analysis using multiwavelet (MRA)

An MRA of multiwavelet is denoted as a sequence {V;} of closed subspace in L*(R)
that satisfy some properties:

Vi CVin
fx) €V & f(20) € Vi
=0
jez
Uvi=L*®)
jez
There exists a set of functions ¢;(x) € Vo st{p;j(x —k),1 <j<r, kelZ}

is a Riesz basis for V.

The multiscaling function ® = (¢, ¢, . . . ,¢,)T (r is the multiplicity) are derived as
in Eq.(2.47).
Similarly multiwavelet function ¥ = (¢1, s, . . . ,1,)T can be derived as in Eq.(2.48).

where Py, Qi are FIR filters. In the filters, every coefficient is an r x r matrix. In the
Fourier transform domain, multiscaling and multiwavelet functions can be defined as:

d(w) = P(5)8(3)
() = Q(5)4(3)

There are some typical examples of design and implementation of multiwavelet such
as DGHM multiwavelet by Geronimo, Hardin and Massopust, the CL multiwavelet
by Chui and Lian, design of multifilter banks and orthonormal multiwavelet, and
multiwavelet with optimum time-frequency resolution by Jiang [8,16,17,18,38,39].

2.9.2 Construction of biorthogonal multiwavelets

Suppose that P(w) = Y., Pee ™", P(w) = Y, ., e ™ are r x r matrices
satisfying . .
P(w)P(w)" + P(w+ m)P(w+ )" = I,. (2.49)

Also, suppose ® = (¢y, ..., ¢,)T and & = (¢1, @)1 € LA(R)" are given as:

r)=2) BOQ2r—k), d(z)=2> Pd2r—k

keZ keZ
Suppose Vy(®), Vy(®) are two subspace defined as: ) 3
Vo(®) :=span{¢;(. — k) : 1 <i <rk e Z}, Vo(®):=3span{p;(.—Fk):1<i<
.k € Z} of L*(R). The scaling function is defined by ® = (¢1, ..., )"

Suppose the two MRAs of multiplicity r with &, ® are given by V;(®) and V;(®).
Then ¥ = (41, ...,¢,)" and U = (¢, ...,p,)T can be written as:

2)=2) QP2 —k), U(x)=2) Qud(2r—k

keZ keZ
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In the Fourier domain:

bw) = Q) Fw) = Q5)I(3)

The Riesz bases of V;(®) and the Riesz bases of Vi(®) are given by
{6i(. — k), (. —k): 1 <i<rkeZ}and {¢;(. — k), (. —k): 1 <i<rkelZ}
with

<¢z,€?~5w(. - ]f)> = <¢l,@/~)z'(- - k’)> = 0(k)o(l = 1)
<¢l>@zl’(- - k)> = <<5l,@/)z’(- - k’)> =0 (2.50)

If {224(27. — k) : 1 <1 <rkeZ}and {25¢y(27. — k) : 1 < | < r,k € Z create a
pair of dual Riesz bases of L*(R), then we said that ¥, 0 design a set of biorthogonal
multiwavelets.

Therfore, P ,Q , P ,Q satisfy the perfect reconstruction conditions:

P(w)P(w)* + P(w+ m)P(w + )" = I,
Q(w)Q(w)" + Q(w + m)Q(w + )" = I,
P(w)Q(w)* +P(w+w)©(w+w)* 0,
Q(w)P(w)" + Q(w + 1) P(w + )" =0, (2.51)

Then the multiwavelet filter bank or multifilter bank are formed by P ,Q , P , Q.

2.9.3 Discrete multiwavelet transform

Suppose that the symbols of a biorthogonal FIR multifilter bank P | Q) , P.Q satisty:

P(w)P(w)* 4+ P(w + ) P(w + 7)* = I
Q(w)Q(w)" + Q(w + m)Q(w + )" = 12
Pw)Q(w)* + P(w + m)Q(w + 7)* =
Q(w)P(w)* + Q(w + ) P(w + 7)* = (2.52)

let ® = (¢h1, P2)T and ® = (1, @) be the scaling functions, and P and P be matrices
lowpass filters

where P(w) = 3, Pre™™" and P(w) = 3, Pre=*®
and U = (1, 19)7 and U = (wl, wg)T be the corresponding biorthogonal multiwavelet
defined by matrices highpass filters Q, Q

(i) =22 (26 20)



(2 =z a (560
where Q(w) = 32, Qe and Q(uw) = 3, Gue

The discrete multiwavelet transform algorithms can be obtain by:
Let f € Vj then

f(@) = (z141(x = k) + wox¢2(r — k)

keZ

F@) = Y[ Liadr(5 = k) + Lagda(5 — £) ]

keZ

+) ] H1,k¢1(g — k) + H2J<:¢2(g — k)|

kEZ

Then the decomposition multiwavelet algorithms are defined as:
Ly T1,n42k
’ = Pn ’ )
(LQ,k> ; <$2,n+2k
By _ STQu () nkez (2.53)
H2,k ~ T2 n42k
and the reconstruction algorithm is given by:
Tk 57 [ Lk—2n =7 (Hik—2n
Tk NT T (0 + e 2.54
(Iz,k) zn: (L2,k2n) Zn: © <H2,k2n) ( )
Theorem (2.2): If P, are biorthogonal, then an input (z;;),i=1,2 can be
recovered from its approximate (L;x)? and details (H, )", namely: (Z; )7 is exactly

(,Ti,k)T.

Proof: Suppose that

and

(a6y) = Pt (30) + Peoem (20 17))
+ @) ) (200) + e m (T )]



(S0} =180 Plw) + @) Q) (52(4))
FIP(w) Pl ) + Q)@ + )] (52 7))
If
B Pl + Q" (w) Q) = I
B*(w) P(w-+7) + @"(w)Q(w + ) = 0,
holds, then

fl(w) . xl(w)
(572 (w)> _ (x (w)) | (2.55)
2.9.4 Undecimated discrete multiwavelet transform

The undecimated multiwavelet transform using the multifilter bank P, @, P, Q of the

signal (§1k> consists of undecimated discrete multiwavelet algorithms:
2,k
Ly L1tk
) — Pn 5 ,
() =2 (s
Hl k T1n+k .
= n ’ , kel 2.56
(H2,k) ;Q ($2,n+k J ( )
and the reconstruction algorithm:
Ty g 57 ((L1k—n 7 (Hik—n
U1, p? ’ 2.57
@) -za()-Tea() e

Theorem (2.3): If P,Q, P, Q are undecimated bi-orthogonal multifilter bank, then

. . . L . H
an input TLE) can be recovered from its approximate LR ) and details Lk ,
Loy Hy
Tk . T1k
namely: | . is exactly .
X2k L2k

T2k
Proof: Suppose that

and



If

holds, then
571(11}) . xl(w)
(0 - (=), 25
2.9.5 Undecimated multiwavelets transform based denoising

Let ¢ = (¢;x)", i = 1,2 be an initial data, and P,Q be FIR multiwavelet filter bank.
Assume they are satisfy:

P(w) P(w) + Q" (w) Q(w) = I (2.59)

Then undecimated multiwavelet transform based denoising consists of decomposition

algorithm:
Ll n 1 k‘+n>
) — P )
<L2,n> é k (CQJ.H_n
Hl n C1,k+n
T = ’ 2.60
<H2,n> kezz 4 (02,k+n ( )

and denoising algorithm:

(o 7 (Lijg—n Gn11960,, (H1 (k—n)) + Gn,2196,, (H2 (k—n)))
U, = ’ P, ’ ’ ’ ’
-k (UQk) Z <L2 o n) Z (qn,125912(H1,(kn)) + Gn,225055 (Ha,(k—n))

2.10 Multiple frames

The set ‘IIZ(Z) = (¢§”, - 1/J,El))T generates a multiple wavelet frame in Ly(R) if

L r
ANIP <323 3 < £.00 > < BIAR ¥f € L®

i=1 j,k€Z
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where the maximum of all positive constant A and the mlmmum of all posmve con-
stant B are known as the multiple wavelet frame bounds and ¢ k= 23 L/J (23 x —
k),i=1,..r.

When A = B =1, the set \I/Z(-l) generates a tight multiple wavelet frame in Ly(R):

L r
SIS < r | =

=1 i=1 jk€Z

The pair {wi”, o ,wﬁl)} and {ﬂl), o ,z/?ﬁl)} generate dual multiple wavelet frames
in Ly(R) if both {w&”, . ,z/;ﬁl)} and {wg”, . ,wﬁl)} generate multiple wavelet frames
in Ly(R) and satisfy

< f,g>= ZZZ <f¢z(]k><¢”k»9> Vf, g € Ly(R)

=1 i=1 jkcZ

2.10.1 Discrete multiple wavelet frame transform

Suppose that {P, P} and {QM,...,Q"). QW ... .QV} are biorthogonal FIR multiple
wavelet frame filter banks satisfying:

P*(w)P(w + ) + ZQ *(w)QW(w + ) = 0.

Suppose the scaling functions (¢;)7, (¢;)7, i = 1,2 with lowpass multifilters P, P are
given as:
Pr(2)\ _ ¢1(2x — k)
(@( >) =220 <¢>2(2x—k>)
() =2 (e

,and let (1[)”) (@E( )T be the correspondlng biorthogonal multiple wavelet frame
defined by matrices highpass filter Q®, Q¥

(5h) -3 (23:70)

<~<z>i>_2ZZQ ( g)

8

H
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Then the discrete multiple wavelet frame transform algorithms consist of the decom-

position algorithm:
Ly L1,n42k
P, ' ,
(LQ k:) Z (fz n+2k
fll)c 0 [ T1n+2k
" keZ 2.62
) - Zxe () @0
and the reconstruction algorithm:
~ L - (0
L1,k 57 [ Lk—2n (l)T Hy g on
o — P n 3 2.63
) -2 A (L) oy (i) e

Theorem (2.4) :Suppose that {P,Q", ..., Q¥} and {]5, QW ..., Q(L)} are biorthog-
onal multiple frame filter banks, then an input (z;x)”,7 = 1,2 can be recovered from
its approximate (L, ;)" and details (Hl-(f,g)T, namely: (7; ;)7 is exactly (z;x)7.
Proof: Suppose that

(ixem) =7 (2)) + P59 (200 25)

and
B(w)\ _ e (Li2w)) | = 500, (HY (2w)
(2sen) = 7700 (1) + 50" (Hé”ew))
Plugging (L;(2w), Lo(2w))" and (H )(Qw),Hél)(Qw)) into (71 (w), Zo(w))T ,we get

(Gt} = Pty (e (20)) + Pl (200 20

To(w)
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If

holds, then
571(11}) . xl(w)
(@ (w)> - (x (w)) | (2.64)
2.10.2 Undecimated multiple wavelet frame transform based

denoising

Suppose ¢} = (2““) is an initial input, {P,QM,...,Q"} and {P,QW, ...,QW)} are
2,k
FIR multiple wavelet frame filter banks. Assume they are satisfy:

Pr(w) P(w) + Y QW (w) QW(w) = 1. (2.65)

Then undecimated multiple frame decmposition algorithm is given by:
Ll n C1.k+n
’ — P ;
() =zn (G
H(l7)1 - l C n
() - Zyer (). 250
2 =

C2.k+n

L /A o) (@) =) o) (7D
—_ (ul k) ZPT (Ll,k—n> + Z < n,llggil(HL(k—n)) + n,2159l21(H27(1§_n))
=k = - n ) o) (7)) =) o) (7D
U2k €z Laen nez I=1 q”»1256112 (Hl,(kfn)) T "12259122(}[2,(’6*”))
2.67)

2.11 Nonlinear diffusion equations

2.11.1 Second-order nonlinear diffusion

The second-order nonlinear diffusion equation for 1-D signal f is given by [41]:

ue= o)) (2.68)

with a noise. Where u(z,0) = f(x) acts as the inital condition, and w, represents
Lu(z,t) and g is the diffusivity.
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Let the time and spatial step size be represented by 7 and h respectively. Suppose
u) = f(kh), k € Z. Thus the solution of u(x,t) at (kh,j7) is given by uj, j > 1.
The approximation of %u(m, t) at (kh,j7) is given by:

" — Upiy — U
xX h )
and the approximation of 2u(z,t) at (kh, j7) is given by:
oy
Ut = k k .
T

Thus Eq.(2.68) can be discretized as:

: ol —ul ; ; Toul =l j j
7 = ol ke — ) — ol ). (269)

2.11.2 Formula of high-order nonlinear diffusion

Let
0 () — Ll ) (270
up = — (g1 (ug)uy) — == (g2(ui,)Uszz), .
LT gg I 92 2
be the formula of fourth-order nonlinear diffusion with u(z,0) = f(x) acts as initial
condition. Suppose that uj, represent the value of u(z,t) at (kh,j7). Then the first
and second partial derivatives with respect to x are given, respectively, by:
Y
(kh,iT) o et k—1
Up—y — 2up, + Uy
h? ’
where u(x) € R and h > 0. Then the discretization of fourth-order nonlinear diffusion
can be given by:

Ugz (KD, JT) =

R R S I L
B SR SRR I )
—I—i—ZQQ (Ui_l — 2;;% il ui+1)2)(ui1 - 2ui + uiﬂ)
_%92 (ufC — 2%;41 + ui+2)2 (ui _ 2“?&1 n ui+2)a (2.71)

Assume that the wavelet frame filter banks satisfy Eq.(2.31), and the vanishing mo-
ment order of highpass filter ¢, and §V,1 =1, ..., L are oy and f3;, respectively. Then
high-order nonlinear diffusion equation with u(x,0) = f(z) is defined as:

L

o 0 Oy, 0P
= S G )
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Lemma(2.1)[41]: Let ¢(w) be a finite impulse response highpass filter with vanishing
moment order Jthen F(x) smooth if

1
o Z aF (x4 ke) = FY () + o(1)
7 keZ

1 (-1 J
E aF(z — ke) = FYD(x) 4 o(1)
CJ &TJ ez

1 .
Cy= jzkf]%

" kez

where C; is defined as:

Equation (2.72) can be discretized as:

From lemma(2.1) with £ = h, the approximation of 2 o B (x,t) is defined by:

l

5Py
S ——(kh, j7) C e an (kh 4+ nh, j7) C A an Utk
neZ neZ
o , (=)™ 1 3 ,
G(kh,j7) = ~—="——Y GVG(kh —mh
e Ok JT) = =g mZequ (kh —mbh, j7),
where G(z,t) := gl((gi;?)Q)nggl‘. Then Eq.(2.72) can be written as:
to 1
Jj+1 — J - ~(1) (l),j 2 H(Z)J 2.73
u, Uy, — lz:; G, B qu ai(( hﬁl ) )(—Cﬁlhﬁl hem) ( )

2.11.3 Nonlinear diffusion equation in two-dimension

The two-scale symbol of the FIR highpass filter ¢ is defined by ¢(w) = >, 72 qre ™.
For a = (o, a2) € Z2, and w € R?, denote

aa aoq —+a9

we  wsouwd

al = ajlag!, |al = ag + ag,

The vanishing moments of order a = (a1, ap) € Z2 for the FIR highpass filter ¢ and
G(w) is defined by:

o°
Zkﬁqk_zlﬁ\_ﬁ 7(W) | w—o = 0,
kez?

Assume that the wavelet frame filter banks are tight i,e. p = p and ¢ = G
1 <1 < L, and ¢ have vanishing moments of orders ;. Then the nonlinear
diffusion equation is defined as:

L

oLl o% 0%y
w= 3y O (274)
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with u(x,0) = f(z) acts as initial condition, x € R?, ¢ >0, and g, : R — R*.
Lemma (2.2) [12]: If a finite impulse response highpass filter ¢ has vanishing mo-
ment order o € Z2, then F(x) on R? is smooth if

aOé
oz

1
o O (e ek) = Cy

keZ?

F(z)+O(¢g), as e — 0, (2.75)

where C,, is the constant defined by

z|a|3a
a 'Z - !aa<)|wo

keZ?

a /31 oz 9B oxP1
can be obtained from FIR filter q . Then from lemma (2.2) with e = h and ¢

Gi(x,t) is defined by:

Therefore, the approximation of 2% and 2% Gz, t) where G(xz,t) := g,((222)? )8x5z'

—h,
the approximation of 2% gnd 27

Ered B
o8 )
90 (kh, j7) =~ l) hlﬂzl > alulkh +nh, jr) (l hwzl > a
neZz? nez?
9B ( 1ﬂ5ﬂ
p ——G(kh, jT) =~ o0 A Z qk mGl(mh JT)

Bi meZ?

Therefore Eq.(2.74) can be discretized as:

~ (1),5—132
uk—uk TZCU hWqu mgz C(l h\ﬂle] )?)

( 1

HDI-Y) | e 72,
Cé” Rlsil
l

m
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Chapter 3

Correspondence between wavelet
shrinkage and nonlinear diffusion

Wavelet shrinkage and nonlinear diffusion filtering are powerful methods with same
target. Since they have the same aim, it would be advantageous to recognize if there
are association between both methods. This correspondence may assist to move
results from one scheme to the other. Also, it helps to design hybrid method that
mixes benefits from both approaches.

In this chapter, we present an overview of the existing methods in the literature
that illustrate association between wavelet shrinkage and nonlinear diffusion.

We start this chapter by presenting the equivalence between wavelet shrinkage
and second-order nonlinear diffusion equation in Section 3.1. Further, 2D-nonlinear
diffusion in terms of wavelet shrinkage is presented in Section 3.2. We conclude this
chapter by illustrating association between wavelet shrinkage and nonlinear diffusion
equation in general case.

3.1 Association between wavelet shrinkage and second-
order nonlinear diffusion equation

3.1.1 Haar wavelet shrinkage
Suppose the symbols p(w) and g(w) of the sequences {px, qx }rez are given by:
1 —tkw 1 —ikw
plw) =5 > et g(w) = 3 > qre ™,
keZ keZ

and {u = ¢, }1, be a signal. Then the shift invariant wavelet decomposition algorithm
is defined as:

1
Ly = NG > P

kEZ

1
Hy=—=> quu} .,
V2 Otk

kEZ
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and denoising algorithm is given by:

V2 V2
U = e ankan + e Z qnSo(Hy—n).

keZ keZ

The wavelet shrinkage process could be applied iteratively:

n \/— Zpkuk—l-n

kEZ

n \/—ZQk k-+n?

kEZ

i =2+ 2 sl

k€EZ keZ

Let {po, p1} = {1,1}, {q0,1} = {1,—1}, pr = qx = 0, k # 0,1. be the Haar filter
coefficients. Then the undecimated discrete wavelet transform algorithm for one-scale

is defined by:

Ln - [Cn + Cn—i—l]

Hn = [Cn - Cn+1]7

Sl sl

and denoising algorithm for one-scale is given by:

1 V2
Uk, 4[Ck 1+ 20 + Cgia] + —59[7(% — Cpt1)]

- \/—559[7( Cr = Cr1)]. (3.1)

Iterated undecimated wavelet transform based denoising with Haar filter are given
by:

. 1 .
L) = —u}, + uy,
\/i[ +1]
HI = L[u wl ]
n 2 n n—+
and
. 1. . . . V2 1 .
ui}rl _Z[ufc L 2ug ] TSQ[—2(u§€ u )]
V21 ,
+ Tse[—Q(ui —up,_y)]- (3.2)



3.1.2 Second-order nonlinear diffusion in terms of shrinkage

The second-order nonlinear diffusion equation for 1-D signal f with a noise is given
by:
u——a((Q)u) (3.3)
= Uy, ) Uy .
tT P I\

u(z,0) = f(x) acts as the initial condition. The approximation of % at (kh,j7) is
given by:
W
_ Uk T U
h Y
and the approximation of %_1; at (kh,j7) is defined as:

Uy

+1
ufj —
U =

J
Uy,

T

Then Eq.(3.3) can be written as:

‘ R , , Ty . .

uptt =g+ Sl () (e — ) — 59l (=) — g y). (34)
h h h h

when j = 0, we get the signal after 1-step diffusing with u{ = f(kh) = ¢4, k € Z:

“llf = }l[ck—l + 2¢ + Cppr] + \/5[%9(\/5)25;;;2_ c) -
1 7 (V22er—er) 1
\/5[1 — 739 e }E(Ck — Cp-1) (3.5)

Also, the signal after (j 4+ 1)-step diffusing is given by:

%@kﬂ — )

o |

Lo i T (V2P(uly, —u)) I
ultt = Z[ukfl +2uy +up 4] + \/i[ﬁg (202 Z]ﬁ(ukﬂ uy.)
vy - o)) T 39

Theorem (3.1)[54].

Let ug in Eq.(3.1) be the denoising algorithm after 1-step wavelet shrinking with
u) = f(kh) = ¢, as the inital input and u}, in Eq.(3.5) be the resulting signal after
1-step diffusing with u) = f(kh),k € Z. If

so(z) = z(1 — ﬁg(ﬁ)), (3.7)

then uy, = uj.

Corollary (3.1)[54]. With diffusivity function g(x) and shrinkage function sy(x)
satisfying Eq.(3.7), iterated wavelet shrinking with Haar filter bank and nonlinear
diffusing with Eq.(3.3) result in the same signal.
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3.2 Correspondence between 2D wavelet shrink-
age and nonlinear diffusion

3.2.1 2D wavelet shrinkage

Suppose a two dimensions signal is given by ¢ = (¢; ;) then a one-level undecimated
wavelet transform based denoising is given by :

1 .
V= Lnl,ng = § Zpi—rupj—ngci,j

kEZ
1
— gl — 5 5
Wy Hnl,ng 5 i—ny1Pj—nsCi,j
keZ
1
— 2 — > 5
Wy Hn1,n2 5 DPi—n1qj—nsCij

1
3 ~ ~
- Hnl,ng - 5 Z Qi—n1 qj—TLQCi,ja

kEZ
We have 4-neighbourhoods in the pixel (i,j):
a:{ii+1} x {j,j+1}
Bl i+1x{j -1}
vi{i =L x {5, + 1}
6:{i—1i} x{j—-1}

Using Haar wavelet transform coefficients p = (1,1), and ¢ = (1,—1) we have:

011 0 -1 -1 01 —1 0 -1 1
v*=101 1), wy=(0 1 1], wy=(01 1|, wy, =10 1 -1

00 0 0 O 00 O 0 0 O

000 0 0 O 00 0 0 0 O
W =(01 1], wj=(0 -1 -1 P=(0o1 -1, wf,=(0 -1 1

011 0 1 1 01 -1 0o 1 -1

110 -1 -1 0 1 -1 0 -1 1 0
V=110 wy=|(1 1 0 =11 -10), wj,=(1 -10

000 0 0 O 0 0 0 0o 0 0

000 0 0 O 0 0 O 0 0 O
=110, wy=[-1 -1 0 b=11 -1 0], wy,=[-1 1 0

1 10 1 1 0 1 -1 0 1 -1 0
The undecimated discrete wavelet transform in the neighbourhood « is given by :

o 1 1 1
vl = 5Cy + 5 Cigtl + 5 Citlg + o Citljtl



1 1 1 1

wy = —5Ci + 5 Cig+1 T Gt + o CitLi+l
Wa = 5Cig T 5041 7 gli+1g T 5Lt
wg, = —§Ci7j + §Ci,j+1 + §fi+1,j - §ci+1vj+1

and denoising algorithm is defined as:

(0% 1 (0% (o7 [e% [e%
ug; = g(v + s(wy) + s(wy) + s(wy,))
following the same steps for 3,7, d , then the one level and 2-D Haar wavelet shrinkage:

iy = 0%+ ) - s(w) () + (0 + s(wl) — suf) - s(wl)

1

v v g o 1
8(v —s(w]) + s(wy)) — s(wy,)) +

2 (07 = s(ws) = s(wy) + s(wy,)) (3:8)

Ty

3.2.2 Nonlinear diffusion equation in terms of shrinkage
The diffusion process is given by [53]:

u; = div(g(|Vul?) Vu) (3.9)
f(x,y) = u(x,y,0) acts as the initial condition, where g(|Vu|?) is a nonnegative
function. By using explicit finite difference schemes:

2

div(g(|Vu*)Vu) = > 8, (9(IVul*)0,,u)

p=1

Then the nonlinear diffusion by using explicit finite difference schemes is represented

by:

m,n — 3
! (m,n)EN (i,5) |(m,n) — (4, ])]
k+1 k & N k.
CA AP D - (3.10)
1,7 1,7 m,n ’(m’ n) _ <Z7 j) ’2

(m,n)eN(i,5)

i+m
2

Where gfn,n estimates g(|Vu(z,y, t)\2) at position (52, ”T"), N (i, j) consists of neigh-
bours of pixel (i,j), and {m”—] represents the space between (i,j)and(m,n). We

examine diagonal, vertical and horizontal. Each of them gives various discrete schemes
for Eq.(3.10).
1 1

First: r, = (\/Li’ \%) = (75, —+5) are the basis vectors in diagonal direction.
Then the nonlinear diffusion becomes:

(TR
R D D (3.11)



with & = 0, then u?; = ¢; ;. Thus, Eq.(3.11) can be written as:

Cmn — Cij
Uiy = Cijj +T Z 9mn 7 9 e (312)
(m,n)€D(4,5)

Then the Eq.(3.12) after applying the value of ¢; jcan be written as:
1 (0% (0% (6% o (0% «
uiyj:§(v +wy (1 —47g%) +wy (1 — 479%) +wy,)

1
—i-g(vﬂ —i—wf(l —47¢") — wg(l —47¢"%) —w?)

Ty
Lo, v % v o v
—|—§(v —wl(1—4rg )—l—wy(l —47g )—wxy)

1
—|—§(v5 —wl(1—47r¢") —wd(1 — 47¢°) + i) (3.13)

Then comparing a single iteration of nonlinear diffusion Eq.(3.13) with one-level
wavelet shrinkage in Eq.(3.8), we end with the correspondence between Eq.(3.13),and
Eq.(3.8), under the conditions:

s(wy) = wi(1 —47g”)
s(wy) = wy (1 —47g*) (3.14)
s(wg,) = wg,

Theorem (3.2).

Let u;; in Eq.(3.8) be the denoising algorithm after one-step wavelet shrinking with
2D Haar filter bank, and u;; in Eq.(3.13) be the signal after one-step diffusing with
diagonal connectivity. If

s(wy) = wg (1 — 479%)

s(wy) = w;’(l —4T1g"¥)

s(wy,) = Wy,
then Uyj, ;=W 5

Second: vertical and horizontal connectivity . In this case r = (1,0), 7 = (0,1),
then:

Uij = Cij +7 Z gm,n(cm,n - Ci,j) (315)

(mn)ev(i,j)
where
v(i,j) ={(i+1,5), (6,5 +1), (= 1,5), (6,5 — 1)}
and the diffusivity g can be approximated from [53]:

1 1
g1 = 5(g" +4%), gp= (g +4°)
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1 1
50" +9), 9o = 5(96 +9°)

Cmn — Cij in term of wavelet coefficients of the pixels (m,n) is defined in two ways:

dc =

da = —wg —ws, =—wd+wl for (m,n)=(i+1,j)

o , = —w) +w), for (m,n)=(i,j+1)

dEiszerW :wg—w fOT’ (m Tl) (i_17j)

._ — (i
dG = wf + wl, = wS —wd, for(m,n) = (i,j—1)

do = —wd —ws

The nonlinear diffusion then becomes:

1 1
uij = g(va + 0P v ) + g(wg‘ +wl 4+ wd, 4w —w) —wl
ol ¥ ol 4 o ) ga + gﬁd
—w] +w) —w], —w, —w, +w,y,) —T 5 A
9+ g g+ 9 +q°
— de — dp — d 3.16
2 ¢ 2 F 2 ¢ (3.16)
where
gadA + gﬁdA = ga(_wg - w?y) + gﬁ(_wf + wa:y)
9%dc + g'dc = g% (—wy —wg,) + g7 (—w) +w],)
§'dp+¢’dp =g (w” +wl,) + ¢ (wl —wl,)
gﬁdG’ + gddG = gﬁ(wg + wwy) + gé<wz - wgy)

applying ¢%da + ¢°d 4, g%dc + g7de, ¢'dp + ¢°dg, and ¢°dg + ¢°dg into Eq(3.19), we
get

1
wi; = g(vo‘ +wi (1 —47g%) + w;(l —471g%) + wgy(l — 87¢%))
1

+8( +w?(1 —41¢°) — 5(1—4Tgﬁ)—wfy(1—87gﬂ))
1
+§(v7 —w)(1 —47g") +w) (1 —4rg") —w], (1 —87g"))
1
+8(v(5—w (1—4rg°) — 2(1—479 )+ wl (1—87‘9 ) (3.17)

Theorem (3.3).

Let u;; in Eq.(3.8) be the denoising algorithm after one-step wavelet shrinking with
2D Haar filter bank, and let u;; in Eq.(3.17) be the signal after one-step diffusing
with vertical and horizontal connectivity. If

s(wy) = wy (1 —4rg*)
s(w;) = wy (1 - 41g")

s(wy,) = wg, (1 - 87¢%),

zy
then u; j=u; ;
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3.3 Correspondence between wavelet shrinkage and
nonlinear diffusion equation in general case

3.3.1 Wavelet shrinkage in general case
Undecimated discrete wavelet transform is defined by:

1

kEZ

1
H, = E Z qkugw

keZ

and shrunk data is given by:

V2 — . V2 .
Uy = e anLk—n + e Z GnSo(Hg—n)-

kEZ keZ

with a suitable shrinking function sy, u, can be written as:

Up = C + \/TE Z qvn<89(Hk_n) - Hk—n) (318)

neL

iterated undecimated wavelet transform based denoising is given by:

L’ =— E !
n \/§ Pk k+n

kEZ

T .
H;, = 7 D Gty

kEZ

, V2 o V2 B A
ut = e D Bali,+ e > duso(H],)
kEZ kEZ
with a suitable sp, ufl is the denoising algorithm of the original signal with noise.
Then u}™' can be defined as

uf =+ 2 S Gulso(HY,) — H,) (3.19)

ne”

3.3.2 Shrinkage for high-order nonlinear diffusion

Assume that wavelet filter banks {p, p} and {q, ¢} satisfy Eq.(2.31), and suppose the
vanishing moment order of ¢, and ¢ is s, namely ¢, and ¢ are tight wavelet filter

banks.
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Then the formula of high-order nonlinear diffusion for w = (z,t) with f as initial
condition u(z,0) = f(z) is formula like:

0° u. 5, O°u
> .
5 (G 2))570), 522 (3.20)

Uy = (_1)s+1
Equation (3.20) can be discretized as:

From lemma(2.1) with € = h, the approximation o 59 86; -G(x,t) are written as:

*u , 11
e (kh,jT) ~ e Z qnu(kh + nh, j7) ~ C o Z Gl g,

nez neL

0° , —-1)°1 ,
5 G kh, j7) ~ ( O) W > quG(kh — mh, j7)
s meZ
where G(z,t) := g((5:%)*)%%. Suppose 474 s the approximation of 2% at (kh, jT),

then Eq.(3.20) can be discretized as:

A= S e ) G2

By setting j = 0 with ¢, = uY, then Eq.(3.21) is defined as:

Uy =cp—T

N n%qmg<<£m_m>2><£m_m> (322)

Theorem (3.4) [53].

Let uy in Eq.(3.18) be the denoised signal after one-step undecimated tight wavelet
shrinking of u) = f(kh) with shrinkage function sg. Let u}, in Eq.(3.22) be the signal
after one-step diffusing for diffusion equation (3.20) with u) = f(kh),k € Z. If

4T 222
225 9( (C,)2h?s ),

sp(z) = x(1 — (3.23)

then uy, = uj, for all k.

Corollary (3.2). With diffusivity function g(x) and shrinkage function sg(x) sat-
isfying Eq.(3.23), iterated tight wavelet shrinking and high-order nonlinear diffusing
Eq.(3.20) result in the same signal.
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Chapter 4

Equivalence between wavelet frame
shrinkage and nonlinear diffusion

We rely on the results of this chapter and the previous chapter that present nonlinear
diffusion equation in term of frame shrinkage in chapter 4 and in term of wavelet
shrinkage in chapter 3.

In Sections 4.1-4.6, we provide an overview of a few current approach in the
lectures that present the equivalence between wavelet frame shrinkage and nonlinear
diffusion.

4.1 Equivalence between tight frame shrinkage and
fourth-order nonlinear diffusion

4.1.1 Frame shrinkage

Let {p,p} and {qW, ...,¢'"®), ", ..., G} be a finite impulse response(FIR) filter banks.
Suppose {cp = u}x is the inital data, then the outputs L,, and Hg) are defined by:

Zpkck+n

keZ

=S P @, 121,

kEZ

and the shrunk data is given by:

V2 - NOW
wo= Y Pulien V2 S 05t (1Y (4.1)

kEZ kEZ

If the frame filter bank satisfy:




l . . . l o .
and sy are identity i.e sy (z) = z, then uy = ¢y,

The nonzero coefficients of Ron-Shen‘s filter bank are defined as:
1 1

-1 =
(27 Y 2)

1 1 1 \/§ \/§

(p717p07p1) =

2 2 2 1 1
(q(—1)7Q(() )7Q§ )> = (_57 17 _5)

By applying the coefficients, then the outputs L,, and HY are given by:

L,=——lch_1+2¢, +c,
2\/5[ 1 +1]
1
HT(LI) = —[Cn—l - Cn+ﬂ
2
1
H® = —_ 2¢, — Cph1 — Cp,
n 2\/5[ 1 +1]

and the shrunk data is given by:

1 1 ..cp —c 1, c_g—c
U = — [cp—g + dcg— 1+6Ck+40k+1+0k+2]+18é[w] — SI[L]C]

16
LR V3,3

(\]

( 4 [2¢k — k1 — Cry1]) — ?50( 1 [2¢k—1 — Ck—2 — cx))
- \/_ (\Z_[Qck-i—l — ¢k — Cry2]) (4.2)

4.1.2 Fourth-order nonlinear diffusion in terms of shrinkage

The formula of fourth-order nonlinear diffusion for u = (x,¢) with f as initial condi-
tion u(z,0) = f(x) can be written as:

w = S )~ o (02002, ) (4.3

with noise. The discretization of fourth-order nonlinear diffusion can be given as:

(uh — 1w 0)® 5
) (U — U y)

J 72
G+ g T (U —ug) j j T
U ST T g (e ) T

NG BT
: (%—2 - 2“%—1 + Ui)

_EQQ B
27 (uhy =20 +up)’ ny
+ﬁ92 - X = )y — 2up + u?c—i-l)
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T (u) =20, Fupn)® -
— 3192 ;;4 + (uy, — 2uj,y + up,s), (4.4)

when j=0, Eq.(4.4) can be written as:

T (cho—cp)? 1

1
w, = g Ch-2 T dek1 + Ock + dppn + o] + (a0 — Jlawe —a
1 T (Ck — Ck,2)2 T (Ck — 20]@71 + Ck)2
T e G R w i Xz )

217 (1 — 2cp +cpp1)? 1
[Ck — 2(3]6,1 + Ck] + (ng( bl hi k+1) - g)[ck,1 — 2Ck + Ck+1]

1 7 — 20441 + Crp2)?
+(1—6 - ﬁgg< k k;i k+2) )[Ck - 20k+1 + Ck+2] (45)

Theorem (4.1)[41].

let uy in Eq.(4.2) be the resulting signal after one-step Ron-shen‘s frame shrinking

with ¢, = f(kh),k € Z and u; in Eq.(4.5) be the signal after one-step diffusing with
= f(kh),k € Z. If

) = 2= (1), ) = o1 = S g, (4.6)

.
then uy, = u;.

4.2 Equivalence between one-dimensional frame shrink-
age and high-order nonlinear diffusion

4.2.1 Frame shrinkage in general case

Suppose that the denoising algorithm after one-step frame shrinking is given by
Eq.(4.1), and the lowpass and highpass filters are undecimated bi-frame filter banks.

Then
U = Cp + — Z Z Sgl )\ :Hffl (4-7)

=1 nez

The UFT-based denoising can be applied iteratively:
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Assume the filter banks satisfy this condition:

then u), can be written as:

I YU 3 3 L

ne”L =1 nez

and Eq.(4.8) becomes:
V2 ¢ !
ul ™ =l + TZZ (sh, (H\9y — H). (4.9)
I=1 neZ

4.2.2 High-order nonlinear diffusion

The formula of nonlinear diffusion for u = (x,¢) with f as initial condition u(zx,0) =
f(z) is defined by:

L

o ) o%i
= S ) (4.10)

where vanishing moment order of ¢V, and G are o, and (3, respectively.
Then from subsecion 2.11.2, Eq.(4.10) can be discretized as:

]+1 - ~(l) \/§ H(l)’J 2 \/§ H(Z)J 411
Z a m 9l ((Cﬁlhﬁl k—m) )(Cﬁlhﬁl k‘—m) ( . )

let j =0 in Eq.(4.11) with ¢; = u), we have:

V2 0] )

— (l) 2
up = C —TZ - he Zq hﬂl m) )(WHk— (4.12)

Theorem (4.2)[41].

let up in Eq(4.7) be the denoising algorithm after one- step undecimated bi-frame
shrinking with ¢, = f(kh),k € Z and shrmkage function sj . Let u, in Eq.(4.12) be
the signal after one-step diffusing with v = f(kh),k € Z as initial input. If

4T 22?2

l _
Sg, (‘T) - :E(l CalCB heutBi ((Cﬁ )2h251

Mopeyo » 1<I<L, (4.13)
T k—m
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then uy, = uj, for all k.
If the frame filters bank is tight. i.e the vanishing moment order of ¢, and ¢ are
ay,the nonlinear diffusion equation is given by:

L
oo %y . 0Py
u =y (1) a5 )2)axﬁz)’ (4.14)

I=1
with u(x,0) = f(x) acts as the initial condition. Eq.(4.14) can be discretized as:

L
i+ 146 ( HO 2 V2 o
uk - uk + T lz:; ( 1) ,Bl h/Bl Z qm hﬁl ) )(Cﬁlhﬁl kam)

and uj,, after one-step diffusing is defined by:

Dg HO 2 V2

Theorem (4.3)[41].

let uy be the denoising algorithm Eq.(4.7) after one-step undecimated tight frame
shrinking with ¢, = f(kh), k € Z and shrinkage function s}, . Let uk in Eq.(4.15) be
the signal after one-step diffusing for diffusing equation (4. 14) with ul = f(kh),k € Z
as initial data. If

47 21['2
(Cﬁl)2h2’8l gl( (Cﬁz)thﬁl )) |:Jc:H](€llma

sp,(2) = z(1 - 1<I<L. (4.16)

then uy, = uj, for all k.
4.3 Equivalence between 2D frame shrinkage and

high-order nonlinear diffusion

4.3.1 2D frame shrinkage

Suppose that highpass and lowpass frame filter banks are satisfying:

p(w)p(w) + > ¢0(w)g" (w) = 1.

Let the initial input is {u)} k& € Z?, then the one-level undecimated wavelet frame
transform based denoising are given by:

Ln = Z pkug-ﬁ-n

keZ?

=Y ¢ ul,,, nez? 1<I<L
kez?
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= Pronln +ZZ@,§’ si(HD (4.17)

nez? =1 neZz?

Eq.(4.17) can be written as:

L

up=uf+ > @ [s1() = oy, k€2 (4.18)

=1 nez?

iterated frame shrinking process above are given by:

Z pkukJrn

kez?

O =N " g ulh nez? 1<I<L

n

kez?
- Z S s (HODIT = HDITY = 1,2, . (4.19)
I=1 neZz?

4.3.2 Nonlinear diffusion equation in terms of 2D frame shrink-
age
The two-scale symbol of the FIR highpass filter ¢ is defined by ¢(w) = >, 52 qre ™.

For v = (v, ) € Z3, and w € R?, denote

aoz aozl “+ao

dwe  Owouw
2 1

al = ajlag!, |a] = ag + ag,

The vanishing moments of order a = (a1, ap) € Z3 for the FIR highpass filter ¢ and
G(w) is defined by:

with |8] < |a| and |8] = |a| but 8 # «a for all B € Z%. Assume the pair of frame filter
banks {p, ¢V, ...,q"} and {p, ¢V, ...,G"} are tight i,e. p = p and ¢ = ¢, 1 <
| < L, and ¢ have vanishing moments of orders (3;. Then the nonlinear diffusion
equation is defined as:

L

% ) )
= 3 G ) (4.20)

with f as initial condition u(z,0) = f(z), z € R* ¢t >0, and g, : R — R™,

The approximation of g = and 8‘9 5G(x,t) where G(z,t) = gl((%)Q)&. can be
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obtained from FIR filter ¢). Then from lemma (2.2) with ¢ = h and € = —h, the
approximation of 2 and 2L (z, t) is defined by:

e 9zPl
8% »
9B (kh,jT) =~ l) h|5l| Z u(kh +nh, j7) C’ h\f’l| Z ¢Vu ik
neZz? nez2
o8 ' |/31|
OxbBi Gl(kh"]T) L(?l) h|ﬁz\ qu Gl mh jT)
1 meEZ

Then Eq.(4.20) can be discretized as:

L
1 1
(Y2 0
Z o0 hw Z Zman(( hlﬁle) )<C“>hlﬂlem ). (4.21)
= '8 Bi
Continue doing this process, we get the approximated values @2, u;,aj, ... , of the

solution u(x,t) at (hk,27), (hk,37), (hk,47), ... .
Let @, ' be the approximated solution of u(z,t) at (kh, (j — 1)7), k € Z?, then

oPiu
o (ks (G = 1)7) Z)hwzq w(kh +nh, (j — 1)7)
nez?
h\m D
nez?
OB ‘ —1Bl 1 _
O Gk, ~ 1)) ~ %W S ol Gl ( — 1))
Cﬁl meZ?
Therefore Eq.(4.20) can be discretized as:
o R (1),5—1\2
( ! HOI=Y | ¢ 72 (4.22)
O] m ' '
Cﬂz hlBil

Comparing Eq.(4.19) with Eq.(4.22), we conclude that @), = u under the condition:

B T £
si(§) = &{1 - (Cé?)%zwlgl((cg))2h2wz|

)} EER, 1<I<L (4.23)

Theorem (4.4)[12].

Let u? be the resulting sequence of j-steps tight wavelet frame shrinkage in Eq.(4.19)
with u? = f(kh),k € Z* and ¢' having vanishing moment ;. Then u/ is a discrete
approximation of {u(kh,7j)}, k € Z?,j = 1,2, ... with u(x,t) the solution of Eq.(4.20)
provided that the shrinkage function satisfy Eq.(4.23).
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The correspondence nonlinear diffusion equation to bi-frame filter banks is given by:

L

N o ) oPiu
= S G ) (121

with u(z,0) = f(z), € R%, t > 0 acts as initial condition, and ¢; : R +— R*. Then
Eq.(4.24) is discretized as:

L
. . 1 1 ,
~j _ ~j—1 ~(1) (1),5—1\2
Uy, = Uy, ; é h‘ﬂ” Z Zmyl (C’(l h\,ﬁﬂHm ) )
( ! HOI=Y | e 72, (4.25)
cPnlal "

Thus ufc after j-steps frame shrinking is ufc after j-steps diffusing if :

T £2

=&{1 — =
Sl(f) 5{ C’(l)C’(l)h\alHlﬁzlgl( (C(l))QhQ\ﬂll
g ﬁl 51

)}, €ER, 1<I<L (4.26)

Theorem (4.5)[12].

Let w/ be the resulting sequence of j-steps bi-frame shrinkage in Eq.(4.19) with
u) = f(kh),k € Z? and ¢'(resp ¢') having vanishing moment 3=(resp.cy). Then
u’ is a discrete approximation of {u(kh,7j)}, k € Z*,j = 1,2, ... with u(x,t) the solu-
tion of Eq.(4.24) provided that the shrinkage function operator of Eq.(4.19) is chosen
as Eq.(4.26).

4.4 Equivalence between channel mixed frame shrink-
age and channel mixed high-order nonlinear
diffusion in two-dimension

4.4.1 Channel mixed wavelet frame shrinkage

The one-level 2-D channel mixed undecimated wavelet frame transform based denois-
ing are given by the following processes:

keZ?

=Y g, neZ 1<I<L
kez?

= pronln+ Z Sl D H®, . HP), (4.27)

nez? =1 neZ?
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If the highpass and lowpass filters are bi-frame filter banks, then u; can be written
as

L
ub =+ 303 i (s, B 1) — ) (4.28)

=1 nez?

iterated channel mixed frame shrinking process above are given by:

-1 Z j—1
- pku’kJrn

kez?
H(l qu ukﬁl, n € 772,
kez?
Lt Z > G [s(EDT H@I P - g9 (4.20)

=1 nez?
where j =1,2,...and 1 <[ < L.

4.4.2 Channel mixed high-order nonlinear diffusion equation

The corresponding channel mixed nonlinear diffusion equation to the bi-frame filter
banks {¢V, ...,¢'"), ", ..., g} with vanishing moments of orders 3 and o is defined
as:

L
o™ 9%y 924 98y APy
_ 1)\ 14+«
"o ;( D e 9 G g e ) g (4.30)
The discretization of Eq.(4.31) with k € Z? is defined as:
. . L (1)».7'71 H(2)7j71 H(L)zjfl H(l)njfl
W =al ' — - L — ),
BOE ; cggmm D it ml Wpist” CDpisal” ™ P plsl ]((jgl)hﬁzl)
(4.31)

Theorem (4.6)[12]. Let u’/ be the resulting sequence of j-steps bi-frame shrinkage
Eq.(4.29) with v = f(hk),k € Z? and ¢ (resp. G ) have vanishing moments of
orders 3 (resp o). Then u’ is a discrete approximation of {u(hk,j7),k € Z* k =

2, ...} with u(z,t) the solution of Eq.(4.30) provided that the shrinkage function s;
of Eq.(4.29) satisfy:

& S &L
!

N o : 4.32
C(?C“)h\anﬂmg CWplsl C(L)hlﬁﬂ] 432)
R Ag] B1 BL

8l(€17 "-7£L) = £l -

where &1, ...,6 € R, 1 <1 < L.
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4.5 Equivalence between B-spline tight wavelet frame
systems and high-order diffusion equation

Suppose that the B-spline tight frame filter bank defines as follow [12]:
a(w) = Le (1 +ew)?2

4
b (w) = L2 (e — =)
b (w) = Te (1 —emv)?, (4.33)
then the 2D linear B-spline tight frame filter bank with w = (w;, ws) are difened as:
p(w) = a(wr)a(ws), ¢ (w) = b (wy)a(w,)
§? (w) = a(w)b™ (wy), ¥ (w) = 0@ (wy)a(wy)
g (w) = b (w1)b™M (wy), ¢ (w) = a(wi)b® (wy)
% (w) = 5@ (w1)b™M (wy), § (w) = b (w1)b? (wy)
§®(w) = b ()0 (wy). (4.34)

Orders of vanishing moments of highpass filters {¢(?), ..., ¢®} are given by:

61 - (]'7 O)?BQ - (07 1)753 - (270)764 - (17 1)7&5 — (072)7
Bs = (2,1),67 = (1,2),8s = (2,2) (4.35)
The corresponding nonlinear diffusion equation to the separable B-spline tight frame
filter bank {¢), ..., ¢®} is defined as:

= () o 4 ol (o) )~ sl )
e G P ] = Sl (G
3 3 3 3 3 3
* ax?axg [g6<<8f%gx2>2>axa%gx2] * &Zw% g7 ((8311:2) )8(;1;2]
- oy ) e (1.30

let f be the initial condition, u(z,0) = f(z)

1 _~2 V2 ~06) 1 ~@) 1
Cﬁl - Cﬂz - _T’C — 1 Cﬂ4 -

G) 1 ~(6) _ A7) f 1
Cﬁs - _71’0,36 - Cﬁ? - C 16

From Theorem (4.4), the resulting signals of J-steps Wavelet frame shrinkage Eq.(4.19)
with filters(4.34), estimates the solution of Eq.(4.36) in discrete setting.Thus, the
shrinking functions s; and the diffusivity g; have the relationship:

( ) f{l_ﬁgl<h2 )}7 for1=1,2,
si(€) = {1 = Zra (%5}, for1=16,7
54(€) = £{1 — Fgu( hi )b ss(§) =&6{1 - 222798(25652)}
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4.6 Equivalence between iterative soft-thresholding
algorithms and diffusion equation

Finding the correspondence diffusion equation

L

oo % 9%
— _1\1+|5] 2
= D (437
—1
to the iterative soft-thresholding algorithm:
=WTs, (W) (4.38)

with choices of thresholds is the main goal in this Section. Let consider the soft
thresholding:

din
T (d) = {Til,n(d)(dl, )= @ |mam{|dln| n(d),0} :neZ? E€eR1<IL LY

The relation between the diffusivity function g; and the shrinkage s; is defined by:

B T £
si(§) = &{1 - (Cé?)ghzwzgl((cé?)?mw

)}, E€ER, 1<I<L (4.39)

Then for solving g; from Eq.(4.39), let s, = T, , and T (§) = é—lmax{|§| —0,,0}, then
we have:

T al &2 _ maz{|¢| — 6,0}

— :mm{l,ﬁ
(o )2h2lﬁ| (c“))zhmw €]

€l

1.

Therefore, the diffusivity function g; in the nonlinear diffusion equation (4.37) can be
written as:

(Céll))QhQ'ﬁl' C'gl)h‘m@z

gi(€%) = min )
&) = mid = g
If the threshold 6, is chosen by
= — 3 a(&%), with g : R — R
cgl)hml\

Where for some constant C' > 0, hsz = (' with A, 7 small enough. Then the diffusivity
function g; is defined as:

(CyPC min{(C§)%, §i(€)} for 6] =m
(€)= min{ 52— gi(et)y = PGS Al Jor 1A (4.40)
pem= 1A au(&") for L< B <m
where m is the largest number among |31], ..., || whenever h is small enough.
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Theorem (4.7)[12]. Suppose that the tight frame filter bank is {p, ¢V, ..., ¢¥},
and ¢ have vanishing moment 3 with C’éll) and m = max{|f| : 1 <1 < L} . Let
the threshold a(d) of frame coefficients d is defined as:

il o a2y 1 <1< Lon ez (4.41)
Cfgl) ] ’ -
l

a(d) = {O‘l,n<dl,n) =

with ¢; : R — R* being some smooth function, and let hng = (' for some constant
C > 0 with h, 7 sufficiently small. Suppose that u’ is generated from the J-steps soft-
thresholding algorithm Eq.(4.38) with ¢ = 1. Then, u’ is a discrete approximation
of {u(hk,j7),k € Z*j = 1,2,...} with u(z,t) being the solution of the diffusion
equation (4.37) with the diffusivity functions given by (4.40).
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Chapter 5

Equivalence between multiwavelet
shrinkage and nonlinear diffusion

Presenting diffusion in term of shrinkage functions with advance achievement is one
among many advantages of the equivalent between multiwavelet shrinkage and diffu-
sion filtering. The Equivalence between both approach helps to design multiwavelet-
inspired diffusivity functions that mixes benefits from both approaches.

In this chapter, we present the corresponding between Haar, CL(2), DGHM mul-
tiwavelet shrinkage and second-order nonlinear diffusion equation in Sections 5.1, 5.2,
5.3 respectively.

In Section 5.4, we show that multiwavelet shrinkage in general case is associ-
ated with high-order nonlinear diffusion equation. The experimental results of one-
dimensional multiwavelet shrinkage have been discussed in Section 5.5.

5.1 Equivalence between Haar multiwavelet shrink-
age and second-order nonlinear diffusion equa-
tion

5.1.1 Haar multiwavelet shrinkage

If {P,Q} are FIR multiwavelet filter bank satisfying:

P(w)"P(w) + Q(w) Q(w) = I

and ¢ = (C;f’f ) is a signal, then undecimated multiwavelet transform based denoising
consist of the undecimated discrete multiwavelet transform algorithm:

Ly n Co(k+n)
<L2 n) Z P (CQ k+n)+1
Hl,n _ C2(k+n)
(H2,n) N % Qk (CQ(k—i—n)—H
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and denoising algorithm:

(N 7 ( L1k Gn,11961, (H1 (k—n)) + Gn,2196,, (Ha (k—n)))
U, = ’ P, ’ ’ : ’
-k (UQk) Z (LZ k— n) Z (qn,125012(H1,(k—n)) + qn,225922(H2,(k—n))
(5.1)
By using Haar multiscaling coefficients [47]:

Then the undecimated discrete multiwavelet transform algorithm is defined by:
Lin\ _ 1 con+conpa
Lap 2 \Cony2 + Conts
(Hl,n) _ 1( Con — Con+1 )
Hyp 2 \Cong2 — Cony3 ’
and the denoising algorithm is given by:
ure\ L[+ Coppa 1 (cor + Cops1 L[ Soy, [%(C% — Capr1)]
== +- +- )
Uz 4\ cop, + Copt1 4 \ cor, + Copt1 2\ =S, [5(cor — Corg1)]

L1 < S [5(Cor — Cons1)] > (5.2)

Soas |5 (Cok — Co1)]

If the shrinkage functions are suitable, then w, is the denoised signal of one-step
multiwavelet denoising operation of the initial signal ¢ in addition to noise. If there
is no shrinking apply then:

<U1,k> _ l(c% + C2k+1) n 1( Cok — Cok+1 ) " 1( Cok — Cokt1 )
Ua 2\ Car + Copt1 4\ —(cor — Cort1) 4\ —(cor — Copt1)

U2 k Cok41 '

5.1.2 Haar multiwavelet shrinkage for nonlinear diffusion

i.e

The second-order nonlinear diffusion equation for 1-D signal f with a noise, where
u(z,0) = f(z) acts as inital condition
is given by:

U = —{9( 2} (5.4)
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The approximation of (%u(x,t) at <<[2§€2—77_h1,]‘7];?77>> by using highpass filters (Haar

multiwavelet coefficients) is given by:
9 w(2kh, j7) —2 ZQ 2(k+n)h,j7)
Ox \u([2k + 1]h, j7) " k:—i—n) 1h, jT)

(k+n)+1
h \0 0 uék—i—l h \1 -1 Uj2k+3

J J

LUy Uy 55

S (55)
2%k+2 — U2ky3

and the approximating partial derivatives of 2 G(z,t) where G(z,t) := g[(24)?]% at

(2kh, jT) ) _
(([Qk +1jh, j7) is defined as:

0 G(2kh, jT . 2(k — m)h, j7)
%(G([zm jhﬁ) hZQ ( 2k m)+1]]h m) (5.6)

Then the second-order nonlinear diffusion equation (5.4) can be discretized as:

j j 2
(ué(kfm)_u;(k—mwrl) ](u] U )
2(k—m) (k—m)+1

Jj+1 7 —
C%>_(u%)_z Cf<9P z ) T

g+ ) =\ 2 m P V- SN LI j
Upy1 Uyt h* < g[S (] —

2(k—m)+2 2(l~c—m)+3)

By using Haar multiwavelet coefficients, we get:

J J 2
(U3 U2 41)

(UQf) _ ( uék ) T ( 1 O) ( gl 72 J(ugy — Uy yq) )
w1 =1 — | Wl 2. 4
U1 Uper1 h* \—-1 0 g[—( 2t 2hts) J (s — Uy s)

(“gk72_ujzk71)2 J J
T (0 1 ) (Q[T](uzk—m - u2k1)>
- _2 0 -1 (uj 7uj, )2 . .
h gl (uy, — ubeyy)

Then
i1 j (=i 1)? 1/ J
(u%k ) B ( ud, ) T (g[h—Z](u% _u2k+1) )
+1 == . - 75 W — 2 . .
Upyo 1y U1 h? _g[%]@ﬂ% — Upyq)
(ugk_u%k+l)2 J o,
T 9[—h2 ] (uzy, U2k+1))

(uj —ud )2
- [%](u% - UJQkJrl)
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When j = 0, the signal after 1-step diffusing with ( Uk ) = ( c2k ) can be written as:

2k+1 C2k+1

( Uy, ) _ ( Cok ) + (h2 g[ ke Czk“ ](Czk - 02k+1))

Ugp i Cok+1 hzg[ (emm—cmy1)? “(ear — contn)
<h2 g[ Cok— 02k+1 ](CZk _ 62k+1))

’ )

2 gl (58)

Cor — C2k+1

. Co
Write k as:
Cok+1

( Cok ) _ 1(021@ + Czk+1) n 1( Cok — Cok+1 > n 1( Cok — Cok+1 )
Cok+1 2 \cop + Copq1 4\ —(cor — Cokt1) A\ —(cop — Cokt1)
Then the second-order nonlinear diffusion equation after one-step diffusion Eq(5.8) is

defined as:

(“a)zlc%+%ﬂ)+(i—#mwk%wn@%—%ﬂv
u%k-ﬁ-l 2 \cok + Copa {hzg[(M) ] - %}(021@ - 02k+1)
-z C2k—Cok+1 Cor —
4 <{4 hcj[(c%ﬂ 2 )? ]}( 2% 2k+1)> (5.9)
{h29[(—) ] — 71 (Cok — Cok11)
Theorem (5.1): Let (Z;’;) in Eq(5.2) be the resulting signal after one-step Haar
multiwavelet shrinking with ¢ = ( c2k ) = f(kh),k € Z as the inital input and ( )
C2k+1 Uski1
in Eq.(5.9) be the signal of one-step diffusing with initial input uf) = ( e ) = f(kh)
U2k 41
If
4T 4o’

5911(1‘) = 8921( ) (1 - ﬁg{ )
S0a(2) = S () = (1~ 17g(22) (5.10)

Then )
()= ()
=\
U2,k Ugpy1

Corollary (5.1): With diffusivity function g(z) and shrinkage functions satisfying
Eq.(5.10), iterated multiwavelet shrinking with Haar multifilter banks and nonlinear
diffusing with Eq.(5.4) result in the same signal.
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5.2 Equivalence between Chui-Lian CL(2) multi-
wavelet shrinkage and second-order nonlinear
diffusion equation

5.2.1 Chui-Lian CL(2) multiwavelet shrinkage

For multiwavelet transform, ®(0) is a normalized right 1-eigenvector of P(0), and
®(0) needs not have to be (1,. .. ,1)7. Therefore, one method to deal with this
problem is using another pair of multifilter bank {P, Q} constructed from {H,G}.
Thus, the scaling functions and multiwavelet with ®(0) = (1,. .. ,1)7 are generated

by using new multifilter banks {P, Q}.
L1
2 2
(ﬁ _ﬁ>
1 1

Let
1/ 2 i 1/1 0 1
H—1:§<_2\ﬁ _%), HO:ﬁ(O %), H1:§

1 /-1 1 1/1 0 1 /-1
G, == 2 2 Gy == G, == 2
=37 1) @=3(o ) e=s(T

N N

be the Chui-Lian CL(2) multifilter bank, and U = (1 _1 ) is an orthogonal matrix
then
1o 14+ L1l
_ 1_ 1_
Py =UH_\U _Z<o 1_% Fo=UHUT =711 3

are orthogonal and generates the scaling function and multiwavelet with

d0)=(1 1)7.

Suppose a signal is given by ¢} = (C;i 1). Thus, the shift-invariant multiwavelet de-
composition algorithms with Chui-Lian CL(2) multiwavelet coefficients is given by:
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, 1
)=
1
)

0 2+7
0 2—+7

(
(

-3
—1

)(

VR

)|

Con—2
Con—1

Con—2

Con—1

)+

and the shrunk data is defined as:

UL
U2 k

1
8
1

8

k

)=

(_

(

1
8

31
1 3

(

2+7
2 -7

()
Con+1 8

(24 VT)con—1 + 3¢an + Conp1 + (2 — VT)Coanga
(2 — \/7)0271—1 + cop + 3coni1 + (2 + ﬁ)02n+2

1
8

—3con_1+ 2+ VT7)con +
—Con—1 + (2= VT)can +

ol

(2 - \/7)0271-1—1 — Cony2
(2+ ﬁ)02n+1 — 3cony2

)

Con

Con+1

3Lig+ Log + (2= VT)Lij1 4+ (2+ VT)Lop1
(2+ VT)Lij1 + (2= VT)Logi1 + Lig + 3Lag
(2+ V7)o, Hig + (2 — V7) S0, Ha o —
3Spu Hipr1 — Sops Howsr + (2 = V7)Spr, Hi + (2 + V/7)So,0 Ha g

Sequ,k—l -

(

)

27 0
247 0

[(2+VT)car—1 + 3car + consr + (2 — VT)conyo)]

2+f

2+ \/_ (2 + \/—)C2k+1 + 3opt2 + Corys + (2 — VT)Conpd]
VT)ean-1 + ot + 3cars + (2 4+ VT)capa]
\/7)02k+1 + Copyo + 3coprs + (24 \/_)
2+\/_)C2k 3+ 3car_2 + cap1 + (2 — VT)car]
[(2 + \/_ T)ear—1 + 3car + Copr + (2 — V7)Copa)
\/_)C% 5+ Cop—2 + 3cop—1 + (2 + V7)o
VT)eak—1 + cor + 3earg1 + (24 V7)copo]
)5011 H=3cop—1 + 2+ VT)eak + (2 = VT)eonr1 — Coppa}]
\/7)5912 [2{—3cor-1+ (24 VT)cak + (2 = VT) o1 — Copsa}
[2{—con1 + (2= VT)ear + (2+ VT)cons1 — 3canta}]
[${—cou—1+ (2 — VT)ear + (2 4+ VT)cars1 — 3cansa}]

)(

)

)
)
)

3cak—3+ 2+ VT)ca—a + (2 — VT)ear—1 — car}]

—3cori1 + 24+ VT)earsa + (2 — VT)eonys — Corial]

—cop—3+ (2 = VT)cap—a + (2 + VT)ear—1 — 3can )]

—Cory1 + (2 = VT)capra + (2 +VT)corrs — 3cana}]
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Con+42

)

Con+3

1 /=1 0\ [cont2
) "3 (‘3 0) (02n+3
350, Ha k-1

)

)
)
)
)

(5.11)

)



If there is no shrinkage apply, then

1.e

(

U,k
U2,k

(10 4+ V7)ear—1 + (8 — 2v/T) oo — 6Cop_3
+32¢91 + 6capi1 + (8 — 2v/T)Con o

(8 — 2v/T)can_1 + 6cop + 32¢or11
+(16 + 4v/T)capro + (8 — 2v/7)canss — 6Capta

i ((2 + V1) [=3car_1 + 2+ VT)ear + (2 — VT)carr1 — 02k+2]>
T (2 = VT)[=3cou—1 + 2+ VT)can + (2 — VT)caps1 — Conpo
i( — V1) [—cak-1 + (2 = VT)ea + (2 + VT)capr1 — 302k+2]>
64\ (2 + VT7)[—con1 + (2 = VT)ear + (2 + VT)Conr1 — 3canto]

—[=3ca—3 + (2 + VT)car—2 + (2 — VT)eap—1 — car )

1

64 < [—3cort1 + (2 + \/_)C2k+2 +(2— \/7)02k+3 — Copya]
i ( 3[—car3+ (2 — VT)ear—a + (2 + VT)cap_1 — 3car] )
64 —Copt1 + (2 = VT)earra + (2 4+ VT)conys — 3Conid]

(Ul,k) . ( Cor; )
U2,k Cok+1

5.2.2 Nonlinear diffusion in terms of multiwavelet shrinkage

The second-order nonlinear diffusion formula of u(z,t) with noise is given by:

Uy = —{9( sk, (5.12)

with original condition u(z,0) = f(z). The approximation of Zu(z,t) at (2kh, j7)

1s:

—3ugk+1 +(2+ \/?)uélﬁ-Q +(2 - \/?)ué,%g - u§k+4

(3= VDh

Uy =

and the approximation of 2u(z,t) at ([2k + 1]k, j7) is

Uy = —(

_ngﬂ +(2- ﬁ)ungrQ + 2+ ﬁ)“ékm - 3U§k+4>
(B—VT)h
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Then the value of a%u(x,t) at (([ (Qkh’jﬂ. )> by using highpass filters can be

2k + 1]h, jT
written as:
. 8 .
9 U(Qkh,]T) ~ [ G=vVDh 08 Z 0 2(k + n)h,]T)'
Oz \u([2k + 1]h, j7) 0 — v n u([ k: +n) + 1]h, j7)
+ 0 Z j 2(k
_ [ 3G=vDn 0 < (k+n) )
__ 8 n j
0 (38=VT)h J(k+n)
_ (3—\1ﬁ)h 01 [(0 —3> < u2k )
0 ) \0 7 \vaen

N <2+ V72— \/7) (U§k+2> N (—1 0) (u;k+4) |
2-VT 247 Uders =3 0/ \ugyys
_?’ugk-H+(2+\ﬁ)uék+2+(2_ﬁ)uék+3_ugk+4
(B8—VT)h

- _( —udy VT o @V, Bl )) (5.13)
(3=VT)h

(2kh, jT)
2k + 1]h,j7’))

and the approximating partial derivatives of G(x,t) = g((uz)*)u, at ( (

is defined as:

9 ( G@khjr) \ _ (v O v G@2k—m)h,jr)
B <G([2k n 1]h,jr)) ~ <( % (_3+§ﬁ)h> > (G([Q(k —m) + 1]h,jr))

Then the second-order nonlinear diffusion equation can be discretized as:

j+1 j —87
(UJQI@ ) o ( Uy, ) 1 3=V 2

1) = ' —87
u;z;—i—l Udg 1 0 (=3+VT)h

ff [( 3“g(k—m)+1+(2+\ﬁ)ug(k—m)-s-\z}ir@*ﬁ)“g(k—m)w7ué(k—m)+4)2]
(3=vT)h (3—VT7)2h2 . .
x(— 3“2(k m)+1 T 2+ \/_)Uz(k my+2 T (2- \/7>ué(k—m)+3 - “%(k—m)ﬂ)

>

g [(7u;‘(k—m)+1+(27\ﬁ)u;(k—m)+2+(2+ﬁ)ug(k—m)+373ué(k—m)+4)2]
(=3+VDh (=3+V7)*h?
X(_ujz(k—m)-&-l +(2- \/7)“%( myt2 T 2+ \/_>u2 k—m)+3 3“2(k m)+4)
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By applying Chui-Lian CL(2) coefficients :

- . .

(“JQ?: )_(ujzk)+ (3—VT)h 0 { (O 0>
) = : .,

ué;-l U1 0 (=3+v/7)h -3 -1

g [(—3“%k+1+(2+\ﬁ)ugmz"‘@—‘ﬁ)ugms_"%k+4)2]
(3—VT)h - (3=VT)?h? . ;
X (=Budyyy + (24 VD y + (2= VT 5 — udyyy)

g [(*“%k+1+(2*\ﬁ)uék+2+(2+ﬁ)“gk+3*3“§k+4)2]
(=3+VT)h o (=3+VT)2R2 . )

X (=g + (2 = \/7)“]21@4@ + (2 + ﬁ)uékw — 3uy; )
g [(73uék—1+(2+ﬁ)uék+(27ﬁ)uék+l7ugk+2)2]
(38=VT)h  (3=V7)%h? . ;

X (=3udy_y + (24 VT)uly + (2 = VT)ulyyy — U s)

S VA

g [(7uék71+(27\ﬁ)u%k+(2+ﬁ)uék+l73“‘%k+2)2]
(=3+VT)h o (=3HVT)2R2 4
X(—upy, +(2— ﬁ)uék +(2+ ﬁ)ujgkﬂ — Uy yo)

g [(*3“%k73+(2+\ﬁ)uékfer(Q*\ﬁ)u;k*l7ugk)2]
(B3=VT)h (3=V7)2h2 . 4
X (—3uy, 5+ (2+ \/7)“;1@—2 +(2— ﬁ)u;k—l — Upy,)

g [(*“jz.k73+(2*\ﬁ)ujz.kfz+(2+\ﬁ)uék7173uék)2]
(—3ﬂ-\ﬁ)h ) (—3+\/?)2h2 . .
X (—udy, 5+ (2 — ﬁ)u%k—Q +(2+ \/7>uj2k—1 — Suy,)
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Then the second-order nonlinear diffusion can be written as:

Jj+1
j+1 -
Ukt

uij ) + (3—_\%% 0
U1 0 (=3+VT)h

(2+V7)g [(_Sugk_1+(2+ﬁ)u%k+(2_ﬁ)ugk+l_u%k+2)2]
(3=VT)h . (3=VT)2n2 , A
(=3udy_; + 2+ VT)udy, + (2 — \/?)u%kJrl — U ys)

(2_\/7)9 [(—3u%k_1+(2+\/?)u%k+(2_\/7)u;k+1_u;k+2)2]

(B3=vVTh ~ (3=V7)2h? . )
(=3uhy_; + 2+ VT)udy, + (2 — ﬁ)u%kJrl — U ys)

(2—vT)g (_ugk71+(2_\ﬁ)ugk+(2+\ﬁ)u%k+1_3ugk+2)2]
(=3+VT)h o (=3+VT)2R2 ,
(—udp_y + (2 = VT + (2 4+ VT)ulyy — 3ud,,,)

(2+vT)g (71"%1@714’(27\ﬁ)uék+(2+ﬁ)u§k+173u;k+2)2]
(=3+V7)h o (=3eVT)2RE .
(—udp_y + (2= VT)udy + 2+ VT)udy .y — 3uly,,)

—g [(73“‘%1973+(2+ﬁ)u%k72+(27ﬁ)uék717ugk)2]
(3=vVTh - (3=V7)%h2 . .
(=3ugy 5+ 2+ VT 5 + (2 = VT)uly 4 — uly)

—3g [(*3“gk+1+(2+\ﬁ)uék+2+(2*\ﬁ)“gk+3*ugk+4)2]
(3=VTh . (3=V7)2h2 4 .
(—3ugyyy +(2+ ﬁ)ujzkw +(2 - ﬁ)ujzk% — Udpyy)

—3g [(_u%k—3+(2_ﬁ)u%k—2+(2+ﬁ)u§k—1_Suék)2]
(=3+VT)h _ o (=3+VT)2h2 . .
(_szk—s +(2 - ﬁ)u%k—2 +(2+ ﬁ)ujzk—l — 3uy,)

—g (_u§k+1+(2_ﬁ)u%k+2+(2+ﬁ)ugk+3_gugk+4)2]
(=3+VT)h o (=3HVT)2R2 A
(_uék+1 +(2 - ﬁ)uémz + 2+ ﬁ)“ékw - 3U;k+4)
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When j = 0 with ( 0“gk ) = (. ), we have

1
( U
1
Udk11

>:

Uokt1 C2k+1

—(24+v7)1g [(*3C2k—1+(2+\ﬁ)czk+(2*\ﬁ)c2k+l*C2k+2)2

(3—V7)2h2 (3—V7)22

C
( 2% ) N
Cok+1

—(2=VT)rg

(=3car—1+ (2 + VT)ear + (2 — VT)Caks1 — Conra)

—3can—1+2+VT)ear+(2—VT)cakr1—cant2)?

(
Covia— v | (3—V7)2h2

—(2—=VT)7g [(_C2k71+(2_\ﬁ)c2k+(2+\ﬁ)c2k+l_302k+2)2]
(3—VT)(=3+V7)h2 (—3++/7)2h2
(—car1+ (2 — VT)ear + (2 4+ VT)ears1 — 3caniz)

—(24+v7)1g [(*Cqu+(2*\ﬁ)02k+(2+\ﬁ)02k+1*302k+2)2]
(=3++/7)2h? (—3+V/7)2h2
(—car1+ (2 — VT)ear + (2 4+ VT)ears1 — 3cania)

Tg [(—362k—3+(2+\ﬁ)02k—2+(2—\ﬁ)02k—1—Czk)2]
(3—\ﬁ)2h2 (3—\ﬁ)2h2
(—3ca—s + (2+ VT)eam—a + (2 — VT)ea—1 — cop)

3rg [(—362k+1+(2+\ﬁ)62k+2+(2—\ﬁ)02k+3—C2k+4)2
(=3+VT)(3—VT)h? (3—V/7)2h?
(—=3cap1 + (2 + VT)canso + (2 — VT)carss — Conra)

3¢ [(—Czk—s+(2—\ﬁ)02k—2+(2+\ﬁ)02k—1—362k)2]
(3—V7)(=3+VT)h2 (—3+V/7)2h2
(—cop—3 + (2 — VT)cap—o + (2 + VT)car_1 — 3car)

Tg [(—Czk+1+(2—\ﬁ)02k+2+(2+\ﬁ)02k+3—302k+4)2]
(=3+V7)2h2 (=3+/7)2h2
(—Cors1 + (2 = VT)earra + (2 + VT)corrs — 3carta)
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(=3car—1 + (2 + VT)ear + (2 — VT)cay1 — Copya)

]

]




write ( C2k ) as:
Cok+1

( Col ) . 1
Cok+1 64

(10 + V7)ear1 + (8 — 2v/T) oo — 6cop_3
+32¢a1 + 6capr1 + (8 — 2v/T)capso

(8 — 2v/T)car—1 + 6ok + 32¢ak11
+(16 + 4VT)copya + (8 — 2V/T)Copss — 6Copis

— V1) [=3car—1 + (2+ V7)o + (2 — VT)Cors1 — Corn
— V) [=car—1 + (2 = VT)ear + (24 VT)cagr — 302k+2])
VT)[=car-1 + (2 = VT)ear + (2 4+ VT)can1 — 3cania)
—[=3car—z + (2 4+ VT)ean—a + (2 — VT)cap1 — ot )
3[=3car1 + (2 + VT)earsa + (2 — VT)eonts — Conal
—3[—cap—z + (2 = VT)can—a + (2 + VT)can_1 — 3ca] >
—Cor1 + (2 — VT)earta + (2 + VT)carys — 3cop44]

(2 4+ VT)[=3cor_1+ 2+ V7)o + (2 — VT)cony1 — C2k+2})
2+

il
“aill
il
()

69



Then the second-order nonlinear diffusion equation after one-step diffusion can be
written as:

Uy, _ i
u%k+1 64

(10 + V7)ear1 + (8 — 2v/T) oo — 6cop_3
+32¢o5 4 6Cop41 4+ (8 — 2v/T)Conso

(8 — 2v/T)can_1 + 6cop + 32¢o11
+(16 + 4v/T)capra + (8 — 2v/T)cany3 — Geapra

{(2+\ﬁ) _ (2+VDrg [(*332k71+(2+\ﬁ)02k+(27\ﬁ)02k+1*02k+2)2]}
64 (37\ﬁ)2h2 (3,\ﬁ)2h2
(=3cor—1 4+ (2 + VT)car + (2 — VT)cory1 — Conpa)

+
{(2—\ﬁ) N (2—VT)rg [(_3C2k—1+(2+\ﬁ)02k+(2—\ﬁ)02k+1_02k+2)2]}
64 (=3+V7)(3—V/7)h2 (3—V/7)2h2
(=3cor—1 4+ (2 + VT)ear + (2 — VT)cory1 — Conya)
{(Zfﬁ) o (2—vT)rg [(*CQk—l+(2*\f7)c2k+(2+\ﬁ)c2k+l*302k+2)2]}
64 (3=VT)(—=3+V7)h? (=3++/7)2h2
(—Cop—1 + (2 — VT)ear, + (2 4+ VT)cap1 — 3cania)
+
{(2+\ﬁ) _ (2+VDrg [(—C2k71+(2_ﬁ)02k+(2+ﬁ)c2k+1—302k+2)2]}
64 (—3+V7)2h2 (—3+V7)2h2
(—cor—1+ (2 = VT)ear + (2 + VT)car1 — 3can42)
{;1 _ __—Tg [(*302k—3+(2+\ﬁ)c2k—2+(2*\ﬁ)52k—1*021@)2]}
64 (3—V/7)2h2 (3—V/7)2h2
(=3car—3+ (2 + VT)ear—2 + (2 — VT)car_1 — cax)
+
-3 —371g (=3cart1+(2+VT)cory2+(2—VT)can3—Cokqa)?
{ [ I}
64 (=3+v7)(3—+/7)h? (3—/7)2h2
(=3carr1 + (2 +VT)carra + (2 — VT)carss — Consa)
=3 _ —37g (—cor—3+2—VT)can—2+(2+VT)cor—1—3cor)?
{ [ I}
64 (3—VT)(—3+VT)h? (—3+/7)2h2
(—can—s + (2 = VT)ea—a + (2 + VT)can—1 — 3can)
+ (5.14)
{= — —7g [(*02k+1+(2*\ﬁ)52k+2+(2+\ﬁ)c2k+3*3C2k+4)2]}
64 (=3+V/7)2h2 (—3++V/7)2h2

(—caps1 + (2= VT)earra + (2 + V7)Coprs — 3canta)
Theorem (5.2): Let (Z;:) in Eq(5.11) be resulting signal after 1-step Chui-Lian
CL(2) multiwavelet shrinking with ¢ = ( c2k ) = f(kh),k € Z as the inital data, and

C2k+1
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(U?%k ) in Eq(5.14) be the signal after 1-step diffusing with original input u) = (u :

2k+1

f(kh),k € Z. Thus,

T z2
5911 <I> (L’[l T (8- ?})thg((g, 6\4f)2h2 )]
St () = all + ST (S

Y

ul,k:uék if {

and

5912(37) ‘/L‘[]‘ + (3 %2}#9((3 6?)2]12 )]

1 .
Ugf = Uggyq LS - *
" {8022(17) = [1 - ?})zhzg((g) 6\4[)2h2)]

Suppose h=1, and Perona-Malik diffusivity defines as[46]:

c

g(z?) = T(%)Q

where ¢ is a constant, then the corresponding shrinkage function are

9

641 c
1+ oV rmeraavremp))

_ 6471 c
5911 (ZIJ) - {L’[l T (3=V7)2 [1+[8m/(3—\ﬁ)911]2]]
() =z
(z)
(z)

_ 641 c

{5912 z) =a[l+ (3=V/7)2 [1+[8x/(3—\ﬁ)912]2}]
_ 641 c

3922 r) = J][l - (3—V7)2 [1+[8m/(3—\/7)922]2]]

If the Weickert diffusivity g is defined as [71] :

o(z?) = 1 if ©v=0
1 — exp(—3.31488\8/28)  if x #0,

then the corresponding shrinkage function are defined as:

s 0 if =20
T (1 = =B [1 — eap(— 3.31488 031/ (ma)®) 1) if @ #0

G—v1)? )
0 if =0
00 =) (1 (1 — erp(—3.31488 65,/ (—2)®) ) if @40
[E=VE P n/ (Gm®
and
0 if v=0
%0 = oL+ L — cap(<3.31488 65,/ (2m0)) ) if @ #£0
EEVaE PAmo 12 E=vD)
0 if v=0
Sbyy = (1 — =57 11 — exp(—3.31488 65,/ (—==2))]) if x#0
(37ﬁ)2 p 22 (3 \[)
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5.3 Equivalence between Donovan-Geronimo-Hardin-
Massopust(DGHM) multiwavelet shrinkage and
second-order nonlinear diffusion equation

5.3.1 Donovan-Geronimo-Hardin-Massopust(DGHM) multi-
wavelet shrinkage

o= (e "0). Hl_f(glj ) 1= oz ),
p () oo (2 o) @bt
-3 (8 ) omb(2 Y

1+\/§ 1_\/§ then
—14V2 14+V2)°

Let

Hg_

be DGHM-multifilter bank and U = (

R CRN ) IR ] (Y R
1 (=184 3V2 42—27V2 1 V2 —4 432
22%(42”7\/5 —18—3\/5) P3:%<—4—3\/§ V2 >
QO:L<—24+15\/§ —24—15\/5) QFL(M*%@ —6—67\/5)
240 \ 24 —15v/2 24+ 15V2 240 \ 6 —67V2 —T4+27V2
QQZL(48+9\/§ —72+39f> 0y = (_2—3\/5 6—5\/5)
240 \72 4+ 39v/2 —48 +9v/2 240 \—6 —5v2 2 —32

is orthogonal and generates

1 1 (96 144\ (1 1
(P0+P1+P2+P3)(1 _%(144 96)(1)_<1>

)
(Qo+ Q1+ Q2+ Q3) (1) = (8)

—_
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The undecimated DGHM multiwavelet decomposition algorithm can be defined as:

Lin) _ 1 (18+21v2 T8+51v2Y (o \ | 1 (96—25v2 28 —27V2\ [conso
Lon) 240 \78 = 51v2 18 —21v/2) \cony1/) 240 \28 4+ 27v/2 96 +25v2) \ conys

—18+3v2 42— 272\ [Canta + 1 V2 —4 4+ 32\ (cans6
240 42 +27v2 =18 =3v2) \copis) 240 \—4—-3vV2 -2 Conir
—24+15V2 —24—15v2) (e | 1 (T4+27V2 —6-67v2) (coni2

24 —15v2 244+ 15v2 ) \cans1/) | 240 \ 6 —67v2 —T4+ 272

A8+9V2  —T2439V2\ (eonia) | 1 (=2-3V2 6-5V2) (oo
724+39v2 —48 + 92 240 \—6 —5v2 2 —3v2) \cansr

Con+3

_l’_
[\
5|
7 N

Con+5

(18 + 21v/2)cap + (78 + 51v/2)Canir + (96 — 25v/2)conys + (28 — 27v/2)Conas
+(—18 + 3vV2)canta + (42 — 27\/§)CZn+5 + V216 + (—4+ 3\/§)CQn+7

(L1 n) 1
L 240 (78 — 51v/2)con + (18 — 21v/2)con1(28 + 27v/2)cansa + (96 4+ 25v/2)canss
+(42 4+ 27\/5)02n+4 + (—18 — 3\/§)CQn+5 + (-4 - 3\/§)CQn+6 - \/§CQn+7

(=24 4 15v/2)ca, + (—24 — 15V2)cont1 + (T4 + 27V2)copya + (—6 — 67V/2) o3
+(48 + 9v2)conra + (=72 + 39v2)conys + (=2 — 3v2)canis + (6 — 5v/2)conir

Hi,\ 1
H,,) 240
: (24 — 15v/2)con + (24 4 15v/2)congr + (6 — 67v/2)conra + (=74 + 27v/2)conys
+(72 + 39v2)cansa + (=48 + 9v2)conis + (=6 — 5v/2)cants + (2 — 3v/2)cantr
(5.15)

and the denoising algorithm is given by: -

(18 4+ 21v/2) Ly g, 4 (78 — 51v/2) Loy + (96 — 25v/2) Ly 1 + (28 +27v/2) Loy
(=18 4+ 3v2) Ly oo + (42 + 27V/2) Lo g0 +V2L1 43+ (=4 — 3v/2) Loy 3

(“Lk) _ 1
uzi) 240 | g L 51V Ly g + (18 — 218/2) Lo + (28 — 27v/2) Lys 1 + (96 + 25v/2) Lo+
+(42 = 27V/2) L1 o + (=18 = 3v2) Lo g o + (—4 4+ 3vV2) L1 s—3 — V2Lo 3

(—24 + 15v/2) Sy, Hy g, + (24 — 15/2)Sp,, Ha o + (74 + 27v/2)Sp, Hy o1
+(6 — 67v/2)Sp,, Ho g1 + (48 + 9v/2) Sy, Hy o + (72 + 39v/2)Sp,, Hojo o
+(—2 = 3v/2)Sp,, H1 -3 + (—6 — 5v/2) Sy, Ha 3

2001 (C24— 15v2)Sp, Hyp + (24 + 15v/2) Sy, Ho g + (—6 — 67/2)Sp,, Hy s
+(—T4 4 27v/2) Sppy Ho g1 + (=72 + 39v/2) Sy, Hy oo + (—48 + 9v/2) Sy, Ho o
+(6 — 5v2)Sp,, Hij—s + (2 — 3v/2)Sp,, Ha o
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With Ly g, Loy and Hy i, Haj given in Eq(5.15), the synthesis step can be defined as:

U1 k . 1
usy)  (240)2

(240)2

(240)?

(240)2

(18 + 21v/2)[(18 + 21v/2)cay, + (78 + 51v/2)cart1 + (96 — 25v/2) cop 2
+(28 — 27v/2)caprs + (=18 + 3v/2)copra + (42 — 27/2)coprs
+V200k46 + (—4 + 3V/2)Cops7]

(78 4+ 51v/2)[(18 4 21v/2)car + (78 + 51v/2)copr1 + (96 — 25v/2)coprs
+(28 — 27v/2)carys + (—18 4+ 3v/2)conra + (42 — 27v/2)corrs5 + V2¢on 16
+(—4 + 3\/§>C2k+7]

(78 — 51v/2)[(78 — 51v/2)car, + (18 — 21v2)capst + (28 4+ 27v/2)copsat
(96 4 25v/2)Corps + (42 + 27v/2) Copra + (—18 — 3v/2)cops
+(—4 — 3v2)cory6 — V2¢op17]

(18 — 21v2)[(78 — 51v/2)cor + (18 — 21v/2)caps1 + (28 + 27v/2)corro
+(96 + 25v/2)corps + (42 + 27v/2)coprs + (—18 — 3v/2)conys
+(—4 — 3v/2)carr6 — V2Con 7]

(96 — 25v/2)[(18 4+ 21v2)cap—2 + (78 4+ 51v2)cap_1 + (96 — 25v/2)cop+
(28 — 27v/2)capr1 + (—18 + 3v/2)capra + (42 — 27v/2)copy3 + V2¢0p 14
+(—4 -+ 3\/§)Cgk+5]

(28 — 27v/2)[(18 4 21v/2)cop o + (78 4+ 51v/2)cop—1 + (96 — 25v/2)can
+(28 = 27V2) o1 + (=18 + 3v/2)copra + (42 — 27V2) oy + V202014
+(—4 + 3v2)conts]

(28 4+ 27v/2)[(78 — 51v/2)cor 2 + (18 — 21v/2)cap 1 + (28 + 27/2)cap
4(96 + 25v/2)coppr + (42 + 27v2)coppa + (—18 — 3v/2)coprs
+(—4 — 3v/2)Copta — V2C0145)

(96 + 25v/2)[(78 — 51v/2)cor o + (18 — 21v/2)cap 1 + (28 + 27+/2)cap
+(96 + 25v/2)copi1 + (42 + 27v/2)copro + (—18 — 3v/2)cony 3
+(—4 = 3v2)corsa — V2145
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(240)2

(240)2

(240)2

(240)?

(—18 4+ 3v/2)[(18 + 21v/2)cop s + (78 + 51v/2)co_3 + (96 — 25v/2)cop 2
+(28 — 27v/2)eap 1 + (=18 + 3v/2)cop + (42 — 27v/2)car 1 + V2Co 12
+(—4 + 3v2)capys)]

(42 — 27v/2)[(18 4+ 21v/2)cop—q + (78 4+ 51/2)cop_3 + (96 — 25v/2)cop_»
+(28 — 27v/2)eap 1 + (=18 + 3v/2)cop + (42 — 27v/2)car 1 + V2o 12
+(—4 4 3v2)cor43)

(42 + 27v2)[(78 — 51V2)cap—a + (18 — 21v/2)cop—3 + (28 + 27v/2) con—2
(96 + 25v/2)cop 1 + (42 + 27v/2)cop + (—18 — 3v/2)cor 1
+(—4 = 3v2)cora — V200p43]

(—18 — 3v/2)[(78 — 51v2)cop_a + (18 — 21v/2)cop_5 + (28 4+ 27v/2) cop_2
+(96 + 25v/2)cop 1 + (42 + 27v/2)cop, + (—18 — 3v/2)cop s
+(—4 = 3v2)coryo — V20143

V2[(18 4 21v/2)can—g + (78 + 51v/2) cap—5(96 — 25v/2)cop_y
—|—(28 — 27\/5)62]6,3 + (—18 + 3\/5)62]6,2 -+ (42 — 27\/5)6%71 + \/§Cgk
+(—4 + 3v2)cop1]

(—4 + 3v/2)[(18 4 21v/2)cop—g + (78 + 51v/2)car—5 + (96 — 25v/2)cop_4
+(28 — 27v/2)cop—3 + (=18 + 3v/2)cap o + (42 — 27v/2)cop 1
+V2¢o1, + (—4 + 3v2)cop 1]

(—4 — 3v2)[(78 — 51v/2)car_6 + (18 — 21v/2)cop_5 + (28 4 27v/2)con_4
+(96 + 25v/2)cop_3 + (42 + 27v/2)cop—o + (—18 — 3v/2)cap_1
+(—4 = 3V2) e — V2¢0p41]

—V2[(78 — 51v/2)cop 6 + (18 — 21v/2)cop—5 + (28 + 27v/2)cop 4

+(96 + 25v/2)cop_3 + (42 + 27v/2)copo + (—18 — 3v/2)cap 1
+(—4 — 3v2)ear, — V20911]
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240

* 210

240

240

240

(—24 4+ 15v/2) Sp,, {55 [(—24 + 15v/2)cop + (—24 — 15v/2)copin
+(74 4 27V2)coppa + (—6 — 67v/2)Coprs + (48 + 9V2)copaat
(=72 + 39v2)conss + (=2 — 3v/2)canss + (6 — 5v/2)consr]}

(=24 — 15v/2) Sp,, {555 [(—24 + 15v/2)cop + (=24 — 15v/2)cop 1
+(74 + 27\/§)Czk+2 + (—6 — 67\/§)CQk+3 + (48 + 9\/§)Cgk+4+
(=72 + 39v/2)coprs + (—2 — 3v/2)copgs + (6 — 5v/2)copsr]}

(24 — 15v/2) Sp,, {535 [(24 — 15v/2)cap, + (24 4 15v/2) copn
(6 — 67v/2)copro + (=74 + 27v/2)copys + (72 + 39v2) o ra+
(—48 + 9V2) a5 + (=6 — 5v/2)canrs + (2 — 3V2)capgr]}

(24 + 15v/2) Sp,, {55:[(24 — 15v/2)cap, + (24 + 15v/2)cop s
(6 — 67v/2)canga + (=74 + 27v/2)corgs + (T2 + 39V2) o+
(—48 4+ 9V2)caprs + (—6 — 5vV2) oo + (2 — 3v/2)conpr]}

(744 27v/2) Spy {555 [(—24 + 15v/2) cop—s + (—24 — 15v/2)cap1
(74 4 27v/2)cop, + (=6 — 67v/2)copr1 + (48 4+ 9v2)copro
(=72 4+ 39v2)capss + (=2 — 3v/2)capya + (6 — 5v/2)conys]}

(=6 — 67v/2)Sp,, { 75 [(—24 + 15v/2)cag—n + (—24 — 15v/2) oy
(74 4 27v/2)cop, 4 (=6 — 67v/2)copr1 + (48 4+ 9v2)corgo
+(=T72 + 39v2)coprs + (=2 — 3v2)capya + (6 — 5v/2)coprs)

(6 — 67v/2)Sp,, {555[(24 — 15v/2) a2 + (24 + 15v/2) g1
(6 — 67v2)cop + (=74 + 27v/2)coppr + (72 + 39v/2)copro
+(—48 4 9v2)apps + (=6 — 5v/2) cops + (2 — 3v/2)Conps)}

(=74 + 27v/2)Sp,, { 755 [(24 — 15v/2) oz + (24 + 15v/2) o1
(6 — 67v2)cop + (=74 + 27v/2)coppr + (72 + 39v/2)coppn
+(—48 + 9\/§)Cgk+3 + (—6 — 5\/§)Cgk+4 + (2 — 3\/§)Cgk+5]}

(48 + 9v/2) Sp,, {555 [(—24 + 15v/2) copq + (—24 — 15v/2)cap—3
(74 + 27v/2)cop—g + (=6 — 67v2)cop_1 + (48 4+ 9v/2)cop,
+(=72 4 39v2)cops1 + (=2 — 3v2)capps + (6 — 5v/2)canys]}

(=72 + 39v/2) Sp,, { 555 [(—24 + 15v/2) copa + (—24 — 15v/2) o3

(74 + 27v/2)cop—g + (=6 — 67v2)cop_1 + (48 4+ 9v/2)cop,
+(=72 4 39v2)copr1 + (—2 — 3v2) ot + (6 — 5v/2)conps] }
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240

210

240

(72 + 39v/2) Sp,, {555[(24 — 15v/2) o + (24 + 15v/2)cop_3
(6 — 67v/2) a2 + (=74 + 27T/2) a1 + (72 + 39v2) o
+(—48 + 9\/§)Cgk+1 + (—6 — 5\/§)CQI<;+2 + (2 — 3\/§)CQk+3]}

(—48 4+ 9v/2) Sp,, {555 [(24 — 15v/2)copa + (24 + 15v/2)cop_3
(6 — 67v/2)cop_s + (=74 + 27/2) a1 + (72 + 39v2)ca
+(—48 + 9vV2)car1 + (=6 — 5V2)copsa + (2 — 3V2)copys]}

(=2 = 3v2)Sp, {535 [(—24 + 15v2) g + (—24 — 15v/2)caps5
(T4 + 27v2) cop g + (—6 — 67v/2)co_3 + (48 + 9v/2)cop 2
(=72 4+ 39v2)car_1 + (=2 — 3v/2)car + (6 — 5v/2)cop 1]}

(6 — 5v/2) Sy, {555 [(—24 + 15v/2)copg + (—24 — 15v/2)cop5
(74 + 27v2)cop g + (—6 — 67v/2)cop_3 + (48 + 9v/2)cop 2
(=72 4+ 39v2)cor 1 + (=2 — 3v/2)ear + (6 — 5v/2)cop 1]}

(=6 — 5v/2)Sp,, {535 [(24 — 15v/2)can—6 + (24 + 15v/2)cop—s
(6 — 67v/2)Cop—s + (=74 + 27v/2)cop_s + (72 + 39v/2)cop_o
+(—48 + 9v2)cop 1 + (=6 — 5v/2)car, + (2 — 3v/2)canra]}

(2 = 3v/2)Sp,, {5551(24 — 15v/2) a6 + (24 + 15v/2) g5
+(6 — 67v/2)Cop—s + (=74 + 27v/2)cop_s + (72 + 39v/2)cop_o
+(—48 + 9v2)cap 1 + (=6 — 5v/2)car, + (2 — 3v/2)cansa]}

7
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If there is no shrinking apply then:

(36 — 12v/2)car—6 + (156 + 108v/2)cor_5 — 4561/ 2coy, 4
+(—2064 — 1440v/2)cay_3 + (540 + 4620v/2)cop, 2
+(9060 4 7164v/2)cor_1 + (28800 — 8304v/2)cay, + 13344 cop i1
+(54O + 4620\/§)Cgk+2 + (9060 — 7164)62k+3 — 456\/§Cgk+4
+(—2064 + 1440v/2) cop 5 + (36 — 12v/2)copr6 + (156 — 108v/2)cop 7

(uLk) 1

uzg/ 57600 (156 — 108v/2)cor_g + (36 + 12v/2)cop_5 + (—2064 + 1440/2)cop_4

+4561/2 cap_g + (9060 — 7164v/2)cop_s + (540 — 4620v/2)cop_1

+13344 ¢y, 4 (28800 4 8304v/2)carp1 + (9060 4 7164v/2) oo

+(540 — 4620v/2)cop i3 + (—2064 — 1440v/2)cop 4 + 456 Copys
+(156 + 108v/2)capss + (36 + 12v/2)copyr

(—36 4+ 12v/2)cop 6 + (—156 — 108v/2)cop_5 + 4561/ 2co_4
+(2064 + 1440v/2)cop,_3 + (—540 — 4620v/2)cap_»
+(—9060 — 7164v/2)cap_1 + (28800 + 8304v/2)cor, — 13344 copsy
+(—540 — 4620v/2)cop 19 + (—9060 + T164)copt 3 + 4567/ 20144
+(2064 — 1440v/2)copy5 + (—36 + 12v/2)copr6 + (—156 + 108v/2)cop 7
57600
(—156 + 108v/2)cor_6 + (—36 — 12v/2)cop_5 + (2064 — 1440v/2)cop_4
—4561/2 cop_3 4+ (—9060 + 7164v/2)cop_o + (—540 4 4620v/2)cop 1
—13344 cop, + (28800 — 8304v/2)cars1 + (—9060 — 7164+/2)copro
+(—540 4 4620v/2)Cop v 3 + (2064 + 1440v/2)copsq — 456 Copys
+(—156 — 108v/2)capr6 + (—36 — 12v/2)cop 7

(ULk) - < Cok )
U2,k Cok+1

5.3.2 DGHM multiwavelet shrinkage for nonlinear diffusion

1.e

Let
ue = g} (5.17)

be the second-order nonlinear diffusion formula for u(x,t) with u(z,0) = f(x) as an
initial condition.
Approximation of 2u(z,t) at (2kh, j7) is given by:

1 . . .
o 16\/%{(—24 + 15V2)ud, + (—24 — 15v2)ud, , + (T4 + 27V2)ul,
+ (=6 — 6TV2)udy 5 + (48 + 9IV2)ud, o + (72 + 39V2)u,

+ (-2 - 3\/§)ng+6 + (6 — 5\/§)ugk+7}
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Also, Zu(x,t) at ([2k + 1]h, j7) can be written as:

1 . . .
Uy A 24 — 15V2)ul, + (24 + 15vV2)ul, .. (6 — 67V 2)u’
F (T4 2TV2)uly o + (T2 4 39V2)ud,  + (—48 + 9V2)ul, , .

+ (=6 — 5\/§)ng+6 +(2- 3\/§>ng+7}

Therefore, the value of %u(:v, t) at ( ([25{:2—]T—h£]€zi)37)) by using highpass filters can be
defined as:
9 240 0 .
9 ( (Qkh j'/_ (- 32+16\[ Z Q < U(Q(k + n)h,]T) >
240 0 uj
< 32+16f)h 010 ZQ”< '2(k+n) )
(C160+112v2)h U(htn)41
m (1) {(_24 +15v2 —24 — 15\/§> <
[STISTENGT 24 —15v2 24+ 152
L (T4 27\/‘ —6 —67v2\ (Ugpio L (8 9vV2 —T72439v2
6—67v2 —74+27v2) \uj, ,, T2+439v2 —48+9
y (u2k+4> ( 2-3v2 6-5/2 ) (u%m)}
U5 6-5v2 2-3V2 (G

0
32+16\f 2)h ) x
(—160+112/2)h

—24 4+ 15v/2)ud, + (=24 — 15v/2)u, , |
+(74 + 27\/’ 2)udy o+ (=6 — 67V2)ud, .5 + (48 + 9V2)ul, ,,
+(=72+ 39\/_)u2k+5 + (-2 - 3\/_)u2k+6 + (6 5\/_)u2k+7

(24 — 15V2)ud, + (24 + 15V2)ud,
+(6 — 67v/2 )u%+2 + (=744 27V2)ud, s + (T2 + 39V/2 )u2k+4
+(—48 + 9\/—)u2k+5 + (=6 — 5\/_>u2k+6 + (2 3\/_)U2k+7

W{( 24 + 15v/2)uly, + (=24 — 15v2)uy

+(74 4 27V2)udy,, + (—6 — 67V2 )u2k+3 + (48 4+ 9v/2 )u2k+4
+(=72 + 39\/_>u2k+5 + (=2 - 3\/_)u2k+6 + (6 — 5\/_)u2k+7}

Creoriizvam (24 — 15v2)uy, + (24 + 15v2)uj,
+(6 — 67\/_)u2k+2 + (=74 + 27\/_)U2k+3 + (72 + 39\/_)U2k+4
+(—48 + 9\/_)U2k+5 + (=6 5\/_)u2k+6 +(2 - 3\/_)U2k+7}
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(2kh, jT)
2k + 1]h,j7’))

and the approximating partial derivatives of G(z,t) = g((uz)*)u, at ( (
is defined as:

0 ( G@kh,j7r) \ _ (Tmacen r 2(k — m)h, j7)
o (G([Qk + l]h,jT)) N <( 0 v —240 ) ZQ ( k: m) + 1]h, ]7'))

(—160+112v/2)h

Then the second-order nonlinear diffusion equation can be discretized as:

j+1 Y —2407 0
W \ _ [ Yk (—32+16v/2)h T
j+1 ] = j + 0 =240 Z Cm
Udg41 Uok41 (—160+112y/2)h
(- 32&6\[ {( 32+116f)2h2 (=24 + 15\/_)ué(k m) + (24— 15\/_)% k=m)+1
(74 + 27\/‘)1% e+ (=6 = 67V2)ud o+ (A8 + 9vV2)ud
( 72 + 39\/_>U2 k—m)+5 ( 3\/_)U2 m)+6 + ( 5\/_)U2 k— m)+7] }
[( 24 + 15\/_)% my T ( 15\/_)% o
( 79 4+ 39\/_)u2 my+s T (—2— 3\/_)u2(k mye T (6 — E)\/_)u2 . m)+7]

(—160-‘,-?12\/5)/1{(,—160+1112\/§)2h2 [(24 - 15\/5)%% m) T (24+ 15\/_) 2 k—m)+1
(6 = 67V/2)uy o+ (=74 +2782)ud o (724392l
+(—48 + 9\/5)1L%(,€7mpr5 +(=6— 5\/§)U;(k,m)+6 + (2 - 3v2)u} kfm)+7] }
X (24 — 15\/_)u2 my T (24 + 15\/_)u2(k m)+1
+(6 = 67TV2)ud o + (=TA+2TV2)ud o+ (T2439V2)ud 0y
+(—48 + 9\/_)u2 hemys T (=6 — 5\/_)% my+6 T (2 3\/_)U2(k m)+7)
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Then by applying(DGHM) multiwavelet coefficients, we have

41
Jj+1 - J
Ugpt1

o

Wi 0 Chorimvar) | \"24-15V2 244152

(— 32Jj6\[) {( 32+16\f)2h2 [( 24+ 15\/_)u%k ( 24 — 15\/—)uj2k+1
+(74 4 27V2)uy o + (=6 — 67v2)uly 5 + (48 + 9v2)ujy
H(=72 4 39V2)uhy 5 + (=2 = 3V2)udy 6 + (6 — 5V2)upy ]°}
X [(—24 + 15v/2)uly, + (—24 — 15v/2)ul,
(T4 4+ 27V2)uhy oy + (—6 — 67V2)udy 5 + (48 + 9V2)ul, .,
H(=72 4 39V2)uy 5 + (=2 = 3V2)udy 6 + (6 — 5V2)ujy ]

3 ) n <—<32+Tm>h 0 > ( (—24+1w§ 24—15\/§>
)

(_160+9112f)h{( 160+112\[)2h2[( 15\/_)u%k + (24 + 15\/_)u%k+1
+(6 — 67\/_)u2k+2 + (=74 + 27\/_)U2k+3 + (72 + 39\/_)U2k+4
+(—48 + 9\/_>u2k+5 + (=6 — 5\/_)U2k+6 + (2 3\/_)U2k+7} }

x (24 — 15v/2)ud, + (24 + 15v/2)u, |
+(6 — 67\/_)U2k+2 + (=74 + 27\/_)U2k+3 + (72 + 39\/_)U2k+4
+(—48 + 9v2)uy 5 + (—6 — 5v2)uly ¢ + (2 — 3V2)ud, ]

T4+ 272 6 — 672
6—67vV2 —T4+27V2

(—32+§i6f) {( 32+16f)2h2 [( 24+ 15\/_)uék 2 + ( 24 — 15\/_)u]2k—1
+(T4 4 27V2)ul, + (=6 — 6Tv2)udy ,, + (48 + 9V2)ud, .,
+(=72+ 39\/_)u2k+3 + (-2 3\/_)U2k+4 + (6 5\/_)U2k+5] }
x[(—24 + 15v2)ul,_, + (=24 — 15v/2)ud,_,
+(74 + 27\/_)u2k + (=6 — 67\/_)u2k+1 + (48 + 9\/_>u2k+2
H(=T2 4 39vV2)uy 5 + (—2 = 3v2)udyy + (6 — 5V2)ud ]

— 160+9112f) {( 160+1112\/)2h2[( — 15V2)uy, + (244 15v2)uy,
+(6 = 67V2)uyy, + (=74 +27v2)uhy,, + (72 + 39v2)uj,
+(—48 + 9V2)udy 5 + (=6 — 5vV2)udy,, + (2 — 3v2)ul, 51}

X (24 — 15v/2)uly_, + (24 + 15v/2)u,
+(6 — 67v2)uly, + (—74 4 27V2)udy ,, + (724 39V2)ud,
( 48 + 9\/_)U2k+3 + ( 5\/_)u2k+4 + ( 3\/—)u2k+5]
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s

+(

48 +9vV2 T2+ 392
72 + 392 —48 + 92

(—32+916f)h{( 32+16\f)2h2 [( 24+ 15\/_>uj2k 4 + ( 24 — 15\/_>u%k—3
(74 + 27V2)udy o + (—6 — 67v2)ud, | + (48 4+ 9v2)ul,
+(=72+ 39\/_)U2k+1 +(-2- 3\/_)U2k+2 +(6— 5\/_)U2k+3] ¥
X[(—24 + 15v2)ugy,_y + (=24 — 15v/2)uy_,
+(74+ 2TV2)udy o + (—6 — 67v2)ud,_; + (48 + 9V2)ul,
(=724 39V2)udy  + (=2 = 3V2)uhy o + (6 — 5V2)udy, ]

CleoTivan {( 160+1112f)2’h2 (24 = 15V2)uz_ + (24 + 1592y
+(6 — 67\/_)u2k o+ (T4 +27V/2)ud, |+ (72 + 39v2)ul,
( 48 + 9\/—)U2k+1 + ( - 5\/—)u2k+2 + ( 3\/_)u2k+3] }
X (24 — 15v/2)ud, 4 + (24 + 15v/2)u,
+(6 — 67v2)ul, o + (=74 +27v2)ud, | + (72 + 39v/2)ul,

+(—48 + 9\/_)“2k+1 + (=6 — 5\/_)“2k+2 + (2 3\/_)u2k+3]

2-3vV2 —6-5V2
6 —5v2 2—3\/5)

Corriovan Caraevar (24 + 15V2)uy g + (=24 — 15v2)uy,
(744 2TV2)ud,_, 4 (=6 — 67V2)ul, 4 + (48 + 9V2)ul,
(=724 39V2)udy + (=2 = 3V2)udy + (6 — 5v2)uly, *}

X[(—24 +15vV2)uyy g + (=24 — 15V2)uy, s
(744 27V/2)ud;, , + (=6 — 67TV2)ud, o + (48+9\/_)u2k )
+H(=T2 4+ 39V2)udy_y + (=2 = 3V2)ul, + (6 — 5v2)uy, ]

(- 160+z12f {( 160+112f)2h2 [(24 15\/_)U]2k 6+(24+15\/_)uék 5

+(6 — 67\/_)U2k s+ (ZT44+2TV2)udy o+ (724 39V2)uj,

+(—48 + 9v2)ul, | + (=6 — 5v/2)ul, + (2 3\/_)u2k+1] }
X (24 — 15v/2)uy o+ (24 + 15v2)ud, -

+(6 — 67v2)uhy_, + (T4 +27V2)udy 5+ (724 39\/_)U2k 2

(=48 4+ 9v2)udy , + (=6 — 5V2)ud, + (2 - 3v2)uy, ]
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Then
L) = .
uj22+1 U]2k+1
—(—24+15v2)7g
(—32+16v2)2h2 L (- 32+16f 2p2 (= 24+15\/—>u2k

[
+(—24 = 15V2)ud,, + (T4 + 27\/’)u;k+2 + (=6 = 67V2)ul 5
+(48 + 9\/_)U2k+4 + (=724 39v2)u Upp 45+ (—2 3\/_)u2k+6
+(6 — 5\/_)“2k+7] (=24 + 15\/—)u2k +(—24 - 15\/_)U2k+1
+(74 + 27\/—)u2k+2 + (=6 — 67\/_)u2k+3 + (48 + 9\/_)u2k+4+

(=72 + 39\/_)u2k+5 + (-2 3\/_)u2k+6 + (6 5\/_)U2k+7]

—(—24-15v2)71g 1 J
(—1604+112v/2)(— 32+16f)h2{( 32+161/2)2h2 (=24 + 15\/_)7“‘%

+(—24 — 15V2)udy y + (T4 +27V2)uly , + (=6 — 67V2)udy
+(48 + 9\/_)u2k+4 + (=72 + 39\/_)“2k+5 +(-2— 3\/_)u2k+6
+(6 — 5\/_)“2k+7] H(=24 + 15v2)ul;, + (—24 — 15\/_)U2k+1
+(74 + 27\/_)U2k+2 + (=6 — 67\/_)U2k+3 + (48 + 9\/_)“2k+4+
(=72 + 39\/_)u2k+5 + (=2 - 3\/_)u2k+6 + (6 — 5\/_)U2k+7]

—(24—15v/2)7g J
(—32+16+/2)(— 160+112f)h2{ 160+112f)2h2[( 15\/_)u2k

+(24 4 15v2)udy,, + (6 — 67\/_ 2)ud, o + (=74 + 27V2)ul,
+(72 + 39\/_)u2k+4 + (—48 + 9\/_)u2k+5 + (=6 5\/_)u2k+6
+(2 - 3\/_)U2k+7] H(24 — 15v2)ul, + (24 + 15\/_>U2k+1
(6 — 67V/2)udy, p + (=T4+ 27V2)udy o + (72 + 39v2)uly
+(—48 + 9V2)udy 5 + (—6 — 5V2)udy s + (2 — 3V2)uly ]

—(24+15v/2)7g 1 J
(—160+112v/2) 2h2{( 160+112v/2)2h2 [( 15\/_)u2k

+(24 + 15\/’)u2,€+1 + (6 — 67V2)ul, o + (—74 4 2TV2)uy 4
+(72 + 39\/_)U2k+4 + (—48 + 9\/_)u2k+5 + (-6 5\/_)u;k+6
+(2 - 3\/_)“2k+7] H(24 — 15\/_)“% + (24 + 15\/_>“2k;+1
+(6 = 6TV2)ud, o + (=74 +2TV2)ud, 5 + (724 39V2)ul,
+(—48 + 9V2)udy 5 + (—6 — 5V2)udy s + (2 — 3V2)uly ]
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—(74+427V2)T j
( (32:—16\/))21192 (- 32+11’)\f)2h2[( 24+ 15\/_)%19 2

+(—24 = 15v/2)udy_, + (744 27V2)udy + (=6 — 67v2)ul,
(48 + 9V2)uhy o + (—T2 4+ 39V2)uby g + (—2 — 3vV2)uly

+(6 - 5\/_)U2k+5] H(=24 +15v2)uj, , + (=24 — 15V2)uj,
(T4 + 2TV2)ul, + (—6 — 67f)u2k+1 + (48 + 9v2)ujy o+
(=724 39\/_)u2k+3 + (-2 3\/—>U2k+4 + (6 — 5\/_)u2k+5]

(- 160+1§2\6ff(7\é;)+7—f6\f h2{ 32+113f)2h2 [( 24+ 15\/_)%16 2
+(—24 — 15v/2)ud, | + (74 +27v/2)uly + (—6 — 67V2)ud,
H(A8 + 9vV2)udy y + (=72 4+ 39V2)udy y + (=2 = 3V2)udy

+(6 - 5\/_)U2k+5] H(=24+ 15\/—)u2k o+ (=24 - 15\/—)u2k 1
+(74 4 27V2)ul, + (=6 — 6TV2)udy,, + (48 + 9V2)ul, ,+

(=72 + 39\/_)U2k+3 + (-2 - 3\/_)U2k+4 + (6 — 5\/_)“2k+5]

—(6—67v2)1g j
(—324-16v2)(— 160+112f)h2{ 160+112f)2h2[< 15\/_)u2k 2

+(24 +15v2)ug,_y + (6 — 67V2)ud, + (=74 + 27v2)ul,
+(72 + 39V2)uhy o + (=48 + 9V2)udy o + (=6 — 5V2)ud,
+(2 — 3\/_)u2k+5] H(24 — 15\/_)U2k o+ (24 + 15\/_)U2k 1
+(6 — 67v2)uly, + (—74 4 2TV2)udy,, + (72 4+ 39V2)ud,
+(—48 + 9\/_)u2k+3 + (=6 — 5\/_)u2k+4 + (2 3\/_)u2k+5]

(— 56(1?—;1227%));}?2 (— 160+1112f)2h2[( 15\/_)1“216 2
+(24 +15v2)ud,_y + (6 — 67V2)ud, + (=74 + 27v2)ul,
+(72 4+ 39vV2)udy 5 + (—48 + IV2)uy 5 + (=6 — 5V2)ud,
+(2 - 3\/_)u2k+5] H(24 — 15\/_)U2k o+ (24 + 15\/_)u2k 1
+(6 — 67v2)uy, + (74 + 2TV2)udy,, + (724 39V2)ud, .,
+(—48 + 9\/_)u2k+3 + (=6 — 5\/_)u2k+4 + (2 3\/_)u2k:+5]
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—(48+9v2)1g j
(- ?E2+—§6f§2h2 - 32+11’)\f)2h2[( 24+15\/_)qu 4

+(—24 — 15v2)udy o+ (T4 + 27V/2)ud, , + (—6 — 67v/2)ul, |
+(48 + 9\/_)“% +(=72+ 39\/_)u2k:+1 + (-2 - 3\/_)u2k+2

+(6 — 5\/_)U2k+3] H(—24 + 15\/_)U2k g (—24 - 15\/_)U2k 3
(74 + 27V2)uly o + (=6 — 67v2)ud, | + (48 4+ 9v2)ul, +
(=72 + 39\/—)u2k+1 + (-2 3\/_>“2k+2 + (6 — 5\/_)u2k+3]

—(=72+39v2)rg 1 j
(—160+112v/2)(—32+161/2) h2{ 32+16f)2h2[( 24+15\/_)u2k 4

+(— 24—15\/_)u2k 3+(74—|—27\/_)u2k o+ (—6— 67\/_)u2k )
+(48 + 9V2)ud, + (=72 4 39V2)uly y + (=2 — 3V2)ud, .,

+(6 — 5\/_)U2k+3] H(—24 + 15\/_)u2k 4 + (=24 - 15\/_)u2k 3
(T4 + 27V2)uby oy + (—6 — 67v2)ud, | + (48 4+ 9v2)ul, +

(=72 + 39\/_)U2k+1 + (=2 3\/_)U2k+2 + (6 — 5\/_)“2k+3]

(— 32“&(/772)4{3?%6)_71912[ h2{ 160+1112f)2h2 [( 15\/_)uj2k 4
+(24 + 15v2)ul,_, + (6 — 67[)@% o+ (=74 +27V2)ug,
+(72 + 39v2)udy, + (—48 + 9IV2)uhy , , + (=6 — 5v2)ud, .,
+(2 — 3\/_)u2k+3] H(24 — 15\/_)Uzk g+ (24 + 15\/_)u2k 3
+(6 — 67v2)uly o + (=74 +27v2)ud, | + (72 + 39v/2)ul,
+(—48 + 9\/_>u2k+1 + (=6 — 5\/_>u2k+2 + (2 3\/_)u2k+3]

—(= 48—‘1-9\[ )Tg 1 j
(—1604+112v/2) 2hQ{( 160+112\f)2h2 [( 15\/_)U2k 4

+(24 + 15v2)ud, o + (6 — 67v2)ud, o+ (=74 + 27/2)ul,
+(72 + 39V2)ud, + (—48 + 9\/_)U2k+1 + (=6 — 5\/_)U2k+2
+(2— 3\/_)U2k+3] H(24 — 15\/_)“2k g (24 + 15\/_)U2k 3
+(6 — 67v2)uly o + (=74 +27v2)ud, | + (72 + 39v/2)ul,
+(—48 + 9\/—)u2k+1 + (=6 — 5\/_)“2k+2 + (2 3\/_)u2k+3]
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—(—2-3V2)7 .
= g2+16f))252 - 32+11;\[)2h2[( 24 + 15v2)ud,

+(—24 — 15v2)ud, . + (T4 + 27TV/2)ud,, , + (—6 — 67v/2)ul, 4
+(48 + 9\/_)“% ot (=72 + 39\/_)u2k: p+H (=2 3\/_)15%19
+(6 — 5v2)uhy, P H(-24 + 15V2)uhy g + (—24 = 15V2)uj,

(74 + 27V2)ud,_, + (=6 — 67v2)ul,_4 + (48 + 9vV2)ul,_,+
(— 72"’39\/_)“% p+ (=2 3\/_)u2k + (6 5\/_)u2k+1]

(— 160+1I§?;§€[2?3;i16f h2{ 32+116f)2h2[( 24+15\/_)u%k 6
+(—24 — 15v/2)ul, 5+(74—|—27\/_)u2k , (=6 —67V2)ul,
+(48 + 9V2)uhy_y + (=724 39V2)uhy_, + (=2 = 3V2)uy,
+(6 — 5\/_)u2k+1] (=24 + 15\/—)u2k 6+ (—24— 15\/—)u2k 5
(T4 4 27V2)ul,_y + (—6 — 67V2)ud,_s + (48 + 9v2)ul,_,+

(=724 39V2)ud, | + (=2 — 3V2)ud, + (6 5\/_)U2k+1]

—(=6-5v2)7g 1 j
(—324-16/2)(—160+112v/2) h2{ 160+112f)2h2[( 15\/_)u2k 6

+(24 4 15v/2)ul, _, + (6 — 67\/_)u2k o+ (= 74+27\/_)u2k .
+(72 + 39vV2)ud, o + (—48 +9vV2)ul,_, + (—6 — 5v/2)ul,
+(2 = 3V2)ud, P H(24 — 15V2)uly o + (24 + 15v2)ul,

+(6 — 67\/_)U2n 4+ (= 74+27\/—)U2k 3+(72+39\/_)U2k 2
+(— 48+9\/_)u2k 1 + (=6 — 5\/_)U2k + (2 3\/_)u2k+1]

—(2-3v2)rg 1 j
(—1604+112v/2) 2hQ{( 160+112\f)2h2 [( 15\/_)U2k 6

+(24 4 15v2)udy, o+ (6 — 67v/2)ul, , + (74 + 27V/2)u,
+(72 4 39v2)ud, o + (—48 + 9v2)ud, | + (=6 — 5v/2)ul,
+(2 - 3\/_)U2k+1] H(24 — 15\/_)“2k 6T (24 + 15\/_)U2k 5

+(6 — 67v2)ul,_, + (— 74+27\/_)u2k o+ (724 39v2)u),_,
+(—48 + 9\/_)u2k |+ (=6 5\/_)u2k + (2 3\/_)u2k+1]
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When j = 0 with ( e )= ( o ), we get:

Uk i1 C2k+1
(i) = ()
U%Hl Cok+1
—(—24+15vV2)T
(— 32+16f)2h2g (— 32+16f 2h2 (=24 + 15\/§>C%
+(—24 — 15v/2)copyr + (74 + 27[ 2)cora + (—6 — 67v/2)conys
+(48 4 9v/2) a4+ (=72 + 39V2)Caprs + (—2 — 3v/2) Coprs
+(6 — 5v/2) corpr|2 (=24 + 15v/2) car + (=24 — 15v/2)copin
(74 + 27v/2) copra + (=6 — 67v/2)Coprs + (48 + 9V2)copat
(=72 + 39v/2)coprs + (—2 — 3v/2)corgs + (6 — 5v/2)copsr]

(—1604-_1(1_2345_)23\3/3—)%7—1%\/5)% { (—32+116\/§)2h2 (=24 + 15v/2)ca
(—24 — 15v/2)copy1 + (T4 + 27v/2)copra + (—6 — 67v/2)cony 3
(48 + 9V2) Capra + (=72 4 39V2)eaprs + (=2 — 3v/2)copss
+(6 — 5v/2) corpr|2 (=24 + 15v/2)car + (=24 — 15v/2)copin
+(74 4+ 27v2)capra + (=6 — 67v/2)cons s + (48 + 9V2)copyat
(=72 4+ 39v2)corrs + (=2 — 3v/2)capr6 + (6 — 5v/2)cop 7]

oA e Crearavame (24— 15V2)ex
+(24 + 15v/2)copg1 + (6 — 67v2)conro + (=74 4+ 27v/2)Cop i3
(72 + 39v2) corpa + (—48 + 9v/2)copys + (—6 — 5v/2)coprs
+(2 = 3v2)earr7)2H (24 — 15v/2) cop + (24 + 15v/2)copis
+(6 — 67v/2)conyo + (= T4+ 27v/2)coprs + (72 4+ 39v/2)cop i
+(—48 4+ 9V2)carrs + (—6 — 5v2)corss + (2 — 3V/2)Cops]

—(24+15v2)7g 1
(—160+112v/2)2h2 L (—160+112y/2)2h2 [(24 - 15\/§)c%

+(24 + 15v/2) copy1 + (6 — 67v/2)conyo + (=74 + 27v2)Cops 3
(72 + 39v2) corpa + (—48 + 9v/2)copys + (—6 — 5v/2)Coprs
(2 = 3v/2)con 7] (24 — 15v/2)cop + (24 + 15v/2)copys
+(6 — 67v/2)conyo + (—T4 + 27v/2)coprs + (72 + 39v/2)cop i
+(—48 4+ 9V2)carrs + (—6 — 5v2)carse + (2 — 3v/2) o]
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—(74+27\/2)1g 1 _
(—32+16+/2)2h2 { (—324+16v/2)2h2 [( 24 + 15\/§)CQk—2

+ (=24 — 15v/2)cop_1 + (T4 + 27v/2)cop + (=6 — 67v/2)cop 1
(48 + 9v2)capyn + (=72 4 39V2)caprs + (=2 — 3v/2)Copss
+(6 - 5\/§)Cgk+5]2}[(—24 + 15\/§)Cgk_2 + (—24 — 15\/§)Cgk_1
(T4 4 27v2)eap + (—6 — 67v/2)copr1 + (48 4+ 9vV/2)copyo+
(=72 + 39\/§>02k+3 + (-2 - 3\/§)C%+4 + (6 — 5\/5)02%5]

(7160+1§2\6/§)6(7fg);—f6\/§)h2 { (732+12\/§)2h2 (=24 + 15v/2)cops
+(—24 — 15v/2)cop 1 + (T4 + 27v/2)cop + (=6 — 67v/2)cop 1
(48 + 9vV2)capyn + (=72 4 39V2)caprs + (=2 — 3v/2)Copss
+<6 - 5\/§)Cgk+5]2}[(—24 + 15\/§)Cgk_2 + (—24 — 15\/§)Cgk_1
(74 + 27v/2)cop + (—6 — 67v/2)cops1 + (48 + 9V/2)Copyot

(=72 + 39\/§>02k+3 + (-2 - 3\/§)C%+4 + (6 — 5\/§>02k+5]

(732+16_\5f§j)_((i71\g(27)1:512\/§)h2 { (7160+1112\/§)2h2 (24— 15v2)ean
+(24 4+ 15v/2)cap1 + (6 — 67v/2)cop + (=74 + 27v/2)cap i1
+(72 4+ 39v2)capra + (—48 + 9v/2)canrs + (=6 — 5v/2)capra
+(2 = 3V2)cops) (24 — 15v2)conn + (24 + 15v/2) oy
+(6 — 67vV2)co + (=74 + 27v2)caps1 + (72 + 39v2) corpo
+(—48 + 9v2)cap i3 + (=6 — 5v2)cappa + (2 — 3v2)Cony5)

—(=74427V2)7g 1 .
(—160+112v/2)2h2 (716O+112\/§)2h2[<24 15\/5)02’“—2

+(24 4+ 15v/2)cap 1 + (6 — 67v/2)cor + (=74 + 27v/2)cap i1
+(72 4 39v2)capra + (—48 + 9v2)canrs + (=6 — 5v/2)capra

+(2 = 3V2)cops) (24 — 15v2)con—n + (24 + 15v2) e

+(6 — 67vV2)co + (=74 + 27v2)caps1 + (72 + 39v2) corpo
+(—48 + 9V2)coprs + (=6 — 5v2)capra + (2 — 3v2)ub, 5]
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(- ?E;lizg ;fﬂ{( 32+16f)2h2 (=24 + 15V2) s
+(—24 — 15\/’)c2kf3 + (74 +27v2)cop—2 + (—6 — 67v/2)cor—1
+(48 + 9V2) o + (=72 + 39V2)eapr1 + (=2 — 3v/2)copsn
+(6 - 5\/§)Cgk+3]2}[(—24 + 15\/§)Cgk_4 + (—24 — 15\/§)Cgk_3
+(74 + 27v/2)cop o + (—6 — 67v/2)con_1 + (48 + 9V2)cor+
(=72 +39v2)copr1 + (=2 — 3v/2)capra + (6 — 5v/2)cop 3]
+

(7160+1(1272\/§J;:(32\3/2§J):196\/§)h2 { (732+12\/§)2h2 (=24 +15v2)eai—s
+(—24 — 15v/2)cap—3 + (74 + 27v/2)car 2 + (—6 — 67v/2)car 1
+(48 + 9V2) o + (=72 4+ 39V2)eapr1 + (=2 — 3v/2)copsn
+<6 - 5\/§)Cgk+3]2}[(—24 + 15\/§)Cgk_4 + (—24 - 15\/§)Cgk_3
+(74 + 27v/2)cop o + (—6 — 67v/2)con_1 + (48 + 9V2)cor+

(=72 + 39v2)copt1 + (=2 — 3v/2)capya + (6 — 5v/2)cons 3]

(- 32+1g\(/7’2)J(r3?\6/0§lﬁQ\/§)h2 (7160+1112\/§)2h2 (24 = 15v2)cap—4
+(24 4+ 15v/2)cor_3 + (6 — 67v/2)can_o + (=74 + 27v/2)car 1

+(72 4 39vV2)cor + (=48 + 9V2)capr1 + (—6 — 5v/2) oo
+(2 = 3vV2)conss]*}(24 — 15v2)cop—s + (24 + 15v2) s
+(6 — 67v2)cop_o + (=74 + 27v/2)cop_1 + (72 4+ 39v/2)cap
+( 48 + 9\/§)Czk+1 + (—6 - 5\/§)Cgk+2 + (2 — 3\/§)Cgk+3]

—(—48+9v2)7g

1
(—160+112v/2)2h2 L (—160+112y/2)2h2 (24 - 15\/§)C2k—4

+(24 + 15v/2)cop_s + (6 — 67v/2)Con_o + (=74 4+ 27V/2)cop_1
+(72 4+ 39v2)cor + (—48 + 9v/2)cap 1 + (—6 — 5v/2)capro

—5v/2

+(2 = 3v2)conys]*}(24 — 15V2)cop—a + (24 + 15v/2)cop3
(6 — 67v/2)cop_o + (=74 + 27v/2)cop_1 + (72 4+ 39v/2)cap
+(—

2
A8 + 9v2)eapr1 4 (=6 — 5v/2) oy + (2 — 3v/2)conss)
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(ézigg);fz { (732+12\/§)2h2 (=24 + 15v/2)capg
+(—24 — 15v/2)cap 5 + (74 + 27v/2)ca—a + (—6 — 67v/2)car_3
+(48 + 9v2)car_o + (=72 4+ 39V2)car—1 + (=2 — 3v/2)cap
+(6 - 5\/§)Cgk+1]2}[(—24 + 15\/§)Cgk_6 + (—24 - 15\/§)Cgk_5
+ (T4 + 27V2) cop_y + (=6 — 67v/2)cop_s + (48 + 9V/2)cop_o+
(=724 39v2)car_1 + (=2 — 3v/2)car, + (6 — 5v/2)cap 1]

(7160+112(?/§§)(\{23)2Tilﬁ\/§)h2 { (732+12\/§)2h2 (=24 + 15v/2)capg
+(—24 — 15v/2)cap 5 + (74 + 27v/2)cap—a + (—6 — 67v/2)cor_3
+(48 + 9v2)car_o + (=72 4+ 39V2)car1 + (=2 — 3v/2)can
+<6 - 5\/§)Cgk+1]2}[(—24 + 15\/§)Cgk_6 + (—24 - 15\/§)Cgk_5
(74 +27v/2)cop—a + (—6 — 67v/2)cop_3 + (48 + 9V/2)cop_o+
(=72 4 39v2)can—1 + (=2 — 3v2)cop + (6 — 5v/2) g

—(—6-5v2)1g 1
(—32+16v/2)(—160+112v/2)h2 { (—160+112v/2)2h2 (24 - 15\/5)6%—6

+(24 4+ 15v/2)cap_5 + (6 — 67v/2)cop—a + (=74 + 27v/2) o3
+(72 4+ 39v2)cap—a + (—48 + 9v2)eap 1 + (=6 — 5v/2)cap
+(2 = 3v2)cor1 ]} (24 — 15v2)cop—s + (24 + 15v2) s

+(6 — 67v/2)con_y + (=74 + 27v/2)cor_s + (72 + 39v/2) s

—|—(—48 + 9\/5)62]6,1 + (—6 — 5\/§>Cgk + (2 — 3\/§)Cgk+1]

—(2—3v2)7g 1
(—160+112y/2)2h2 L (—160+112y/2)2h2 (24 - 15\/§)C2k—6

+(24 4+ 15v/2)cap 5 + (6 — 67v/2)cop—a + (=74 + 27/2) o3
+(72 4+ 39v2)cap—a + (—48 + 9v/2)eap 1 + (=6 — 5v/2)cap
+(2 = 3v2)can1]*}(24 — 15V2)con—6 + (24 + 15v/2)cops

+(6 — 67v/2)copq + (=74 + 27v/2)con_3 + (72 4 39v/2) o2

—|—(—48 + 9\/5)62]6,1 + (—6 — 5\/§>C% + (2 — 3\/§)Cgk+1]
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write:
(36 — 12v/2)cop_g + (156 + 108+/2)cop_5 — 4561/ 2¢o5_4

+(—2064 — 1440v/2)cop,—3 + (540 + 4620v/2) oo
+(9060 + 7164v/2)car_1 + (28800 — 8304v/2)cay, + 13344 cop i1
+(540 4 4620v/2)Cop 42 + (9060 — 7164)copy 3 — 456720k 14
+(—2064 + 1440v/2)capss + (36 — 12v/2)capys + (156 — 108v/2)coptr

Cof 1
<02k+1> N 57600
(156 — 108v/2)cop_g + (36 + 12/2)cop_s + (—2064 + 1440v/2)cop_4
+456V/2 cop_3 + (9060 — 7164v/2)cop_o + (540 — 4620/2)cop 1
+(540 — 4620v/2)copps + (—2064 — 1440v/2)copra + 456 Copys
+(156 + 108v/2) a6 + (36 + 12v/2)cops 7

(—24 + 15v/2)[(—24 + 15v/2)cop, + (—24 — 15v/2)copy1
(T4 + 27v/2) coppo + (—6 — 67v/2)copys + (48 + 9V2)copat
(=72 + 39v2)cants + (=2 — 3v/2)cants + (6 — 5v/2)cans]

57600
(—24 — 15v/2)[(—24 + 15v/2)cop + (—24 — 15v/2)cop i1
+(74 + 27\/§)CQk+2 + (—6 — 67\/5)62]“_3 + (48 + 9\/§)Cgk+4+
(=72 4 39v2)carss + (—2 — 3v2)caprs + (6 — 5v2) 7]

(24 — 15v/2)[(24 — 15v/2)car + (24 + 15v/2)can 1
(6 — 67v2)copso + (—T4 + 27v2)copys + (72 + 39v2) copat
(=48 + 9v2)copys + (=6 — 5v2)cangs + (2 — 3v/2)coprr]

57600
(24 4+ 15v/2)[(24 — 15v/2)cop, + (24 + 15v/2)cop s
(6 — 67v2)copso + (=74 + 27v2)coprs + (72 + 39v2) cop ot
(=48 + 9v/2)carys + (=6 — 5v/2)canrs + (2 — 3v/2)Cop 7]
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* 57600

* 57600

* 57600

(74 + 27v/2)[(—24 + 15v/2)cop_s + (—24 — 15v/2) ¢y
(T4 + 27v/2)cor, 4+ (—6 — 67v/2)coprr + (48 + 9V2)copsn
—1—(—72 + 39\/§)Cgk+3 + (—2 — 3\/§)Czk+4 + (6 — 5\/§)Cgk+5]

(—6 — 67v2)[(—24 + 15v/2)cop o + (—24 — 15v/2)cop 1
(T4 + 27v/2)cor, 4+ (—6 — 67v/2)coprr + (48 + 9V2)copsn
+(=72 4+ 39v2)caprs + (=2 — 3v/2)Copra + (6 — 5v/2)Cops)

(6 — 67v/2)[(24 — 15v/2)cap o + (24 + 15v/2)cop 4
(6 — 67v2)cop + (=74 + 27v/2)coppr + (72 + 39v/2)copro
+(—48 4+ 9V2)carrs + (—6 — 5v2)copsa + (2 — 3V/2)Cops 5]

(=74 + 27v/2)[(24 — 15v/2)cap—o + (24 + 15v/2)cop 1
(6 — 67v2)cop + (=74 + 27v/2)coppr + (72 + 39v/2)copro
(=48 + 9V2)copys + (=6 — 5V2)canpa + (2 — 3v/2)cops]

(48 4+ 9v/2)[(—24 + 15v/2)cop_y + (=24 — 15v/2)co_3
(74 4 27v/2)cop—o + (=6 — 67v/2)cap—1 + (48 + 9v/2)cop
+(=72 4 39v2)cops1 + (—2 — 3v/2)canya + (6 — 5v/2)copys]

(=72 + 39v2)[(—24 + 15v/2)cop_y + (=24 — 15v/2)cop—s

(74 4+ 27v/2)cop_o + (=6 — 67v/2)cap_1 + (48 + 9v/2) e
(=72 4 39v2)cops1 + (—2 — 3v/2)canya + (6 — 5v/2)copys]
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* 57600

* 57600

* 57600

(72 4+ 39v/2)[(24 — 15v/2)cop—q + (24 + 15v/2)cop_3
(6 — 67v/2)cop—o + (=74 + 27v/2)cop_1 + (72 + 39v/2) o
+(—48 + 9\/§)Cgk+1 + (—6 — 5\/§)Cgk+2 + (2 — 3\/5)0%_,_3]

(—48 + 9v/2)[(24 — 15v/2)cop_4 + (24 + 15v/2)cop 3
(6 — 67v/2)cop_o + (=74 + 27v/2)cop—1 + (72 + 39v/2)cap
(=48 + 9v/2)eapr + (=6 — 5v2)capra + (2 = 3V2)canys)

(=2 — 3v2)[(—24 + 15v/2)cop_6 + (—24 — 15v/2)cor_s
(T4 + 27V2)cop_y + (=6 — 67v/2)cop_3 + (48 + 9v/2)cop o
(=72 +39v2)car 1 + (=2 — 3v/2)car + (6 — 5v/2)copi1]

(6 — 5v/2)[(—24 + 15v/2)cop_g + (—24 — 15v/2)cop_s
(T4 + 27V2)cop_g + (—6 — 67v/2)cop_3 + (48 + 9v/2)cop 2
(=72 4+ 39v2)can_1 + (=2 — 3v/2)car, + (6 — 5v/2)copp1]

(=6 — 5v/2)[(24 — 15v/2)cop_g + (24 + 15v/2)cop_s
(6 — 67v2)cop—yg + (=74 4+ 27v2)con—3 + (72 4+ 39v/2) cor_»
+(—48 + 9\/5)02]?71 + (—6 - 5\/§)C2]€ + (2 — 3\/§)Cgk+1]

(2 — 3v/2)[(24 — 15v/2)cap_6 + (24 + 15v/2)cop 5

(6 — 67v/2)cop—s + (=74 + 27v/2)cop—s + (72 + 39v/2) cop_s
+(—48 + 9v2)cap_1 + (=6 — 5v/2)cap + (2 — 3v/2)Coppd]
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Then the second-order nonlinear diffusion equation can be written as:

(s

Uk

Udk11

>:

57600

+(—24 — 15v/2)copy1 + (T4 + 27\F 2)coia + (—6 — 67v/2)cop 3
+(48 + 9v2)capra + (=72 + 39v/2)conrs + (=2 — 3v/2)carre
+(6 — 5v2)carr 7]} [(—24 + 15v/2)cop, + (—24 — 15v/2)con g1
(74 + 27V2) coppa + (—6 — 67v/2)Coprs + (48 + 9V2)copat

(36 — 12v/2)co_g + (156 + 108v/2)cop_5 — 4567/2¢op_4
+(—2064 — 1440v/2)cp_3 + (540 4 4620v/2)cop 2
+(9060 + 7164+v/2)cop,_1 + (28800 — 8304v/2)cop, + 13344 copyy
+(540 4 46201/2)cap 42 + (9060 — 7164)copt 3 — 456V 2¢2144
+(—2064 + 1440v/2) cap s + (36 — 12v/2)coprs + (156 — 108v/2)coprr

(156 — 108v/2)car_6 + (36 4+ 12v/2)cop_5 + (—2064 + 1440v/2)cop_4
+456V/2 cop_3 + (9060 — 7164v/2)cop_o + (540 — 46201/2)cop 1
113344 cop, + (28800 4 8304v/2)caps1 + (9060 + 7164v/2)cop s
+(540 — 4620v/2)copr3 + (—2064 — 1440v/2)copr g + 456 Cops

+(156 + 108v/2)carr6 + (36 + 12v/2)cops 7

—24+15v/2 24+15/2)7
[( 57+600 = (( 32i16f)2hg2{ 32+16f 2h2[<_24 + 15\/§)Cgk

(=72 + 39v2)coprs + (—2 — 3v/2)copgs + (6 — 5v/2)coppr]

(—24—15+/2) (—24—15v2) g 1
[ 57600 (—160+112\/§)(—32+16\/§)h2{(—32+16\/§)2h2 (=24 + 15\/5)02’“
(=24 — 15v/2)cops1 + (T4 + 27v/2) coppo + (—6 — 67v/2)Copys
+(48 + 9V2)Copra + (=72 + 39V2)canrs + (=2 — 3V2) oo

(74 + 27V2) Coppa + (—6 — 67v/2)Coprs + (48 + 9V2)copat

(6 5\/_)C2k+7] }] [( 24 + 15\/§)C2k + (—24 — 15\/§)Cgk+1

(=72 + 39v2)coprs + (—2 — 3v/2)copgs + (6 — 5v/2)coppr]
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(24-15v2) (24-15v2)7g 1 B
[ 57600 (732+16\/§)(,160+112\/§)h2{(7160+112\/§)Qh2 [(24 15\/5)0%

+(24 + 15v2)capg1 + (6 — 67v2)conra + (=74 + 27v2)Copss

+(72 4 39v2)copra + (—48 + 9v2)caprs + (=6 — 5v/2)cor o
+(2 = 3v2)car 7]} (24 — 15v/2)cop + (24 + 15v/2)cops1

+(6 — 67v2)Conga + (=74 + 27v2)capys + (72 + 39v2) Copsa
+(—48 + 9V2)capy5 + (—6 — 5vV2)canys + (2 — 3v/2)con 7]

(24+15v2) (24+15V2)7g 1 _
[ 57600  (—160+112v/2)2h2 (*160+112\/§)2h2[(24 15\/5)0%

+(24 + 15v/2)coppr + (6 — 67v/2)Coppa + (=74 + 27v/2)coprs
+(72 4 39v2)copra + (—48 + 9v2)caprs + (=6 — 5v/2)carro
+(2 = 3v2)carr 7]} [(24 — 15v/2)cop + (24 + 15v/2)cops1

+(6 — 67v2)canya + (=74 + 27V2)copys + (72 + 39v2)Cogra
+ (=48 + 9v2)capys + (=6 — 5v2)canss + (2 — 3v/2)conr]

(74427V/2) (14427V2)7g 1 _
[ 57600 - (—32+16v/2)2h2 L (—32+16+/2)2h2 [( 24 + 15\/§)CQk—2

+(—24 — 15v/2)cop 1 + (74 4+ 27v2) o + (—6 — 67v/2)cap 1
+(48 + 9V2)eaprr 4+ (=72 + 39V2)Caprs + (=2 — 3v/2) Capaa
+(6 — 5v2)conss]?} [(—24 + 15v2)cop—s + (—24 — 15v/2) oy
(74 + 27v2)cor + (—6 — 67v/2)Caps1 + (48 + 9V/2)Copyot
(=724 39v2)corr3 + (=2 — 3v2)capra + (6 — 5v/2)caprs)

[(_65;258/5) - (7160+1(1_26\_f26)7(l/§:;74—rgl6\/§)h2{(732+1é\/§)2h2 (=24 + 15v/2) ez
+(—24 — 15v/2)cop 1 + (74 4+ 27v2)cor + (—6 — 67v/2)cap 1
+(48 + 9V2)eaprr 4+ (=72 + 39V2)Caprs + (=2 — 3v/2)Capra

+(6 — 5v2)canr5)}] [(—24 + 15v/2)cop—n + (—24 — 15v/2) ey
(74 + 27v2) cor + (=6 — 67v/2)cops1 + (48 + 9V/2)Copyat
(=72 + 39v2)coprs + (=2 — 3v/2)copqa + (6 — 5v/2)copys)
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. 1

57600 (—32+16v/2)(—160+112v/2)h2 { (—160+1121/2)2h2 (24 - 15\/§)CQk—2
+(24 + 15v/2)cap1 + (6 — 67v/2)cor + (=74 + 27v/2)cap 11
+(72 4 39v2)cop 2 + (—48 + 9v2)caprs + (=6 — 5v/2) o4
+(2 = 3v2)conys*}] (24 — 15v2)cop—z + (24 + 15v/2) o1
+(6 — 67v2) o, + (=74 + 27v2) canp1 + (72 + 39V2) copss
+(—48 + 9v2)cap sz + (—6 — 5v/2)capya + (2 — 3v/2)Cons 5]

[(6767\/5) (6—67v2)Tg

(—=74+27V2) (=74+27v/2)Tg 1
[ 57600 T (—160+112v/2)2h2 (7160+112\/§)2h2[( _15\/§)C2k_2

+(24 + 15v/2)cop 1 + (6 — 67v/2)cop + (=74 + 27v/2)cop 11
+(72 4 39v2)cop 2 + (—48 + 9v2)caprs + (=6 — 5v/2) o4
+(2 = 3v2)coys*}] (24 — 15v2)cop—z + (24 + 15v/2) o1

(6 — 67v2)car, + (=74 + 27V2) caps1 + (72 + 39V2) copss
+(—48 + 9\/§)Cgk+3 + (—6 - 5\/§)C%+4 + (2 - 3\/§)u’§k+5]

48492 (484-9v/2)7
[( 5:;600 L — (— 32:16\%)égh2{ 32+16\[ 2h2 [(_24 + 15\/§)CQI€—4

+(—24 — 15v/2)cop_3 + (T4 + 27\/‘)(:2H + (=6 — 67v2)car_1
+(48 4 9v/2)cop, + (=72 + 39v2)eapr1 + (—2 — 3v/2)Copra

+(6 — 5v2)conss)®}] [(—24 + 15v2)copa + (—24 — 15v/2)cop3
(74 + 27v/2) copo + (=6 — 67v/2)cor1 + (48 + 9V2)cop+
(=72 +39v2)copr1 + (=2 — 3v/2)cara + (6 — 5v/2)cop 3]

(=72+39v2) (—72+439v2)7g 1
0 (7160+112\/§)(732+16ﬂ)h2{(732+16\/§)2h2 (=24 +15v2)eaps

+(—24 — 15v/2)cap 3 + (74 + 27v/2)car 2 + (—6 — 67v/2)car 1
+(48 4 9v/2)cop, + (=72 + 39v2)Capr1 + (—2 — 3v/2)Copra
+(6 — 5v2)consa)®}] [(—24 + 15v2)copa + (—24 — 15v/2)co3
(74 + 27v/2) cop—o + (=6 — 67v/2)cor1 + (48 + 9V2)cop+
(=72 +39v2)cop 1 + (=2 — 3v/2)cara + (6 — 5v/2)cop 3]
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[(725;2?)(\)/5) - (732+16(\7/2§—)F(3?ﬁ))1f12ﬁ)h2{(7160+1112\/§)2h2 (24 = 15v2)cap—4
+(24 + 15v/2)car—3 + (6 — 67v/2)con_2 + (=74 + 27v/2)cor 1
(72 + 39v/2)cop + (—48 4+ 9v2)capy1 + (—6 — 5v/2)capro
+(2 = 3v2)canqs*}] [(24 — 15v2)cop—a + (24 + 15v/2) i3
+(6 — 67v2)cop—o + (=74 4+ 27v/2)cop1 + (72 + 39v/2)con
+(—48 + 9V2)capy1 + (=6 — 5v/2)canya + (2 — 3v/2)conr 3]

(—484+9v2) (—4849v2)7g 1
[ 57600  (—160+112v/2)2h2 (*160+112\/§)2h2[(24 — 15\/5)0%_4

+(24 + 15v/2)cop 3 + (6 — 67v/2)Copn o + (=74 + 27v/2)cop 1
(72 + 39v/2)cop + (—48 4+ 9v2)capy1 + (—6 — 5v/2)capro
+(2 = 3v2)canqs*}] [(24 — 15V2)cop—a + (24 + 15v/2) i3
+(6 — 67v/2)cop—g + (=74 + 27v/2)cap—1 + (72 + 39v/2)coy,
+(—48 + 9v2)copy1 + (=6 — 5v/2)copra + (2 — 3v/2)copr3]

(—2-3v2) (=2-3v2)7g 1
[ 57600  (—32416v/2)2h2 \(—32416v/2)212 [(_24+15\/§)62k—6

+(—24 — 15v/2)cop 5 + (74 + 27v2)cop_a + (—6 — 67v/2)cor_3
+(48 + 9v2)cop_o + (=72 4+ 39v2)cor_1 + (=2 — 3v/2)can
+(6 — 5v2)car1)?} [(—24 + 15v/2)cap—g + (—24 — 15v/2) g5
(T4 4 27v2)eop—g + (—6 — 67v/2)cop_3 + (48 4+ 9V2)cop_o+
(=72 4 39v2)car_1 + (=2 — 3v/2)car, + (6 — 5v/2)cany1]

[(65_725?) - (7160+11(26\;§)\(/E)3:-29+16\/§)h2 { (732+1é\/§)2h2 (=24 +15V2)ex
+(—24 — 15v/2)cop 5 + (74 + 27v2)cop_a + (—6 — 67v/2)car_3
+(48 + 9v2)cop_o + (=72 4+ 39v2)cor1 + (=2 — 3v/2)can
+(6 — 5v2)corr1]?}] [(—24 + 15v2)copg + (—24 — 15v/2)cops
+(74 4 27V/2)cop—a + (=6 — 67v/2)cop_3 + (48 + 9v2)cop o+

(=72 +39v2)cor1 + (=2 — 3v/2)cor + (6 — 5v/2)capy1]
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[( 5676?35@ - (732+16(\f26)(5\1/6§())1?12\/§)h2{(716O+1112\/§)2h2 [(24 - 15\/5)62’“—6
+(24 + 15v/2)cop 5 + (6 — 67v/2)copa + (=74 + 27v/2)cop_3
+(72 4 39v2)car 2 + (=48 + 9v/2)cap 1 + (=6 — 5v/2)cap
+(2 = 3v2)ears1)?}] (24 — 15v/2)cor6 + (24 + 15v/2)con—5
+(6 — 67v2)Con—s + (=74 + 27V2)can_s + (72 + 39v2) can_s
—|—(—48 + 9\/5)02]6,1 + (—6 — 5\/5)6% + (2 — 3\/§)Cgk+1]

+ (5.18)
[(273\&) (2—3v2)1g

57600 (—160+112v/2)2h2 { (,160“112\/5)2;12 [(24 - 15\/5)0%_6
+(24 + 15v/2)cop 5 + (6 — 67v/2)copg + (=74 + 27v2)cop_3
+(72 4 39v2)car 2 + (—48 + 9v/2)cap 1 + (=6 — 5v/2)cap
+(2 = 3v2)cars1)2}] [(24 — 15v/2)cop_6 + (24 + 15v/2)cops
+(6 — 67v/2)cop—g + (=74 + 27v/2)cop—s + (72 4 39v/2) cop_s
—|—(—48 + 9\/§>C2k71 + (—6 — 5\/§)Czk + (2 — 3\/§)Cgk+1]

Theorem (5.3): If (22) in Eq.(5.16) is the denoised signal after one-step (DGHM)
c2k ) = f(kh),k € Z as the original input and

C2k+1
(ugfil) in Eq.(5.18) is the signal after 1-step diffusing with original data u) = (ugfil) = f(kh),

then

multiwavelet shrinking with ¢ = (

Sy (z) = z[1 — 576007 g 57600 x>
Upp = U%k if { 11( ) [ (—32+16+/2)2h2 ((732+16\/§)2h2>]

Sy, (2) = z[1 576007 ( 57600 z? )] ’

T (—32+416v2)(—160+112v/2)h2 9 (—1604112+/2)2h2

and
_ 576007 57600 x>
o i Sy (1) = [l — (—160+112\/§)(—32+16\/§)h2g<(—32+16x/§)2h2>]
Uk = Uggqy P Son (2) = 2[1 — 576007 (37600 a2 )]
022 - (—160+112\/§)2h29 (—1604+112v/2)2h2

5.4 Equivalence between multiwavelet shrinkage and
high-order nonlinear diffusion equation

5.4.1 Multiwavelet shrinkage in general case

Let P(w), Q(w) be orthogonal multiwavelet filter bank satisfying:
P*(w) P(w) + Q" (w) Q(w) = I, (5.19)
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and suppose that

w0 ()~ () e a0(})-()

Let ¢) = (c;fi 1) be an initial input, then undecimated discrete multiwavelet transform

Ll,n C2 k+n)
<L2,n) Z B (62 k+n)+1
Hl,n _ C2(k+n)
(H2,n) B zk: @ (CQ(k—‘rn)-H

and the denoising algorithm is:

() -2 (i) 2 (st s )
DI (@(mi:’::;) # 3 (e ) i)
=S X R () )+ % (32 o gL e ) )

(4 )-Exaei()

Co(k+j5)+1

n (qnnseu (Hi,(k=n)) + @n,21505, (Ha (k—n ))

is defined as:

(
n, 125015 (H1, (k—n)) + @n,225055 (Ha,(k—n))

T C2(k+) 4n,1150,, (H1,(k—n)) + Gn,2150,, (Ha (k—n)))
= _.I_ ’ ) ) 5
(C2k+1) Z Z Q Q iard (CQ k+])+1> Z (Qn,125912 (Hl,(k—n)) + Qn,225622 (HQ,(k:—n))

_ ( ) (Hl,(k—n)) n Z (Qn118011<H1 (k—n)) F Qn,2150,, (Ha (1o n)))

Cok+1 HQ,(k—n) dn 125912 (Hl (k— TL)) + Qn 225922 (H2 (k— n))
_ ( ) (qnn {So,, (Hy,(o— n)) — Hih—n)} + an21 {So0, (Hoy(k—n)) — Hah—n })

Cokt1 In12 1901 (H1,(k—n)) — Hi,(imn)} + n22 {9000 (Ho (k—n)) — Ha,(k—n) }

(5.20)

5.4.2 Multiwavelet shrinkage for high order-nonlinear diffu-
sion
Suppose

0Py 8 U
8x5) xﬁ}

is the high-order nonlinear diffusion equa,tlon7 and u(z,0) = f(x) is the the initial
condition.

w = () gy (5.21)
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For a highpass filter, suppose that

o = () )

then the highpass outputs can be written as:

N
<Hl,n> _ Z (ak bk) ( Co(k+n) )
H,, c~ \sk dr) \Co(irn)+1

N
_ Z (akCQ(k-i-n) + bk¢2(k+n)+1>

SkC2(ktn) T ArCo(kn)+1

k=0
N
. Z (6k0k+n>
c
— \SrChin

with the high-pass multifilter bank (), the normalized highpass frequency response
can be defined as:

N
6(’[1)) _ Z(ake—%kw + bke—i(Zk-‘rl)w)
=0

o

(Sk+167i(2k+1)w + dk€72ikw)

f(w) =

WE

o

=0

which equivalent to

e(w) = Zeke_ikw
k

flw) =" fre™™
k

The highpass filter e(w) = >, exe~** has vanishing moment order J if
D Kep=0 with 0<j<J

Denote Cj = % S ke
Similarly, the highpass filter f(w) =", fre=** has vanishing moment order J if

D Kfe=0 with 0<j<J

Denote Dy = >k fi
We can use a highpass filters to approximate the derivative of a function, so the
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approximation of ;Tﬁﬁu(m, t) at (2kh,j7) and [(2k + 1)h, j7] by using highpass filters
are defined respectively by:

9’ (2(k+n)h, jT)
55 (u(2kh, 7)) Oﬂhﬁzan \ < TR ]h,ﬁ)>

k+n)
a?’L n
OB hﬁ Z <u2(k+n)+1>

let j =0, with u, = cop and ud, | = coppa
o8
8x5( u(2kh)) ~ Cghﬁ Z anCantak + bpConyiiok)

= —6 Z(e2nc2n+2k + €2n41C2n-+1+2k)
Cph? =

1
= W Z(emcm+2k)

_ (e *0ew _ Hix

Cﬂhﬂ Col?

o7 (
&L‘ﬁ( u] Dﬁhﬁ Z u2(k+n)+1

= — d,c )
3 Z<3n02n+2k + @nContoki1
Dgh -
1
= — _ d,c )
5 Z(SnCQn 142k+1 T AnConiok41
Dgsh ~
1
- d,c )
7 Z(Sn+102n+1+2k;+1 + dpContokt1
Dgh -

= Donp Z(f2n+162n+1+2k+1 + fanContor+1)
B n

1
= Doh? ;(fmcm—ﬂk—i-l)

_ (f™ *¢)ar+1) Hy

Dsgh?  Dgh?
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and the approximating partial derivatives of %G(m, t) where G(z,t) := g[(aﬁ—“)ﬂaﬁ—"
at (2kh, j7),and ([2k + 1]h, j7) are defined respectively as:

o’ G2k — m)h, jr) -
o7 (G2kh, 7 cghﬁ Z tm Sm ( (k—m)+1]h,jr)>’ let j =0
PE (—1)8
928 (G(2kh)) = Coh? Z[a’mG—2m+2k’ + 8mG_2mt142k)
—1)8
= (Cg—h)ﬁ Z[e—2mG—2m+2k + e_2m+1G —om+142k]
—1)8
= (C'gh)ﬁ (efntmzk)
—1)8
— (C/gh)ﬁ (e*x G)(2r)
9" . (—=1)° G2k —m)h, jT) '\ . .
@ (G([2k + 1]h>]T)) ~ Dﬁhﬁ [bm dm] (G([Q(k . m) + 1]h,j7‘)) 7 7=0
ob —1)?
e (G([2k + 1]h)) = (Dgfzﬁ Z[me72m71+2k+1 + dm G _omy2k+1)

—1)?
= (Db’}?ﬁ Z[bm—lG—2m+1+2k+1 + dinG_omtok+1]

(I;W Z[f—2m+1G—2m+l+2k+l + foomG—omtok+1]
s m

—1)8
(l)g—lh)ﬁ Z(ffntnJerJrl)

(—=1)°
Dsh?

(f * G)(2k+1)

With ( U3 ) = < Cak ), the high-order nonlinear diffusion equation (5.21) can be
2k+1 Cok+1
discretized as:

H7 _m)
( Usp ) ( ) 1 w0 > (#( ) HL(k—m))
u2k+1 C2k+1 Dﬁ;B — " 9 (Hl(kfm))z Hy, (5—m)

DghP \" DghP

i (k=m) \2 Sm Ha,(k=m) \2

(%k) ) Z 05)2h2ﬂ9(HIC;hﬁ ) Hl:(k—m)"‘Dﬁcﬁh?ﬂg(Hj:);hﬁ )* Ha,(k—m)

Uit Cott1 o \ e () Hygem) + otz 95 ™)? Ho,o-m)
(5.22)

U2

Theorem (5.4): Suppose (“1:) in Eq.(5.20) is the resulting signal after 1- step mul-

tiwavelet shrinking with ¢ = (. ),k € Z as the original input, and ( i ) in

C2k+1 2k+1
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Eq(5.22) is the signal after 1-step diffusing with original data u) = ( gg’f ). If

Uok+1

Sl =211 = T ()
5921 ([E) l‘[l . &

then uy , = uy,. Also, if

T T

Sa(0) =211~ 5Lt )
S@QQ(x) = .7}[1 - (D5)2h25g( (Dﬂ)thB)]a

|
then ug = ugy, ;.

5.5 Denoising of signals using diffusion-inspired mul-
tiwavelet shrinkage method

Denoising is a very significant technique used for signal enhancement applications
of the multiwavelet. In multiwavelet, the signal is analyzed in a multi-dimensional
way. Then the procedure is to apply wavelet shrinkage to each dimension of the
multiwavelet coefficients for signal denoising instead of thresholding single elements.
We apply signal denoising based on CL(2) multiwavelet filter banks with different
shrinkage functions to different signals.

S1, (a) in figure. 5.1, is the first signal. We generate five noised signals with signal
to noise ratio SNR=6 by adding noise five times to S;. The signal to noise ratio is
given by:

SNR = 20(logio |s — 5|, — logio |n]5)

where 5 is the mean of the signal s, and the noise is n. After adding the noise, we
apply CL(2) multiwavelet shrinking iteratively 50 times to each noised signal.

The second signal is a chirp signal S,(c) in figure(5.1) which is defined as the
signal that sweeps linearly from a low to a high frequency.

x(t) = cos(fot + th)
where fj is the starting frequency and k = fl;—fo is the rate of the frequency.
Also, we generate five noised signals with signal to noise ratio SNR=16 by adding
noise five times to the original signal S5. Then, we apply CL(2) multiwavelet shrinking
iteratively 15 times to each noised signal.
Table 5.1 and Table 5.2 present the average of the signal to noise ratio of the
signal denoising results of the five noised signals with different shrinkage functions for
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Table 5.1: Signal denoising results using diffusion-inspired multiwavelet shrinkage functions.

Shrinkage Soy, = Sg,, = PM | Sy, = Sp, = Weickert | Sy, = Sy, = Hard | Sy, = 0S¢, = Soft|Sp, = Sp,, = PM| Sy, = Sy, = Weickert
Method Spy, = Sp,y = PM Soyo = So,, = Weickert Spyo = St = Hard Soys = Sty = Soft Sory = So,, = Weickert | Sy, = Sp,, = PM
SNR(for S)) 17.2881 17.7518 14.4435 14.4465 17.1656 17.7093

SNR(for S,) 21.0010 21.1429 20.9975 20.9448 21.0151 20.9295

Table 5.2: Signal denoising results using diffusion-inspired wavelet shrinkage functions.

Shrinkage Method S = PM Sy = Weickert Sy = Hard Sy = Soft
SNR(for 51) 15.1173 15.2341 14.9891 15.1766
SNR(for Ss) 19.5700 19.8975 18.6549 18.5475

diffusivity-inspired multiwavelet-shrinkage and diffusivity-inspired wavelet-shrinkage
methods, respectively. We set h = 1,7 = %, and ¢ = 1 if we are applying
Perona-Malik(PM) diffusivity-based and Weickert diffusivity-based to the highpass
output. The parameters 61, 012, 021, 022 are selected such that the signal to noise ra-

tio are big.

In figure 5.2 and figure 5.3, we compare the results of signals denoising using
diffusivity-inspired multiwavelet-shrinkages method with signals denoising using non-
linear diffusion from D, wavelet shrinkage approach. We see that the signals denois-
ing results using diffusivity-inspired multiwavelet-shrinkage gives better smoothness
and SNRs results than signals denoising using diffusivity-inspired wavelet shrinkage
method.
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50 100 150 200 250 300 350 400 450 =00 50 100 150 200 250 300 350 400 450 =00

Figure 5.1: (a):Original signal S, (b):Noised signal S; with SNR=6, (c):Original signal Ss,
(d):Noised signal S, with SNR=16.
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(a):Denoised signal S; with PM shrinkage using CL(2) multiwavelet filter banks,
(b):Denoised signal S; with Weickert shrinkage using CL(2) multiwavelet filter banks, (c¢):Denoised

signal S with PM shrinkage using D4 wavelet filter banks, (d):Denoised signal S; with Weickert
shrinkage using D, wavelet filter banks.

Figure 5.2:
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Figure 5.3: (a):Denoised signal Sy with PM shrinkage using CL(2) multifilter, (b):Denoised signal

Sy with Weickert shrinkage using CL(2) multifilter, (c):Denoised signal So with PM shrinkage using
D, filter, (d):Denoised signal So with Weickert shrinkage using D, filter.
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Chapter 6

Equivalence between multiple
frame shrinkage and nonlinear
diffusion

In the previous chapter, we have discussed how to choose shrinkage functions so that
the multiwavelet shrinkage is a discrete of a given nonlinear diffusion equation.

In this chapter, we present a nonlinear diffusion equation that is derived from
multiple frame shrinkage using B-spline tight multiple frame systems as shown in
section 6.1. Denoising of signals are presented in section 6.2.

6.1 Diffusion from B-spline multiple frame filter
banks

Suppose that ¢ = By(. — 2) where By is the B-Spline of order 2:

2

), weR

1 — efiw

W

Ba(w) == (

$(2w) = P(w)p(w) with P(w) := cos?*(L) and ¢ := [¢(2.), (2. — 1)]7. where:

b(r) = 3622 +1) + 30(2x) + 76(2x — 1)

$(2z) = ;l¢(4x 1)+ %¢(4x) + }l¢(4x Y

o(2x — 1) = ;lgb(élx -1)+ %gb(élx —-2)+ igb(llx —3)

(gb(q;(ff)l)) =P (%i H ?;) + 5 ( (ﬁfﬁ)n) +h (ﬁﬁi _ g;)
o 1) (o) = (0 1) (G3)



The corresponding nonlinear diffusion equation to the B-spline tight multiple frame

filter {Q™M), Q®} is defined as:

& g — (ol ), (62)

Uy =
€T

)
with original condition u(z,0) = f(x).

C’gl) is defined as

1
Ch = g7 2 k"
B!
Then
V2
2

_ @ _ o 1
B2 =2, 052_D,32__4_l

1 oW _ pw_
Pr=1, Cp =Dy =-—

The approximation solution of Eq.(6.2) in discrete setting provides that S® and g
have the relationship:

) 2r 2272

wr=uy, if Spp(e) =S (@) =2l = 501 (55)

167 1622
i, () = S (@) = ol = Fr (5]

and

) 2r 222

g =gy if Sp)(2) = Sy (@) = 2l = T5a(S5)]

167 162>

Sgp, (1) = Sja) (2) = [l = S ga(= )]
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Theorem (6.1): Let [u) uzx|” be the denoised signal after one step B-Spline
multiple frame shrinking with ¢ = [cox cors1]T = f(kh), k € Z as the original
input, and let [u}, u}, 4] be the signal after 1-step diffusing with original data
u) = [ud, udy4]" = f(kh). Then the solution of nonlinear diffusion Eq(6.2) provided
that the shrinkage functions of the multiple frame denoising algorithm are chosen as:

2r 222

S50 - 5500 - 510 00 o1 T )
167 1622
Sé?i(x) = S§§f () = S% () = S%(;U) = ol = =g )]
Let Perona-Malik diffusivity is defined as:
5y
9(@%) = 1 BE

where c is a constant. Then the corresponding multiple frame shrinkage functions to
Perona-Malik diffusivity are given by:

21cC
S () = SV (x) = SV (x) = 8O (2) = 2[1 — ! 6.3
167cy

(2) _ < _ o _ o _
S 11(31:) =9 21(a:) =9 12(x) = 5032(1:) =zl — 1T (4x/8f1)2]] (6.4)

where the spatial step size h=1. If the Weickert diffusivity g is defined as:

o(z?) = 1 if x=0
1 — exp(—3.314838\8/28)  if x #0,

then the corresponding multiple frame shrinkage functions are defined as:

m_J0 if =0
Son, = {:U(l —27[1 — exp(—3.31488 (0},)%/(v2x)®) ])  if = #0 (6.5)

2 0 Zf r=0
S, = {m(l — 167[1 — exp(—3.31488 (62)%/(4z)®) )  if = #0 (6.6)
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Table 6.1: Signal denoising results using diffusion-inspired multiple frame shrinkage functions.

Shrinkage Sy = Sy = Sy = Sy = PM | Weickert | PM Weickert
Method S(?) _ S(g) _ 5(2) _ S(?) — PV Weickert Weick- PM

0% 03, o7 03, ert
SNR(for S;) 18.6934 18.6873 18.7291 | 18.6619
SNR(for S3) 26.0158 27.2339 26.5611 | 26.5274

Table 6.2: Signal denoising results using diffusion-inspired frame shrinkage functions.

Shrinkage S(gl) = PM Sgl) = Weickert Sgl) = PM Sél) = Weickert
Method SO = pm SO = Weickert | S& = Weickert | S = PM
SNR(for Sy) 18.0560 18.0643 18.0589 18.0539
SNR(for S5) 26.1805 25.6073 26.3608 25.6202

6.2 Denoising of signals using diffusion inspired-
multiple frame shrinkage method

We discuss signal denoising based on B-Spline multiple frame filter banks with dif-
ferent signals and shrinkage functions.

In figure 5.1, (a) is the first original signal S}, we generate five noised signals with

SNR=6 by adding Gaussian noise five time to Si, (b) in figure 5.1. Then we apply
B-Spline multiple frame shrinking iteratively 50 times to each noised signal.
Table 6.1 presents the average of the signal to noise ratio of the signal denoising
results of the five noised signals with different shrinkage functions. We set h = 1,7 =
}1, ca=1,c= %, if we are applying Perona-Malik(PM) diffusivity functions as shown
in Eq.(6.3) and (6.4). However, we set h = 1,7 = 1 if Weickert diffusivity-based is
applied to the first highpass output Eq.(6.5), and h = 1,7 = %6 if Weickert diffusivity-
based is applied to the second highpass output Eq.(6.6).

The second example is the signal S3, (a) in figure 6.2. Also, we generate five
noised signals but with signal to noise ratio SNR=16, (b) in figure 6.2. Then we
apply B-Spline multiple frame shrinking iteratively 40 times to each noised signal,
and we set the value of h, 7, c1, ¢y as above. Also, for S3 we average the five results of
SNRs of the denoised signals as shown in Table 6.1.

In figures 6.1 and 6.3, we display denoising signal with Perona-Malik(PM) shrink-
age and Weickert shrinkage using B-Spline multiple frame filter banks, and we com-
pare the results with denoising signal with Perona-Malik(PM) shrinkage and Weickert
shrinkage using Ron-Shen filter banks. The performances of the diffusion inspired
multiple frame shrinking with two toy signals S; and S3 are slightly better compared
to diffusion inspired frame shrinking.
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. B-Spline's Denoised signal with Weickert shrinkage
T T T T T T T T

.
st \ g st g
\ \
| |
20 \‘ ’\ 4 2t \ [\ 4
\ | \
\ | \ \\\ I‘ / \ A
it \ | [ i | \ Vo
\ | \ \ N \\ \
f "‘ \/ \“x \ v
I \ | \ N
° '\/' \ \,j n \/ N
\
\
Al \ J At ]
\
“I
2| \ J 2| ]
\
ST e we @9 B0 we w0 w0 o ST e we @9 B0 we w0 w0 o
(a) (b)
4 Ron-shen’s Denoised signal with Perona-Malik shrinkage 4 Hn ?- ‘s Den Li-d \gnl\ w\lhw icker l hrink kny
st ‘ g st g
| |(\ / \ \
i \\ l\ \ ] i I‘\ \ 1
\ \ Y \ \
| \ \ | \
| \ \ |
\ || & | \ \
N \ \| ~ N x .
M- \ \ 3
\ Y
afb \ 4 afb 4
\
\
\
2f \ ] 2| ]
V
B T B T

(c) (d)

Figure 6.1: (a),(b): Denoised signal S; with Perona-Malik shrinkage and Weickert shrinkage,

respectively, using multiple frame filter banks, (c),(d): Denoised signal S; with PM shrinkage and
Weickert shrinkage, respectively, using frame filter banks.
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Figure 6.2: (a):Original signal S3, (b):Noised signal S3 with SNR=16.
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B-Spline's Denised signal with Perona-Malik shrinkage
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Figure 6.3: (a),(b): Denoised signal S5 with PM shrinkage and Weickert shrinkage using B-Spline

multiple frame filter banks, (c),(d): Denoised signal S5 with PM shrinkage and Weickert shrinkage,

respectively, using Ron-Shen frame filter banks.
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Chapter 7

Correspondence between
multiwavelet shrinkage/multiple
frame shrinkage and nonlinear
diffusion in two dimension

Multiwavelet and multiple frame present higher achievements for image processing in
comparison with wavelets and frames in a scalar case.

In this chapter, we illustrate that the two-dimensional algorithm can be decom-
posed by taking a tensor product of one-dimensional methods as shown in Section
7.1, in other words, by applying the one dimensional algorithm in each dimension
separately.

Section 7.2 formulates new algorithms of the correspondence between 2D-multiwavelet
shrinkage and nonlinear diffusion. Non-linear diffusion derived from two-dimensional
multiple frame shrinkage is presented in Section 7.3. The performance of 2D-multiple
frame shrinkage is discussed in Section 7.4.

7.1 Multiwavelet shrinkage in two dimension

In two-dimension the construction of ® and ¥ can be performed from one-dimensional
by using the tensor product method.
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Let consider r = 2, ®(x) = ((bl (az)) and U(z) = (wl(aj)) then we have

Pa2()

O(z,y) = &(r) ® (y)

Vi (z,y) = (z) @ ¥(y)

Vy(z,y) = ¥(z) ® O(y)

U3(z,y) = ¥(z) @ ¥(y)

O(z,y) = P(x) @ B(y) = > _[Ped(

B © Y P2y - )]
=Y (Ae® P)le(

2z — k) ® ©(2y — j)]

— Zpk,jq)(z(a:,w — (k7))

where P, ® P; denote the kronecker product of P, and P;, and define as:

Dk 11Pj Dk 12Pj
P.® P; = ’ ’
k ! (pk,lej Pr,22 P

Pr11Pj11
Pr11Pj21
Pk,21Pj11
DPk21Pj,21

Pk,11Pj12
Pr11Pj,22
DPk,21Pj,12
Pk,21Pj,22
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Pr12Pj11
Pk,12Pj,21
Pk,22Pj511
Pk,22Pj.21

Pk,12Pj12
Pk,12DPj,22
Pk,22P;,12
DPk,22P;,22



then the decomposition algorithm is:

Ll,(m,m) Co(k14n1),2(ka+n2)

L3 (n1,n2) _ Z P, ® P, C2(k1+n1),2(ka+nz)+1
L3,(n1,n2) ke oo ! : Co(k1+n1)+1,2(ka+n2)
L4»(n1,n2) C2(k1+n1)+1,2(k2+n2)+1

_ Z (pkl,ll Zl@ sz Pky,12 ZI@ Pk2)
o Pkq,21 Zk2 Pry Pk 22 Zk2 P,

ke \ Pry21 D, Pro

11,(n1,n2)
H.
2mm) | = 3" P, @ Qu,
3,(n1,n2) k1,ko
4,(n1,n2)
2
H12,(n1,n2)
H
2,(n1,n2) — Z le @ Pkg
3,(n1,n2) k1,k2
4,(n1,n2)
3
g,(m,m)
H
H%,( Ln2) | — Z Qlﬂ & Qk’2
3,(n1,n2) k1,k2
4,(n1,n2)
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C2(k1+n1),2(ka+n2)
Prat Dy Py <
C2(k1+n1),2(k2+n2)+1

CQ(k‘l +n1),2(ka+n2)
C2(k1+n1),2(k2+n2)+1

Co(k1+4n1),2(ka+n2)
Co(k14n1),2(ka4n2)+1
C2(k1+n1)+1,2(ka+n2)

C2(k1+n1)+1,2(k2+n2)+1

+ pk1,12 Zk‘ Pk2 02(k1+n1)+172(k2+n2)
2 C2(ky+n1)+1,2(ka+ng)+1

Co(k14n1)+1,2(ka+n2)

+ Pry 22 Dy Pro
62(k1+n1)+1,2(k2+n2)+1

C2(k14+n1),2(ka+n2)
Co(k1+n1),2(ka+n2)+1
Co(k1+n1)+1,2(ka+n2)

C2(k1+n1)+1,2(k2+n2)+1

C2(k14n1),2(ka+n2)
Co(k1+4n1),2(ka+n2)+1
Co(k1+n1)+1,2(ka+n2)

C2(k1+n1)+1,2(ka+n2)+1

C2(k1+n1),2(ka+nz2)
Co(k1+n1),2(ka+nz)+1
Co(k1+n1)+1,2(ka+n2)

C2(k1+mn1)+1,2(ka+n2)+1



and the denoising algorithm is given by:

U1, (ky,k2)
UQ (ky,k2)
U3 (ky,k2)
Uy, (ky,k2)

ni,no€ZL

_p>

ni,no€Z

3

3 3

n1,n2€Z qn1,12qn27115'713(Hl,(kl—nhk‘Q—nQ)) + Qm,l?‘lnz,?lsvzs (HQ,(kl—nl,kg—nz))
3 3

+qn1,22%2,115733(1‘-’37(;61_”1,kQ_nQ)) + Qn1,22qn27215743(H4,(k1—n1,k2—n2))

ni,no€L

+Qn1,21qn2,115731 (H&(kl —n1,k2—n2)> + qnl,qunz,QIS'Ml (Hi(kfl —n1,k2—n2))

qm,llc_Inz,lQSvm (Hi(kl fm,szm)) + qn1,11qn2,228722 (Hg,(kl 7711,]62777,2))
+qn1,2lqn2,125732(H;(kl,m,kz,m)) + Qn1,21Qn2,225742(Hi(kl,m,krm))

Qn1,12Qn2,12S'Y14 (Hi(kl—n1,k2—n2)) + Qn1,12qn2,225’724 (HS,(kl—TLl,kQ—TLQ))
+Qn1,22qn2,125‘y34 (Hg),(kl—nth—TLQ)) + qn1,22qn2,225’y44(Hi(kl_nhk2_n2))

Ll,(k1—n1,k2—n2

L37(k1 —n1,k2—nz2
L47(k‘1 —n1,ka—ng

)
- Z (Fny ® Pn2>T B b= o)
)
)

pnl,lquQ,llseu (H117(k17n1,k27n2)) _I_ pn1,11qn2,218921 (H%,(klfnl,szng))
+pn1,21Qn2,115931 (Hgly(kl _n17k2_n2)) + pnl,len2721S941 (Hi,(kl—nl,kg—ng))

pnl,llqng,IQSelg <Hi(k31—"’bl,k’2_n2)> + pnl,IIQn2,22S922 (H;7(k1—n17k2—n2))
Py 21002,125035 (H3 1,y ky—nn)) F Pra,21@02,2280, (i (111 3y )

pn1,12q?12,11‘s913 (Hll,(kl—nl,kg—ng)) + pn1712qn2:215923 (HQI,(k1—n1,k2—n2))
+pn1,22qn2,115033 (Hgl,(k‘l—NLk‘Z—TQ)) _'_ pn1,22pn2,215043 <Hi(k1_nlyk2_n2)>

pn1,12qn2,125914 (H117(k1 7n1,k27n2)) _I_ pn1,12qn2,228924 (H21,(k1 777,1,]{27712))
+Pny ,22Gn2,12505, (H?i(kl_n17k2_n2)) + Pn1,22Pn2,225944(Hi(kl_m,b_m))
qn1711pn2,113011 (le,(klfnl,sz’nz)) + qnlvllp"%?lsfml (H22,(k17n1,k2*n2))
+qn1,21pn2,11‘s’031 (H?i(kl _nl,kg_nQ)) + Gny ,21Pny,21 So41 (H42,(k1—n1,k2—n2))

in,llan,IQSa'lg (H12,(k1—n1,k2—n2)) + qn1,11pn272280'22 (Hg,(kl_nth_nQ))
+q"1721pn27128032(H??,(klfmykz*m)) + q”1721p"2’225‘742 (H‘i(kl*m,kz*m))

qn1,12pn2,118013 (Hi(kl_nth_nZ)) + Qn1,12pn2,215023 (H227(k1_n1’k2_n2))
+Qn1,22pn2,115033 (Hg,(kl—nl,kZ—NQ)) + qn1,22pn2,2150'43 (H427(k1_n17k2_n2))

qn1,12pn2,1230'14(H127(]g17n17k27n2)) + qn1712pn272280'24 (H22,(k17n1,k2*n2))
+ny ,22Pn2,125905, (H;i(kl_m,kg_m)) + Qn1,22pn2,225044(Hi(kl_nl’kQ_n?))

Gn1 112,115, (Hi(kl—nl,kg—ng)) + Gy 11Gn2,2155,, (HS,(kl_m,kg_nQ))

3

(7.1)
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7.2 Equivalence between non-linear diffusion and
multiwavelet shrinkage in two-dimension

Suppose the multifilters P, () are given by:

then
s [P i [ P
Pee= b(wi)e(ws) | Cor= fwr)a(ws) | o= f(wr)e(ws) (7.2)
b(wr) f(w2) f(wi)b(w2) f(w) f(w2)
where

a(w) _ Z(pk,lle_%kw + pk’126—i(2k+1)w)

k=0
N
b(w) = Z(pk+1,216_l(2k+1)w +pk,22€_22kw)

k=0
N

6(?1)) — Z(Qk,n@%lkw + qk712€71(2k+1)w)
k=0
N

f(w) _ Z(qk+1’21671(2k+1)w + Qk,22€72lkw>
k=0

For a multi-index o = (a1, ) € Z% and w € R?, denote

aoél-i-az

W, ’Oé| = o1 + o, and ol = 051!052!
2 1

The highpass filter ¢ has vanishing moment of order a = (o, ) € Z2, if

Jo] 0%
Z K g =1 |%Q(w)’w=0 =0

kez?

provided that:
ilol 9o
7 ol Que
The corresponding nonlinear diffusion equation to the two-dimensional highpass multiwavelet-
filters Eq.(7.2) is given by:

q(w)lw=o

" — 9, ((au o OU N 9] Ou o Ou, O ol 0*u 2 0*u ]
b a.’L‘l g 8:)&1 8x1 81'2 g 81'2 81'2 8331(9!132 g 8:618x2 895131’2
(7.3)
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The approximation of z—u(r 9
Y 70 Y e —2
(2(ky, ko) h), ([2k1,21€2+1]h() ! (Ezlﬁ Lalwzgéﬁz)xmo)&and g (1, 2, 0) at
respectively by: s 2ko]h), and ([2k1+1,2k; +1]h) are defined
0 ——[u(2k1h, H?
8.171 ( 1 Qth)] Elh Z a’ *kg € *k;l C)(le 2k2) = M
kl ko Elh ’
0
—u(|2k1, 2k H?
i [ ([ 1, 2 + ]-]h)] Elh Z b *kg (& *kl C)(le 2k2+1) M
k1,ka Elh
)
2k + 1,2k H3
8x1[ u((2k: 2Jh) Flh Z @ kg [ kpy O) ki +1,2k0) = ki)
8 k1,k2 Flh
—[u([2k1 + 1,2k H?
0x; ! 2+ 1)) Flh Z (0 ke f 1y C) 2y 41,205 41) = —Llkike)
kl kg Flh
0 —[u(2ksh, 2k Hy
Z2 ' )] ~ Ezh Z € *iy @ %ty C) (21 200) = —Llkika)
kl kg EQh
0
—[u([2k1, 2ky + 1 H!
xz[ ([21, 2k, + 1]h) th Z [ #ry axiy C)2ny 2ko 1) = —2lhuks)
k1,ka FQh
0
2k Hj
8:762[ u([2k: +1, 2k5] )] Egh Z € *ky b kg C) 2k +1,2k0) = — k)
8 kl ko EQh
—[u([2k1 + 1,2k H1
Oy ! 2+ 1J0)] th Z (f #1s O kpy C) 2y 11,20541) = — L)
k1,k2 th
0? 1
k1 h, 2kah)] A ——— Hy
Fr; U Zihs 2z (e %1y ¢ 410 C )
) 102 E\ Eyh? kleQ ks € ¥y C) (2 2k2) E1E2h22
2y, 2k + 1B A~ — H3
39013962[”([ bz |~ 2 Z(f iy € ¥, C) — 2kiks)
. EiF5h = 2 1 U )(2k1,2k2+1) B Fyh?
u([2ky + 1, 2k)h)] ~ —— 3
97,075 2k1 2| h)] TN Z(e 1y [ kg C) (2hy41,2k0) = _3(kka)
82 kl,kg F1E2h2
(2K + 1, 2k + 1)) ~ — H?
k1,k2 i F5h
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and the approximating partial derivatives of %Gl(xl,xg,t), %GQ(I’l,ZL‘Q,t), and

+—5—G3(21, 22, t) where

8961890
ou ., Ou
Gl(x1,x2,t> = [(axl 2 81}1
ou ., Ou
GQ(.fCl,l'Q,t) = [(ax2 2 al_Z
Pu . O%u

G3(Q?1,I2,t> = g[(axlax2 axlaxz

at

(2(]{?1, k’g)h,jT), ([2]@1, 2]{?2 + 1]h,j’7’), ([21{?1 + ]_, ng]h,j’r) and ([2]{?1 + 1, 2]{32 + 1]h,j7’)

are defined respectively as:

G1(2]€1h,2]{?2h,j7) ﬁ 0 0
G, Gi([2k1, 2k +1)h,57) | |0 &5 O 0O T
8_1'1 Gl([le +1,2]€2]h,j7') o 0 0 ;Tz 0 I;(Q’n‘u ®Pm2>
G1([2ky + 1,2k, + 1]h, j7) 0 0 0 =
G1([2(ky —ma), 2(ka — mg))h, jT)
o G2k 1), 2(k2 — ma) + 1]h, j7)
G1([2(ky —mq) + 1,2(ky — ma)]h, j7)
Gl([Q(kl mq + 1, Q(kg — m2) + 1]h,jT)
Go(2kyh, 2ksh, 57) 0 0 0
0 | Go([2ki, 2%k + 1R gT) | _ | 0 mp 00
Oy | Ga([2ki+1,2ko]hj7) |~ |0 0 £L 0
Go([2k1 + 1, 2ky + 1]h, j7) 0 0 0 &
Go([2(k1 — ma), 2(ka — ma)]h, jT)
2(ky ) 2(ky — mg) + 1]h, j7)
Pm " T ([ i
< 2P @ Q| Gotlalhy — ) 1,20~ malh )
’ Go([2(ky — mq) + 1, 2(ky — ma) + 1]h, j7)
G3(2k1h, 2koh, §7) oy 0 0
02 Gy([2k1,2ks +1)hj7) | | O gm0 0
0x1015 G3([2k1 + 1, 2ks])h, jT) B 0 0 m 0
Gs([2k1 + 1, 2ky + 1], j7) 0 0 0 wmm
G3([2(k1 —ma), 2(ky — ma)]h, j7)
T Gg([2(l€1 ), 2(/{?2 — mg) + 1]h,j7’)
" lclz:kz(le © Q) G3([2(k ml) +1,2(ky — ma)h, j7)
G3([2(l€1 ml) + 1, 2(]{32 — mg) + l]h,jT)
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Then when j = 0, the nonlinear diffusion equation can be discretized as:

1
Udky 2k
1
Udky 2ka+1
ulk
2k141,2ko
ul
2k1+1,2ko+1

X > (P © Quy)"

0 T
Uk, 2ky Eih 0 0 0
-
Uk 2k +1 | _ 0 Eih 0 0 § : (Q, ® P, )T
_T_ mi ma
32k1+1’2k2 0 0 Fih 0 my,ma2
T b
WUoky +1,2kp+1 0 0 0 Fh
_L (Hl y(ky —mq kg —mg) )2 H?2 ]
FE1h Eih 1,(k1—m1,ka—ma2) ﬁ 0 0
2
2 (k1 —my,kg—m9) 2 2 T
Elhg( E1h ) 2 (klfml,kgfmg) o 0 F>h 0
( 3 (k1 —my,kg—mg) )2 2 0 0 ﬁ
Flhg Fih 3,(k1—mi ko —ms)
0 0 0
( 4 (k1— m1 kg—mg) 2
-Flhg 4 (k‘l—ml,kg—mg)_

1 (kg —mq kg — mz))
Esh

)*H
sl
g htazpypeon
ol

3 (kl—ml kg—mg) )
mi,ma Esh
1 ( 4 ,(k1—mq,kog—mg) )
L Foh Fsh
[ T
E1Eoh? 0 0
-
0 E1Fyh? 0
-
0 0 F1Eoh? mi,ma
0 0 (R
- 3
1 (Hl,(k1*m1,k2*m2))
EiEnzY E1Ezh? 1,(k1—m1,ka—ma)
1 ( 2,(ky —my,kg—mg) )2
EibonzY E1Foh? 2,(k1—m1 k2 —m2)
1 ( 3,(k1—mq,kg—m9) )2
F1E2h2'g F1E2h2 (klfml,k2 m2)
1 4,(ky —mq,kg—mo) 3
_F1F2h29( FiFoh? )?H, J(k1—m1 ko —ms)
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0
0 Y Qe
FERe
3

1 J(k1—mi1,ka—mz2)
2 J(k1—m1,ka—mz2)
3 J(k1—m1,ka—m2)

4 J(k1—m1,ka—ms)
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then

1
Udky 2k
1
Udkey 2ko+1
1
Udkey 41,2k
ul
2k14+1,2ko+1

0
Uk 2ks
0
Uoky 2ko+1
Uoky 41,2k
w0
2k1+1,2ko+1

H2
T 1,(ky —my,kp—mg)
le,llpmg,ll E%th( E1h )
H2
T 2,(k1—mq,kg—mg)
+Gm1,11Pmo 21 22 q( ik

2
H3,(k1*m1v’€2*m2

27172
Hl,(kl—m17k2—m2)

27172
) HQ,(kl —m1,ka—mz2)

~
tGm1,21Pma 11 B 2 g( Fih
2
4,(k1—mq,kog—mo

)\2 172
) H3,(k1 —m1,ka—m2)

-
Ty 21Pms 21 5 2 g( Fih

H2
T 1,(ky —my,kp—mg)
Gm1,11Pms,12 E%h2 g( Eih )

H?
T 2,(k1—mq,kg—mg)
TGmy,11Pms 22 EZh? 9( E1h

H2
3,(k1—mq,kg—mo

)\2 172
) H4,(k1—m1,k2—m2)
2H2

1,(k1—my,ka—mz2)
)2 2
2

J(k1—m1,ka—ms2)

-
tGmy,21Pmo,12 E1F1h? 9< Fih
2

)\2 172
) H3 (klfml,szﬂ"m)

H4,(k1*m17k2*m2) )2H2
47

-
1 21Pms 22 B 2 g( ik

H2
1,(ky—mq,kg—mg)

(k1—m1,ka—m2)

)2H2

k1—myq,k2—m2)

,(k1—m1,ka—ma2)

)2 2
3,(k1—m1,ka—m2)

G 12Pmo. 11 7 e , Bih 1,(
+ G ,12Pmo 21 F1£1h2g(H2,(k1—£1’;k2—m2) )2 22
2
+617111,22]77712,11 Flghﬁ g( HZ’(klglh’@mz)
+Gmy ,22Pms 21 F§h2g<H4,(k1—;n111h,k2—m2)

H2
1,(k1—mq,ko—m3g)

>2H2

4,(k1—ma1,k2—m2)

-
Gmy,12Pme 12 7 By 2 9( Eih
2

27172
) Hl kl—ml,kz—mz)

7(
HQ,(k1—m17k2—m2) )2 2
2

J(k1—m1,ka—ma2)

.
0y, 12Pme 22 7 02 g( ik
2
T 3,(k1 —mq,kg—mg)
FGm, ,22Pmg, 12 F2h2 9( ik

H2
4,(ky—mj,kg—mo) >2H2
47

)?Hy

(k1—m1,k2—ma2)

.
+ G, ,22Pmo,22 F2h? q( Fih
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1
(Hl,(h*mbkz*mz))QHll k f )
(k1—may,ka—ma2

-
Py 119m2 11 52329 Eoh
Hl
2,(k1—m7q,kg—mg) \2 1
) H?,(k1—m1,k2_m2)

-
HPm1,119m2 21 5 15552 g( oh
H
T 3,(k1—mq,ko—m9) \2 171
+Pm1,21Gmo,11 E2h? g( FEah ) H3,(k1—m1,k2—m2)
1
H4’(k;1—m1,k27m2)>2Hi_ o o
Foh J(k1—m1,ka—mz)

-
+Dm1,219mo,21 Faloh? g(

1
e 1
,(k1—m1,ka—m2

Pmy,119mo,12 FQEZth g( - Bk
H
+pm1,11Qm2,22 F§h2 9( Q’Ekl _]anl};kQ_mZ) )2H21,(k1 —m1,ka—m2)
H
+DPmi ,219ms,12 FQEZQth( 13,(19175121;27@) )2H§,(k1—m1,k2—m2)
H
+pm1,21Qm2,22 Fé-hQ g( = _]T';};k2_m2) )2Hi,(k1 —m1,ka—mz2)
Hl
pm1,12Qm2,11E§h29< 17(1117521];k27m2>)2H11,(k:1—m1,k2—m2)
H
+pm1,12sz,21 E2;2h2 g( = _]T:n‘;};kZ_m2> >2H21,(k1 —m1,ka—mz2)
H.
+pm1,22Qm2,11 Eé—hQ g( L 7521];16277”2) >2H§,(k1 —m1,ka—m2)
Hi,(krml,krmz) )2H1
Foh 4,(k1—m1,kg—mz)

-
+Dmy ,22Gms 21 EaFoh? g(

Hl
T 1,(ky—my,kg—m9)\2 171
pm1,IQQm2,12F2E2h2g( Fah ) Hl,(k1—m1,k2—7712)
Hl
T 2,(ky—my,kg—m9)\2 171
+pm1,12qm2,22 FZh2 g( Fah ) HQ,(kl —m1,ka—m2)
Hl
T 3,(k1—mq,kog—mg) \2 1
+pm1,22Qm2,12 FoEoh2 g( Eah ) H3,(k:1—m1,k2—m2)
1
4,(k1—mq,kg—mog) )2 1
Foh 4,(k1—m1,ka—m2) |

T
+pm1 ,22%@,22 F22h2 g(
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H3
1,(ky —my,kg—m2) )2H3
E1Eoh?
3

-
Tma 119 ma 11 B 22 g(

r
+qm1711Qm2,21 E%E2F2h2 g( E1Fyh?

’
+Qm1,21Qm2,11 E1F1EZh? g( F Exh?
H3
T 4,(k1—mq,kg—mg) \2
+Qm1,2IQm2,21 E1EFy Fah? g( FLFyh? )

H3
1,(k1—mq,kg—mo) >2H3
1,

H3 B _
1,(ky—my,ko m2))2H3
1

H.
2,(k1—mq,kg—m2) \2 173
)°H

H3
3,(k1—mq,kg—mo) )2H3
3

Qmy,129m; 11 I E‘lTEghQ g( FE1Eoh2
3
+Qm1,12(Jm2,21 F1E217?—1F2h2 gH(3H27(k1E—17;‘;,:22—m2) )21'—’137
+qm1,2261m2,11 Ffé—%hQ g( 37:61};17;;:227MQ> )QH??
FGmy 220m» 21 E2F12TF2h2 g( H4’(k1§17;;}f22_m2) )2

)

R
T ,220m2 12 72, 2 9(

Fy E3h?

H3
4,(ky —mj,kg—m2)

R
Fma,220ms,22 Frpze g(

Fy Fyh?

i}

H3

1,(k1—m1,ka—m2)

(k1—m1,ka—mz2)
J(k1—m1,ka—ma2)

3
4,(k1—m1,ka—m2)

qm1711qm2712 FQE%’EQth( 5 E1E2h2 (kl_mlyk2_m2)
H.
+Qm1,HQm2,22 E%;QQhQ g( 27(21E1T;7;igim2) )QHS,(k‘l —m17k2—m2)
H
+Qm1,21%n2,12 E1F2;7—1E2h2 g( 33’(191}7717;‘;;2277712) )2 g’,(kl —m1,ka—m2)
+Qm1,21%n2,22 E1F1TF22h2 g( 47(161}7‘71?‘;}52277"2) )2 i(kl _m17k2_m2)

J(k1—my,ka—ma2)
(k1—m1,ka—m2)
J(k1—m1,ka—m2)

3
4,(k1—m1,k2—m2)

H3
T 1,(ky—my.ko—m2) \2 173
Gm1,120m4,12 FLFoELEah? g( E1Eoh2 ) Hl,(kl—ml,kz—mz)
T 2,(k1—mq,kg—m9o) \2 173
+Qm1,1QQm2,22 F1E1F22h2 g( . E1F2h2 ) H2’(k1_m1’k2_m2)
H37(’€1*m1vk2*mz 2

3,(k1—m1,ka—my2)

J(k1—m1,ka—m2)

Theorem (7.1): Suppose [Un (e ky) U2,(kiks) U3 (kioks) Ud(kiky))” 10 Eq.(7.1) is the
denoised signal after 1-step multiwavelet shrinking with

921,;@ = [C2k1,2k2 Coky ,2ka+1 C2k1+1,2ko 02k1+1,2k2+1]T = f(k‘1h,k2h), (klakQ) € 7Z* as the
original input, and [ug op,  Udg, okyr1  Udki41.2ky Udky412kes1) 0 EQ.(7.4) be the
signal after 1-step diffusing with original input

U, gy = [W0k, 2ky Wty 2kt Uk 412k Wdkyi12ke41) = f(Kih, koh). Then
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UL (k1 ko) = U2k 2ko if:

T x? T 2’
Sy, () = Spy, () = z[1 — WQ(W)]’ Soa (7)) = Sy (v) = z[1 — E2F2h2g(F22h2>]
T x? T a?
Sau (.17) = 5021 (.17) = .’I[l - Wﬁmm)}? 3031 (33) = SU41 (I’) = 1’[1 B E1F1h29<F12h2 )]
T ZE2 T ZL’2
S =zl - S =zl -
() = 2] E%E§h4g(E12E§h4)]’ o () = 2] EfE2F2h4g(E%F22h4>]
T x? T x?
S (@) = 2l = g9 Fggpe)h S @ =l - g r )
U, (ky ky) = U2ky 2kp+1 1L
o1 = So@) = 1l = L g )], o) = Sol) = o[l - ()]
012\ L) = Op\T) = X F2E2h29 E22h2 ) 022\ T) = 00,5\ T) = X F22h2-g F22h2
T x? T 2’
5012(ZE) = SJQQ(ZE) — 17[1 - WQ(W)L Sa32<x) = SU42<x) = :L‘[l - ElFthQ(FIQh2 )]
T z? T z’
5712(I) = 1’[1 — FQE%EQh4g(E%E22h4)]|7 5722($) - l’[l - E%F§h4g(E%F22h4)]
T x2 T .’L'Q

S

= 1 —
S, V42 (:E) .T[ E1F1F22h4g(F12F22h4)]’

= 7|l —
Y32 (.?3) .T[ E1F2F1E2h4g(F12E§h4)]’

U3, (ky,kz) = U2k1+1,2ko if

T x? T x’
Sony () = Sty () = {1 = r30(pa)]s S (@) = Sy (@) = 21 = 0
S ) = S (1) = 211 = 0l Sone) = So(o) =11 = gl )
S1(0) = a1 = g (o) = o1~ ()
Syala) =2l = g ;§h4g< Fféh‘l)]’ Sa(w) = afl = 5 F§F2h49< F123];222h4)]

and Uy, (g, ky) = Uk, +1,2kp+1 if

T 2 T z?
Sor,(2) = Spy, () = z[l — F2E2h2g(E22h2 )]s Sops(x) = Spyu () = 2[1 - WQ(W)]
T 2 T v’
5014(1') e Sg24(37) = :B[l - FlEthQ(Elzhg )]’ Sy ($) = Sou ($) = l’[l - mg(thQ)]
T ? T v’
S,YM(.’E) —.Z'[l— F1F2E1E2h4g(E12E22h4)]7 5724(17) _-73[1_ F1E1F22h4g(E%F22h4)]
T CCQ T 2

S

x
S. =zl — .
744(517) :I:‘[ F12F22h4g(F12F22h4)] (

=zl — 7.5
734(‘%) x[ F12F2E2h4g(F12E%h4)]7 )
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7.3 Non-linear diffusion derived from two-dimensional
multiple frame Shrinkage

Suppose A, BM) and B® are B-spline tight multiple frame filter banks that defines
as follow:

Assume the 2D B-spline tight multiple frame filter banks with w = (wy,ws) are
difened as:

P(w) = A(w) ® A(ws), QW (w) = BW(wy) ® A(w,)
QP (w) = A(wy) ® B (w,), QP (w) = B (wy) ® A(w,)
QW(w) = BW(wy) @ BY (w) QO (w) = A(w) ® B® (w,)
Q) (w) = B®(wy) @ B (wy), Q" (w) = BW(wy) @ B (w,)
Q®(w) = B® (w;) @ B? (w,) (7.6)

The highpass multifilters {Q™, ..., Q®} have vanishing moment of orders:

Bl = (170>>B2 = (07 1)753 - (270)764 - (17 1)7&5 = (072)7
Bs =(2,1), 7 = (1,2), Bs = (2,2)

Then the corresponding nonlinear diffusion equation to the 2D B-Spline tight multiple
frame filter banks {QW), ..., Q®} is given by:

= () o 4 ol (o) ) — sl ()
i~ Gl G )] = Sl 3
* ax?;@ 96 ( af;g@ ”) 65;51);2] * aflg o7 (( ai:;g ”) aiig]
- ol ) e (77)

with initial condition u(x,0) = f(x),z € R?,

1 _~2 V2 ~06) 1 ~4_ 1
Cﬂl - 052 - _T’CB:% - _1’064 -2
G) _ 1 ~06) _ ~(7)_ V2 ~08) _ 1
Oﬁs - _Z’Cﬁs - 0/57 - ?’Cb’s — 16
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where C,, defines as:
Zlal aa aal-i-ocg

JanQ(u}”w:O; angaw?l Y

C, = la] = a1 + ag, and o! = aqlas!

Approximation solution of Eq.(7.7) in discrete setting provides that wy (g, x,) = u3 k1 2ks

if:
(1) 2T 2$2

s;g (z) = sgg (z) = Sy (x) = Sy (x) = 2[1 - 72957l 1=1,2

Sy () = Sy (x) = Sy (2) = S§) () = w1 - %g&%)], [=3,5

5wy = S ) = 50(@) = S w) =t ra 2]

S (2) = S (2) = S () = Sy (2) = =1 - ?’,f—ggﬁ’,i—fn, I=6,7

sgl‘j () = S;Zf (z) = S(SZ (z) = sgjj(@ = [l - 2?%%(%‘52)]- (7.8)

U, (ky ky) = U2ky+1,2ks » U3 (k1 ko) = U2ky 2ko+1 AN Uy (k) ky) = Uk, 41,2k,+1 if the shrinkage
function and diffusivity are also satisfying Eq.(7.8).

Theorem (7.2): Let (U1, (ky ks) U2,(k1 ks) U3, (knks) Ud,(keky)]” De the denoised signal af-

ter 1-step multiple frame shrinking with g217k2 = [Coky 2ky Coky 2ko+1 C2hy+1,2ks Czk1+1,2k2+1]T =
f(kih, koh), (ki ke) € Z? as the original input, and using multiple frame filter banks
{P,QW,...,Q®} defined in Eq(7.6). Let [ty op, Udk, kst Ubkitt.2ks Udky412kpsl)

be the signal after 1-step diffusing with original data

ggl,kg = [ugkl,ng ugk1,2k2+1 ugk1+1,2k2 ugkl-‘rl,QkQ—‘rl]T = f(k]-h’7 th) Then the SOlution

of nonlinear diffusion Eq(7.7) provided that the shrinkage functions of the multiple
frame shrinking algorithm are chosen as:

S0 (2) = 5 (2) = 5 (0) = 5 () = all 33 1=1,2

11 21 31 11 h27"" h?

S0 () = 59 (@) = 59 () = 59 (1) = a1 - (20 1255
S(w) = 5(@) = S () = 90 (@) = 21— rou()]

S0 (1) = 59 () = 59 (1) = 59 () = a1 - 2B 1= 6.7
S (@) = S (@) = 5P (@) = 59 (w) = alt - 20T (PO



where ¢ is a constant, then the corresponding shrinkage functions are

Sy (%) = @[l — ] 1= 1.2

Sy () = 2[1 — T (7.9)
Shiy () = a[1 — T

Sél(z)(a:) =zl — mégﬁ%]; 1=3,5

Sy (@) = 2l — Tt (7.10)
P (2) = afl — e ]

where the spatial step size h=1. If the Weickert diffusivity g is defined as:

ooty = ! if 1=0
1 —exp(—3.31488)\8/2®)  if x #0,

then the corresponding multiple frame shrinkage functions are given by:

(z) = 0 if =0
21— 27[1 — exp(—3.31488 (0V)8/(v22)8) ])  if x£0; [=1,2

5(4) 0 Zf =0
oo z(1 — 47[1 — exp(—3.31488 (6W)8/(22)%) ]) if ©#0
0 if =0 (7.11)
Sy (@ (1 — 327[1 — exp(—3.31488 (A3 /(4v/22)8) |) if = #0 '
o if =0
Sao () = 2(1 — 1671 — exp(—3.31488 (D)8 /(4z)8)]) if z#0; 1=3,5
0 if =0
San (@ z(1 — 327[1 — exp(—3.31488 (43 /(4y/22)8) ]) if ©#0
_ if =0
Sy () = { (1 —2567[1 — exp(—3.31488 (A®)3/(162)%) ]) if x #0 (7:12)

The Hard shrinkage functions are defined as

0 <60

S (z) = if o] < l 1=1,2...8,
v if |z > 00

and the Soft shrinkage functions are given by

0 ‘ < g0
IR S =128
r—0Wsgn(z) if |z| > 00
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Lowpass output of row preprocessing on Lena’s photo

Highpass output of row preprocessing on Lena's photo
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Figure 7.1: The result of row preprocessing on Lena image

7.4 Denoising of images

The performance of the image denoising based on B-Spline multiple frame filter bank
was tested on Lena and Barbara images with various shrinkage functions.

For Lena image, we added Gaussian noise to the original Lena image, then we
applied B-Spline multiple frame shrinking iteratively 6 times to the noised image
with PSNR=17. However, for Barbara image, we applied B-Spline multiple frame
shrinking iteratively 4 times to the noised image with PSNR=20.

Table 7.1 presents the Peak SNRs of the image denoising results with different shrink-
age functions that define as [29]:

MAX?

where MAX and MSE are the maximum possible pixel value of the image and mean
squared error,respectively:

m—1n—1

MSE = 5" S, ) - K, )

i=0 j=0

Weset h=1,7 = }1, =160 = 513, if we are applying Perona-Malik(PM) diffusivity
functions Eq.(7.9) and Eq.(7.10). However, we set h = 1,7 = 1 if we are applying
Weickert diffusivity-based Eq.(7.11), and h = 1,7 = % if Eq.(7.12) is applying. The
parameters 8¢) are chosen such that the PSNRs of the denoised image are as big as
possible.

Next, we proceed to compare image denoising results using diffusivity-inspired
multiple frame shrinkage with image denoising results using diffusion in terms of
wavelet-shrinkage. In figure 7.3 and 7.4, (c) and (d) provide better results compared
to (a) and (b).
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(b) Highpass output

(a) Lowpass output

Figure 7.2: The result of column preprocesing on figure 7.1

Table 7.1: Image denoising results using diffusion-inspired multiple frame shrinkage functions.

Shrinkage Method SO = PM | S = Weickert | SS) = Hard S{) = Soft
PSNR for Lena image 25.9752 25.6317 24.4472 26.3126
PSNR for Barbara image 24.8184 23.9868 24.1845 23.5858

Table 7.2: Image denoising results using diffusion-inspired wavelet shrinkage functions.

Shrinkage Method So = PM | Sy = Weickert Se = Hard Sp = Soft
PSNR for Lena image 23.4431 23.6149 23.1068 23.4021
PSNR for Barbara image 23.2059 21.6554 23.1648 21.5039
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(c) (d)

Figure 7.3: (a),(b):Denoised Lena image with Perona-Malik shrinkage and Weickert shrinkage,
respectively, using wavelet filter banks, (c¢),(d):Denoised Lena image with Perona-Malik shrinkage

and Weickert shrinkage, respectively, using multiple frame filter banks.
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(c) (d)

Figure 7.4: (a),(b): Denoised Barbara image with Perona-Malik shrinkage and Weickert shrinkage,
respectively, using D, wavelet filter banks, (c¢),(d): Denoised Barbara image with Perona-Malik

shrinkage and Weickert shrinkage, respectively, using B-Spline multiple frame filter banks.
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Chapter 8

Conclusion and Future Work

This chapter presents the primary conclusion arising from this dissertation.

First, the correspondence between one-dimensional Haar, CL(2), DGHM multi-
wavelet shrinkage and second-order nonlinear diffusion is formulated and discussed.
Also, we formulated one-dimensional high-order nonlinear diffusion derived from mul-
tiwavelet shrinkage. The experiment results on CL(2) multiwavelet shrinkage is pre-
sented. Further, we compared the results with D, wavelet shrinkage. Equivalence
between one-dimensional B-Spline multiple frame shrinkage and nonlinear diffusion
equation are provided. We tested this approach to different noised signals and with
different shrinkage functions. In addition, we compared the result with the original
scheme that presents nonlinear diffusion equation in terms of Ron-shen frame shrink-
age. According to the results, this scheme provided better results than the original
approach.

Second, we show how two-dimensional multiwavelet shrinkage corresponds to two-
dimensional nonlinear diffusion equation. Also, we provided new algorithms that
present correspondence between two-dimensional B-Spline multiple frame shrinkage
and nonlinear diffusion equation. We examined this scheme to different noised images
and with different shrinkage functions. Furthermore, we compared the results with
two-dimensional D, wavelet shrinkage.

Future work can investigate the association between channel mixed multiple frame
shrinkage and channel mixed nonlinear diffusion. Two dimension B-spline multiple
frame shrinkage can be generalized easily to other multiple frame system and high-
order diffusion can be derived similary. Also, equivalence between non-linear diffusion
and multiwavelet shrinkage/ multiple frame shrinkage can be easily extended to multi-
level setting.
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