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Abstract

In data analysis and signal processing, the recovery of structured functions (in
terms of frequencies and coefficients) with respect to certain basis functions from
the given sampling values is a fundamental problem. The original Prony method is
the main tool to solve this problem, which requires the equispaced sampling values.

In this dissertation, we use the equispaced sampling values in the frequency
domain after the short time Fourier transform in order to reconstruct some signal
expansions, such as the exponential expansions and the cosine expansions. In par-
ticular, we consider the case that the phase of the cosine expansion is quadratic.
Moreover, we work on the expansion problem based on the eigenfunctions of some
linear operators. In addition, when the signals contain two different models, we
develop a method that separate the signals in single-models and then solve the
problem. We also consider the situation that when some of the sampling values
are corrupted.

Keywords: Prony Method, Exponential Sums, Eigenfunctions, Figenvalues,
B-Spline, Fourier Transform, Short Time Fourier Transform, Frequency Domain,
Resultant, Sylvester Matrix.
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Chapter 1

Introduction

In applied mathematics and signal processing, we frequently encounter this fun-
damental problem: Given a set of sampling data points, how to choose suitable
modelling functions such that the data can be represented as an expansion of the
modelling functions.

The solution of this problem relies on two critical factors: the modelling func-
tions and the sampling data points. The first model that was brought to people’s
attention by Gaspard Riche de Prony was the exponential model. To recover an
exponential signal, we consider the following form

M
flz) = chewj, (1.0.1)

where ¢;’s and ¢;’s are the parameters to be determined from a set of function
values. The well-known Prony method solves this problem with 2M equispaced
sampling values f(lh),l = 0,...,2M — 1 for some positive constant h. Since then
the Prony method has been extended and generalized to solve many different sig-
nal models.

During the last few years, the Prony method is widely used in different fields,
such as identification and spectral estimation [20], the approximation of Green
functions [20]. Several generalizations of the original Prony method formulation
4,12 13,14 ,15, 16 , 17, 18, 26, 30] have been developed over the last few
years. Peter and Plonka in [12, 15] generalized the Prony method to reconstruct
M-sparse expansions in term of eigenfunctions of some special linear operators.
They showed that all well-known Prony reconstruction methods can be uniformly
interpreted as special cases of their formulation.

A fundamental problem in signal processing is the estimation of parameters.
Potts and Tasche in [20] have shown that ESPRIT method (estimation of signal

10



CHAPTER 1. INTRODUCTION 11

parameters via rotational technique ) [21], Matrix pencil method [8] and MUSIC
method (multiple signal classification) [22] can be viewed as Prony-like methods.

The generalizations of the Prony method have been also studied to recover
the parameters of Legendre expansion [14]. Moreover, Plonka and Marius in [19,
30] used the techniques of Fourier transform in order to recover the non-uniform
B-Spline expansion by using a small number of equidistantly sampling values. In
[17] Plonka and others presented the reconstruction of different signals by exploit-
ing the generalized shift operator.

In this dissertation, we explore several tools that can help us reconstruct the
signal functions with various structures. The short time Fourier transform (STFT)
is a prominent tool that helps us recover signals in several models from the short
time Fourier sampling values. Moreover, the non-stationary signal with quadratic
phase can also be reconstructed using the short time Fourier sampling. By knowing
the reconstruction of f(x) = Z]]\il c;x% [12],[17], we connect it to several other
more complex models through appropriate inverse functions, and then apply the
variable substitution method to solve the problem. Another powerful tool that
is effective in many situations is based on the differential operators. When the
signals are represented as expansions of the eigenfunctions of some differential
operators, this method works well. We also consider the signals represented in
mixed models. For example, we study the signals with the following form

M:

cj cos(p;x) + Zd sin(fx), (1.0.2)
j=1

where ¢;’s, ¢;’s, di’s, and (}’s are the parameters to be determined from a set
of function values. We separate the signals in the individual models using the
even-odd properties of the functions, and then recover the parameters using the
single-model methods. We also study the problem with oversampled data points.
We consider the situation that there are some sampling values that could be in-
correct. Since the Prony method has a property: If one sampling value changes
slightly, then the computation result would change dramatically. With this obser-
vation, in order to detect and fix those corrupted sampling values, we develop a
determinant-based method that allows us to recover the original signals.

This dissertation is organized as follow : Preliminaries in chapter 2 , which
provide us of the concepts that we will use through this dissertation. In chapter 3,
we introduce Prony method and we discuss some of its variation. In chapter 4, we
introduce new generalizations of the method in order to reconstruct more signals
types. In chapter 5, we present method that allow us to reconstruct signals that
have two different models.In chapter 6 we present our method for using the Prony
method to recover the signals even if the sampling values contain some incorrect
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values. Finally, we end this dissertation with a summary and future work.
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Chapter 2

Preliminaries

2.1 Fourier Series

Given any periodic function f(z) with a period T' (a commonly used 7" is 27), (i.e
f(x4+T) = f(x) for any z € R), then this type of functions can be decomposed
into an infinite series of sine and cosine functions, which is called the Fourier series
of f and denoted by Sf, and it has the form:

(Sf) = %+§<%COS (?) + by, sin (MTTI)» (2.1.1)

where
ap = %f_LL f(x) cos(’“’Tx)dx, k=0,1,..;
(2.1.2)
b = %f_LL f(z)sin(B2)dz, k=1,2,..
are called the Fourier coefficients of the function f. From (2.1.1), we can see
that {1,cos ('%””),sin (’%’”)} play a role of basis functions for the real-valued
functions defined on an interval of length L. The following theorem gives a more

precise description about this observation.

Theorem 2.1.1 (Fourier series). Given L > 0, the family

{% %COS<2W5$>,\/%Sin (QWLM>, k= 1,2,...} (2.1.3)

L

Consequently, any f € Lo[—%,%] can be

is an orthonormal basis of La[—%, £].

represented by its Fourier series, namely

f(x)=(Sf) = % + i (ak cos (lme) + by sin (kLLx)), (2.1.4)

k=1

13



CHAPTER 2. PRELIMINARIES 14

L L
272

which converges to f in Lo[— | and ag,ay, by, (K = 1,2,...) are the Fourier

coefficients defined in (2.1.2).

If we consider f as an even function on [—£, £], then (2.1.2) tells us that all
the by coefficients vanish, which means that all the sine terms in the Fourier se-
ries expansion of f disappear. With this observation, when we have a function
on [0,Z], we can just do an even extension on this function, that is, define this

) 5]7
function on [—£,0] as f(z) = f(—z). In this way, we get an even function on

[—%,£]. Thus we have the following version derived from theorem (2.1.1), which

gives us an alternative way to process signals.

Theorem 2.1.2 (Fourier cosine series). Given L > 0, the family

{%,\/%cos (?) k;=1,2,...} (2.1.5)

is an orthonormal basis of Ls[0, %] Consequently, any f € Ls|0, é] can be ex-
panded by its Fourier cosine series, namely

flz)=(S°f) = % + iak cos (?), (2.1.6)

which converges to f(x) in Lo[0, £] where ay (k = 0,1,...) are the Fourier cosine
coefficients and given by

L
4 (% ok
ay = 5/02 f(x)cos( ﬂLx>dx, k=0,1,.. (2.1.7)

2.2 Fourier Transform (FT)

The Fourier transform is one of the most important tools to analyse signals.The
Fourier series discussed in the section (2.1) allow us to deal with periodic functions
in order to study the frequency contents. In this section, we provide Fourier
transform and some useful properties that allow us to deal with non-periodic
functions.

Definition 2.2.1 (Fourier transform). Let L; be the space of all integrable
functions and let f is a function in L;(R), then the Fourier transform of f denoted
by f or F(f) is given by the integral

f(w) =(Ff)(w) = /—00 f(z)e ™ dy, weR (2.2.1)
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Next, we state some useful properties for the Fourier transform which provide
us with some nice insights into the behaviour of the Fourier transform.

Definition 2.2.2. Given a >0, b,c € R, and f € L;(R) then

1. The dilation operator D, is given by
(Daf)(x) := flax) (2.2.2)
2. The translation operator Tj is given by
(Tof)(x) == f(x = b) (2.2.3)
3. The (frequency) modulation operator M. is given by
(Mf)(@) i= f@)e®™, ¢ £0 (2.2.4)

Definition 2.2.3. Given two functions f,h on R, The convolution of f(z) and
h(z) denoted by (f % h)(z) and is defined by

(f*mcm:i/ F(Oh(z — t)dt (2.2.5)
Theorem 2.2.4 (Properties of Fourier transform). The Fourier transform

defined in 2.2.1 has the following properties:

1. Given D, the dilation operator defined in (2.2.2), then for f € Li(R),

L —

(D)) = f

21&

). (2.2.6)

2. Gien T, the translation operator defined in (2.2.3), then for f € Li(R),

—

(Thf)(w) = 2™ f(w). (2.2.7)

3. Given M, the (frequency) modulation operator defined in (2.2.4), then for
€ Li(R), - )

(Mef)(w) = flw—r0). (2.2.8)

4. Gwen f,h € Li(R), then

(f* h)(w) = f(w)h(w). (2.2.9)
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2.3 Short-Time Fourier Transform (STFT)

Sometimes when we analyse signals, we are interested in certain local sections of
the signals. To this end, we introduce a window function w that makes our inter-
ested portion of the signals stand out.

Definition 2.3.1. Given a window function w € (L; N L9)(R) and 7 € R, then for
every f € Lo(R), the short time Fourier transform of f is defined by the integral

STFT(f(x)) = F(w,T) = /00 f@)w(z — 7)e”“*dz. (2.3.1)

Short time Fourier transform preserves time shift up to modulation. Let us
define the shifted signal as g(z) = f(x — a), then its short time Fourier transform
becomes

[e.9]

STFT(g(x)) =G(w,T) = /_ f(r —a)w(z — 7)e “ dx

[e.e]

— /_oO f(U)UJ(U, _ (7_ o a))e—iwue—iwadu (232)

o0
=e “G(w, T —a).

2.4 B-Splines

B-splines give us another powerful tool in data representation. A B-spline function
is a piecewise polynomial that is defined on a sequence of knots.

Definition 2.4.1. Given a non-decreasing knot sequence {7}, Tj1, ..., Tj41n } with
T; < Tjtm, then the m-th order B-spline basis functions can be defined by the
following recurrence formula

x—1Tj Tism—x
N™(z) = —— 2 __N"™"Yg) 4 L0~ NPy 2.4.1
]( ) 7-‘]'+m_]__7_jj 7 ( ) jﬂj+m_7}+1 j+1( ) ( )
with
I 0, otherwise,

where the fractions with zero denominator are assumed to be zero.

Theorem 2.4.2 (Properties of B-spline Basis Functions). The B-spline basis
functions defined in (2.4.1) and (2.4.2) have the following properties
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1. Positivity,

Ni*(z) >0, forall x€ (T} Tjm). (2.4.3)
2. Local support,
Ni*(x) =0, forall x& (T} Tjm). (2.4.4)
3. Partition of Unity,
> NM'ax)=1, foral z€(T,To). (2.4.5)
j=n+l—-m

4. Smoothness at a knot,

N™(z) € C™ (T;), j=1,...,n, (2.4.6)

j
where k; 1s the multiplicity of T;.
5. The derivative of B-spline basis functions is

d
— (N™ — NP Y g) = ——— N 1(g). 2.4.
dx ( J (ZL’)) 7’!]_+m_1 _ 7‘1] 7 (ZL’) irj-i—m — T Jj+1 (l‘) ( 7)

m—1 m—1

2.5 Hankel,Vandermonde and Toeplitz Matrices

There are some special types of matrices with special properties that are very use-
ful in solving certain types of problems. In this section, we introduce three of them.

Definition 2.5.1. Given a sequence of real numbers S = {ay, ag, ..., ag, 1}, the
Hankel matriz is an n x n matrix with the following structure

ap oy ...
s A (2.5.1)
ap Qg1 ... oz%;_l
Definition 2.5.2. Given a sequence of real numbers S = {z1,xs,...,x,}, the

Vandermonde matriz is an n X n matrix with the following structure

1 oz 22 . 2!
2 n—1
1 2z 25 ...
V= . . (2.5.2)
1 z, 22 -l
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Definition 2.5.3. Given a sequence of real numbers S = {8_,, ..., Bo, ..., Bn }, the
Toeplitz matriz is an (n + 1) X (n + 1) matrix with the following structure

BU ﬁl s ﬁn

B Bo o Pam

T = (2.5.3)

Bon Bty - Bo

Any non-singular Hankel matrix H can be factorized as two Vandermonde
matrices and diagonal matrix H = VI DV ie

(05} (0%)] (67

(6D) 3 N 0 7 |
_an Ont1 Qop—1

1 1 1 1 d 0 0 ... 0] [1 2 22 zp
T To Tpo1 Tn 0 dy O 0] [1 =z a3 rh !
gt gnt gl gl 0 0 O d 1z, 22 !
L1 2 n—1 n n n n n
(2.5.4)

Similarly, the Toeplitz matrix can be factorized as two Vandermonde matrices and
diagonal matrix.

2.6 Generalized Shift Operators

1. Given the shift operator Sy, : C(R) — C(R) with S, f(x) = f(x — h), where
h > 0, the symmetric shift operator is given by

Snnf(x) = %(f(x R+ flz+h)) = %(s_h L S) @), (26)

2. For a given continuous function K : R? — C such that
K(l’, hl + hg) = K(.f, hl)K(iL' -+ hl, hQ) = K(.’ﬂ, hg)K(l’ -+ hg, hl), (262)

the shift operator
SKJ1 : O(R) — C(R)

where h # 0, can be defined by
Sicaf () = K (2, h) f(z + h). (2.6.3)
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2.7 Gaussian Integral

There are many nice definite integrals that can be used to solve a lot of problems.
One of these integrals is the Gaussian integral, or probability integral. It is the
improper integral of the Gaussian function, which is a widely used function in dif-
ferent fields, such as signal processing and statistics. The integral of the Gaussian
function is very important for theory and practice, with the following property

/00 exp(—x?)dr = \/T. (2.7.1)

—00

The Gaussian integral can be generalized to have different forms, such as

o0 2
/ R \/Eeia*c. (2.7.2)
oo a

2.8 Chebyshev Polynomials

Chebyshev polynomials are very useful in different areas, such as numerical anal-
ysis and applied mathematics. We introduce the definition of Chebyshev polyno-
mials of the first kind.

Definition 2.8.1. Chebyshev polynomials of degree n > 0 is defined as
T, (z) = cos(narccosz), x € [—1,1]. (2.8.1)

There is a recursive relation of the Chebyshev polynomials with the following

form
T,1(x) = 22T, () — Tp_1(x). (2.8.2)

Here are the first few Chebyshev polynomials of the first kind

To(x) =1

Ti(z) =2z

Ty(r) = 227 — 1

Ts(x) = 42° — 3z (2.8.3)
Ty(r) =8z* — 82 +1

Ts(x) = 162° — 202 + 5z

Ts(x) = 322° — 482" + 182 — 1
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2.9 Resultant and the Sylvester Matrix

The resultant is an important tool in algebra. It has been used as an alternative
technique other than the greatest common divisor method to find the common
zeros of two univariate polynomials. In this section, we introduce the definition of
the resultant and the related Sylvester matrix.

Definition 2.9.1. Let
f(x) = anz™ + ana2" '+ + @z + ag (2.9.1)

and
9(x) = bpa™ + b1 2™+ -+ b + Do (2.9.2)

be two univariate polynomials of degree n and m with n > 0 and m > 0, re-
spectively, such that their coefficients are in an arbitrary field F. Then the
resultant Res(f,g) is defined as the smallest-degree polynomial of the variables
(aj,j = 0,...,n) and (bj,j = 0,...,m) that vanishes if and only if f(x) and g(z)
have a common zero.

Definition 2.9.2. The Sylvester matrix of the polynomials f and g defined in
(2.9.1) and (2.9.2) is a square matrix with n 4+ m rows and columns. The first m
rows contain shifted coefficient sequences of f and the last n rows contain shifted
coefficient sequences of g, and it is given by

fa, Gn_1 ... @
Ay Ap—-1 .. ao
Ap  CGp_1 ... @
Syllfoa) =1, o ! 0 (2.9.3)
bm bm—l bO
L bm bm—l “ e bo_

The resultant Res(f, g) is connected to the Sylvester matrix Syl(f, g) as follows,

Res(f,g) = det (Syl(f,g)) - (2.9.4)



Chapter 3

Prony Method and its Variations

The Prony method, introduced by Gaspard Riche de Prony in 1795 [17], is a
commonly-used method to recover signals from given samples. Given f(z) =
ij‘il cje”™% in order to recover the frequencies ¢; and their corresponding co-
efficients ¢;, Prony used equidistant sampling points f(lh),l =0,...,2M — 1. The
Prony method has been applied in various fields, and its generalized version in
terms of sparse expansions of eigenfunctions covers all the well-known Prony prob-
lems, which are viewed as its special cases [12 15]. Moreover, Prony Method can

be generalized to reconstruct many types of expansions.

In sections (3.1) and (3.2) we describe the Prony method algorithm in details.
We consider in case ¢; are real, so we have 2M sampling values, while in the case
when ¢; are complex so we have fewer sampling value to recover the parameters
of the expansion f(x). In section (3.3), we describe generalized Prony method in

terms of eigenfunctions of linear operators. Lastly, in sections (3.4) , (3.5) and
(3.6), we describe some variations of this method.

3.1 Prony method with 2)M sample values

The Prony method solves the following classic problem.

Problem P There is an unknown function f(z) that is in the exponential form
M
flz) = che’m’j (3.1.1)
j=1

with M > 1. A set of equispaced sampling values f(lh),l = 0,...,2M — 1 are
given, where h is some positive constant. How to recover the non-zero complex
parameters c¢; and distinct real-valued frequencies ¢; , j =1, ..., M?

21
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0 0.5 1 1.5 2 25 3

Figure 3.1: The blue line shows the function f(z) in (3.2.9) while 6 red stars are
the sampling values.

To solve this problem, we consider the Prony polynomial

Az) =[] (z = ") ZNZ (3.1.2)

j=1
where A;,j = 0,..., M are the coefficients of the monomial terms in (3.1.2) with
the leading coefficient Ay, = 1.

Let us consider the following linear homogeneous difference equation of order
M for the expansion f in (3.1.1) for m = 0,..., M — 1, and we observe that

M M M
Z )\lf(h(l + m Z )\l Z —ih(l+m)¢j _ Z Cje—ihm¢j Z /\le—ihkbj
1=0 Jj=1 Jj=1 =0
(3.1.3)
= Z cje”hmei A(em™her) = 0.
Jj=1 =0
Thus, we obtain the following linear system
M-1
Mf(R(I+m)) = —f(W(M +m)), m=0,1,...M —1. (3.1.4)

=0

From the given sampling values f(lh),l = 0,...,2M — 1, the coefficient vectors
A= (Ao, A1, A M_l)T can be determined by solving the inhomogeneous system
(3.1.4), or the following equivalent matrix form
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£(0) fh) o fM =) [ A F(h(M))
) e hon) || || SGor)
FM = 1)) (D)) .. F(AEM —2))| | Ay F(h(2M — 1))
(3.1.5)

Notice that the coefficient matrix of the system (3.1.5), denoted by H =

(f(h(l+ m))%:lo, is an invertible matrix since it has a special Hankel structure,

which allows us to factorize it as a matrix product of one diagonal matrix sand-
wiched by two Vandermonde-type matrices. Specifically,

M-1

H = (f(0a-+m))

1,m=0

M
_ ( Z Cjezh(ler)d)j)
I,m=0
M
_ ( Z Cje—ihmqu .e—ihlqﬁj)
I,m=0

M-1 M-1
— (Cjelhmd)j) ) (ezhl¢j>
m=0,j=1 j=1,1=0

M—1 M-1
= (e‘th¢f) daig(cy, ..., car)- (e‘ml‘z’f)
m=0,j=1 j=1,1=0

= VTdiag(cy, ...,cn)V,

M—-1

M-1

(3.1.6)

where V' = (e’“hd)j)%;é is a Vandermonde-type matrix, which is non-singular for

distinct ¢;’s, and ¢y, ...c)r are non-zero.

By solving the system (3.1.5), we can find the coefficients \; of the Prony
polynomial A(z). It follows that the unknown frequencies can be extracted from
the zeros of A(z), represented as z; = e "% with h¢; € (—m, 7| for j =1,..., M.
ie

—Im(In(z:
;= M j=1,.., M. (3.1.7)

Finally, the coefficients ¢;,j = 1,...,M can be determined by solving the
overdetermined Vandermonde linear system

M
Fh) = ™ 1=0,..,2M —1 (3.1.8)
j=1
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or its equivalent matrix form

1 | . 1 o £(0)
e~ the1 e~ thez e e~ them Ca f(h)
p-i@M-Dhé)  —i2M-Dhos  o—i(2M—1hén Cj.w f((QM.— 1))

Algorithm 1 Prony method with 2M sample values.
Input:

e Sampling values f(lh),l =0,...,2M — 1.
e Choose sampling size h such that h¢; € (—m,7|,Vj € {1,...,M}.
Calculation:

e Solve the inhomogeneous linear system
H\=—-F,

where H = (f(h(l + m)))%{zlo is a Hankel matrix, A = (\)¥, and F =
(f(h(L+ M)

e Find all the zeros z; := e"% j =1,..., M of the polynomial

M
A(z) = Z N2
=1

and then find ¢;,7 =1,..., M from z;’s.

e Find the unknown coefficients ¢;,j = 1, ..., M by solving the Vandermonde
system

M
D e = f(lh), 1=0,..,2M — 1.
7=1

Output:

e pjandcj,j=1,..., M.
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3.2 Prony method with M + 1 sample values

In section(3.1), we showed that the coefficients ¢; and the frequencies ¢;,j =
1,..., M can be recovered by 2M equidistant sampling values where the coeffi-
cients ¢j,j = 1,..., M are assumed to be complex parameters. If we know that
the coefficients ¢;’s are all real, then we only need approximately one half of the
sampling values, as described in the following problem.

Problem R There is an unknown function f(z) that is in the exponential form

M
flx) = che_imj (3.2.1)

with M > 1. A set of equispaced sampling values f(lh),l = 0,..., M are given,
where h is some positive constant. How to recover the non-zero real parameters
c¢; and distinct real-valued frequencies ¢; , 7 =1,..., M7

Observe that the expansion (3.2.1) satisfies the conjugate symmetry property

M

f(=z) = cheimj = m, (3.2.2)

and this property can help us to derive many sampling values from the given ones,
more specifically, we can get f(—(h) from f(lh). Therefore, the coefficients ¢; and
the frequencies ¢;,7 = 1, ..., M can be recovered by using fewer sampling values:

f(0), f(h),..., f(Mh), which can still provide us the needed 2M + 1 sampling
values for the calculation.

Let us take our sampling values f(lh),l = —M,...,—1,0,1,..., M, by applying
the conjugate symmetry property (3.2.2) the sampling values f(lh),l = =M, ..., —1
can be calculated from the sampling values f(lh),l = 1,..., M where h assumed
to be a positive constant as before satisfies ho; € (—m, 7].

Thus, M + 1 sampling values are sufficient to recover all coefficients ¢; and the
frequencies ¢;,j =1,..., M in (3.2.1).

As in the section (3.1), we consider the Prony polynomial

M

Az) =[]z =e ™) => N2, (3.2.3)
=0

j=1

where \;, 7 = 1,..., M are the coefficients of the monomial representation (3.2.3)
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Let us consider again the linear homogeneous difference equation of order M
for fin (3.2.1), then for all m = 0,..., M — 1 and A\y; = 1, we observe that

STNF(R(—m)) =D N e hmmo = N7 geitmos Ny emiie;
1=0 =0 j=1 j=1 1=0
v (3.2.4)
— ithmo; A —the;\ _ )
; cje \E\E—l 0
Thus, we obtain the following linear system
M-1
S Nf(h(I=m)) = = f(h(M —m)), m=0,1,..,M—1. (3.2.5)
1=0
or its equivalent matrix form
£(0) F(h) FOM =D T g F(h(M))
f(h) f(0) FM=2h)| 1 A | [ f(MM =1))
F((M =1)h) (M —2)h) £(0) A1 f()
(3.2.6)

We also note that the coefficient matrix of the system (3.2.6), T = (f(h(l —
m)))%n—:lo, is no longer a Hankel matrix as in the section (3.1), but it has a Toeplitz
structure, which is also invertible. The matrix T' can be factorized into a matrix
product of a diagonal matrix sandwiched by two Vandermonde-type matrices as

follow:

M-1

M
— ( Z Cjeihm(z)j .eihl¢j>
I,m=0

M-1 M-1
= | ¢ ezhmqu) . <e—zhl¢j)
m=0,j=1 j=1,1=0
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M-1 M-1
= (e’hm¢j) daig(cq, ..., Car)- (e"hl¢j)

m=0,j=1 j=1,1=0 (3.2.7)
= V*diag(cy, ..., cm)V,

where V' = (e*”h%)%;é is a Vandermonde-type matrix.

Again the solution of the system (3.2.6) provides us the coefficients A; of the
Prony polynomial A(z), and by using (3.1.7) we can extract the frequencies ¢;.

Finally, the coefficients ¢, 7 = 1,..., M can be determined by solving the linear
system

M
Fh) = e 1=0,.., M. (3.2.8)
j=1

Algorithm 2 Prony method with M + 1 sample values.
Input:

e Sampling values f(lh),l =0,..., M.
e Choose sampling size h such that h¢; € (—m,7|,Vj € {1,...,M}.

Calculation:

e Calculate f(—lh),l =1,..., M using f(—lh) = f(lh).
e Solve the inhomogeneous linear system
TA=—F,

where T = (f(h(l —m)));'}-2 is a Toeplitz matrix, A = (A)}, and F =
(f(R(M = 1)

e Find all the zeros z; := €%, j = 1,..., M of the polynomial

M
A(z) = Z N2
I=1

and calculate ¢;,7 =1,..., M from z;’s.




CHAPTER 3. PRONY METHOD AND ITS VARIATIONS 28

e Find the unknown coefficients ¢;,j = 1, ..., M by solving the Vandermonde

system
M
> cje = f(1h), 1=0,..,M.
j=1
Output:

e ¢p;andcj,j =1,..., M.

To illustrate the algorithm, let us consider a simple signal

flz) = fi(x) + fa(x) + f3(x) (3.2.9)
with three components
fi(z) = e, ¢ = =35, ¢ =15
fo(x) = cre™™92 ¢y = 0.8, ¢y =4 (3.2.10)
fg({[') = cle_iwi”, C3 = 25, §b3 = 5.5.

The table (3.1) shows the absolute reconstruction errors |c; — ¢j| and [¢; — ¢}
where ¢} and ¢} are the reconstructed parameters and frequencies respectively.

¢ |l @ |¢j — ¢ ¢ — &7
-3.5 || 1.5 || 5.6344.10~* || 6.6613.10~16
0.8 4 1.2610.1071 || 7.1054.10~1°
2.5 || 5.5 || 8.0351.10~* || 3.5527.10~1°

W N | .

Table 3.1: Parameters of the function f(x) in (3.2.9) and approximate errors with

h=0.5.

3.3 Prony method for sparse expansion of eigen-
functions

In this section, we review the generalized Prony method [12]. The Prony method
can be generalized to reconstruct different expansion functions.
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Given a normed vector space V over the complex number field C, and given a
linear operator

AV =V, (3.3.1)

where A is assumed to possess eigenvalues. Assume that A = {)\;,j € I} is a
(sub)set of pairwise distinct eigenvalues of A with suitable index set I. We also
assume W = {v; : j € I} such that there is a unique correspondence between
eigenvalues \; and eigenfunction v;, i.e

Av; = \jv;, forall jel. (3.3.2)

The M-sparse expansion f of eigenfunctions of the operator A has only M-non
vanishing terms, i.e

f=) ¢u;, with JcCland |J|=M. (3.3.3)
jet
Moreover, we assume that there exists a linear functional

F:V-=C (3.3.4)

such that Fv; # 0,Vj € I. Then, by the Prony method (see [12]), the ex-
pansion f in (3.3.3) can be uniquely reconstructed from 2M sampling values,
F(Af),1=0,....2M — 1.

Since the above setting is very general, we can use it as a framework to solve a
large number of sparse expansion problems. We would like to formulate it as the
following problem.

Problem O There is an unknown function f(x) that is in an expansion of the
eigenfunctions {v;,j € J} of a linear operator A as follows,

M

flz) = chvj. (3.3.5)

jed

Assume that there exists a linear functional F : V — C with Fv; # 0,Vj € [I.
How to recover the non-zero complex parameters ¢; from 2M sampling values,

F(Af),1=0,....2M — 17

As in the classical Prony method we introduce Prony polynomial

P(z)=[JGz=X\) =D _m? (3.3.6)

jeJ
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where the zeros A;, j € J of the P(z) in (3.3.6) are the eigenvalues corresponding
to the active eigenfunctions v;,j € J with py, = 1. By using the expansion f in
(3.3.5), and for m = 0,1..., M — 1, we can see that

Zpl]:(Al+mf) = ZPZF<ZCj)\§+mUj> Z (Zpl )J:U]
1=0 (3.3.7)

=0 jeJ jedJ

—ch A;j) Fo; = 0.

Jj€J -0
Thus, we obtain the following linear system
M-1

> nF(ATT ) = —FAMT), m =0, M — 1. (3.3.8)

Therefore, the vector of coefficients p = (po, ..., par—1)7 can be determined by
solving the inhomogeneous linear system

Hp=-G, (3.3.9)

where G := (F(AMT H)M-L and H := (]-(A”mf))%l—:léM_l, and the matrix
H has a Hankel structure, which is invertible since it can be written as

H = ‘f,\diag(cj)jeJ.diag(fvj)jGJVAT, (3310)

where V = (\HMo 0. 16 ; is of the Vandermonde-type.

By finding the coefficients (p;,l = 0, ..., M — 1), we can extract the eigenvalues
Aj,j=0,...,M —1 from the Prony polynomial (3.3.6), and since Av; = \;v;, the
eigenfunctions v; can be determined.

Finally, the coefficients ¢;, j € J of the expansion (3.3.3) can be computed by
solving the Vandermonde linear system

=> My, 1=0,...,2M 1. (3.3.11)

jedJ

Algorithm 3 Prony method for the sparse eigenfunction expansion (3.3.5).
Input:

e M e N.

e Sampling values F(A'f),l =0,....,2M — 1.
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Calculation:

e Solve the inhomogeneous linear system
Hp=-G, (3.3.12)
where H := (F(AT™ )M LMY and G = (F(AMm f))M-L

e Find all the zeros A;,j = 1,..., M of the Prony polynomial (3.3.6), and then
compute the corresponding eigenfunctions v;, j € J.

e Iind the unknown coefficients ¢;,j = 1, ..., M by solving the Vandermonde
system

FAF) =D eMvy, 1=0,...2M —1.
jed
Output:

e ¢cjand vj,j € J.

3.4 Non Uniform Spline Expansion

The original Prony method used to determine the parameters and the frequencies
of the exponential sum. In [19, 30] a nice technique has been used to convert
the B-spline expansion to the exponential sum and then apply the original Prony
method to determine the coefficients and the frequencies. In this section, we re-
view this technique.

Let
M
fla) = 30N (o)

where Ni"(z) are the B-spline of order m as defined in (2.4.1) of section(2.4). We
consider the following spline expansion problem.

Problem By There is an unknown function f(x) that is in the spline expansion
form

flx) = chij(:c) (3.4.1)
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with M > 1. Assume that the B-splines {N}"(z),j = 1,2,..., M} are defined on
the knot sequence {¢1, P2, ..., rrim} on the interval [a, b] satisfying

a:¢1:"':¢m<¢m+1<"'<¢M<¢M+1:"':¢M+m:b~

If we are given the M + m Fourier sampling values f (lh),l =1,..., M + m, where
h is a positive constant satisfying h¢; € (—m, 7], how to recover the non-zero real
parameters ¢j, 7 = 1,2,..., M and distinct knots ¢, 41,...,¢n7

3.4.1 Reconstruction of Characteristic Expansion

Let us consider the expansion of the form
M
fl@) = ¢N} (), (3.4.2)
j=1

where N/ (x) are characteristic functions as defined in (2.4.2), and ¢j,j = 1,.., N
are distinct real coefficients.

By applying Fourier transform to (3.4.2), discussed in section(2.2), we can get
(see [19, 30]).

£ 1 —iw —iw
@-L[SSaemn Fa e
j=1 =2
. M1 (3.4.3)
= — cgl]e whi W #0
1w |

with cg»l] =cj—¢_y,j=1,.., M +1, and with ¢j = ¢p,,, = 0, from the assump-

tion that cg»l] #0,j=1,...M+1.

Let
M+1

P(w) = (iw)f(w) = Z cg»l}e_i“"bj (3.4.4)

j=1
Prony method can be applied to the expansion (3.4.4) to recover the coefficients

c} and the frequencies ¢;,j5 = 1,..., M + 1 uniquely. Since the coefficients c;, j =
1,..., M + 1 assumed to be real as in the section(3.2), then we have

P(lh) = (ilh) - f(Ih), 1=1,..,M+1,
P(=lh) = P(h), 1=1,..,M+1, (3.4.5)
P(0) =0,
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where h is assumed to be a positive constant that satisfies h¢; € (—m, 7).

Finally, the coefficients c ,J =0,..., M can be obtained by using the following
recursion

C% [1]
n (3.4.6)
C;- — ] 1 _|’ C

3.4.2 Reconstruction of Non Uniform Spline Expansion

Let us now consider the spline expansion when m > 1

M
=Y N () (3.4.7)
j=1

In order to apply the Fourier transform and recover the parameters Cgo] and

knots ¢; of the expansion (3.4.7), we need to compute the derivatives of B-spline
functions.

The first derivatives of B-spline functions N;* when m > 3 are given by (see
[30] page 23).

N (x) Nj5 ' ()
N™(z) = (m—1) - ! - . 3.4.8
(N7 ey = (m = 1) <¢j+m_1 R (348)
Indeed the kth derivative of the expansion (3.4.7) can be computed by
M+k
9 (z Z AN (g (3.4.9)

where the coefficients cg-k], j=1,..M + k can be recursively computed by

—k _ _
M= (m—¢> (e ey (3.4.10)
J

¢j+m—k -

with cff 7 = — o,

Note that when k = m—2, the kth derivative f*) of spline function is piecewise
linear functions which is not differentiable at the knots. In order to compute the
derivatives of B-spline of order one and two,i.e (m = 1,m = 2), we need to take
the distributional derivative (see [30] lemma 3.5 and lemma 3.6, page 25) .
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The m-th derivative of the expansion f in (3.4.7) can be derived as a linear
combination of weighted Dirac distributions

M+m

Z c"o(z — ¢y). (3.4.11)

Hence, by using the properties of Fourier transform discussed in section (2.2), then
the Fourier transform of (3.4.11) can be given by

M+m

P(w) = (iw)™ f(w Z ¢ le=iwds (3.4.12)

[m]

The coefficients ¢;* and the frequencies ¢;,7 = 1,..., M + m of the expansion
sum (3.4.12) can be uniquely recovered by using M + m Fourier sampling values
f(lh),l = 1,...,M 4+ m, where h is assumed to be a positive constant satisfies

ho; € (—m, .

Indeed, as in the section(3.2), P(w) has the conjugate symmetry property since

[0] ,j=1,....,M +m are assumed to be real-valued coefficients. Then we have

P(~w) = (=iw)"™ f(-w) = ((iw)™ f(w) = P(w). (3.4.13)

Therefore, we need just M 4+ m Fourier sampling values in order to recover all the
parameters. Also, one can verify that P(0) = 0.
Finally, the coefficients )

i +J = 1,.., M can be computed by the following
recursion formula

( [lm] for k=m,j=1,
k—1] [m] + c[mll] for k=m,j=2,....M+m-—1,
G = —‘b”:l_’“k 2 c[lk] for k=m-1,..,1,7=1,
Giem b0 ) W I for k=m—1,.,1, =2 M+k-1

(3.4.14)

3.5 Reconstruction of Cosine Expansions Using
the Chebyshev Polynomial

Let us consider the expansion of the form

r) = ch cos(op;x), (3.5.1)
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where ¢;’s are non-zero coefficients and ¢;’s are real-valued frequencies for j =
1,...,M. We want to reconstruct ¢; and ¢; in (3.5.1), with the frequencies ¢;
assumed to be in the range [0, K) C R and h = %, [17]

Using the symmetric shift operator defined in (2.6.1), we have

Sh.—n cos(¢px) = = | cos(¢(x — h)) + cos(p(x + h)) | = cos(ph) cos(pzx). (3.5.2)

N | —

We observe that {cos(¢h), ¢ € C} is a set of distinct eigenvalues of the symmetric
shift operator Sy, _p,.

The expansion f in (3.5.1) can be uniquely reconstructed using 2M sampling
values f(kh + x¢) for k =0,...,2M — 1, and xy € R.
The Prony Polynomial can be defined as

M

A(z) = [](z = cos(hey)). (3.5.3)

j=1
This polynomial can be written in terms of the Chebyshev polynomial of the
first kind of degree [ as follows

2)=> NTi(2), (3.5.4)

where T)(z) := cos(l cos™ ( )) We note that the leading coefficient of the Cheby-
shev polynomial T;(z) is 27!, then by the definition of the Prony polynomial A,
we have \y; = 217M,

Then we observe for m =0, ..., M — 1 that

i)\l((&h,—m) Smn f (o ) ZA1< flxo+ (m+Dh+ flzg+ (m l)h))

== Z Y Z (cos ¢j(xo + (m+1Dh)) + cos(d;(xo + (m — l)h)))

M:

¢cj cos(¢j(xo + mh)) Z)\l cos(¢p;lh)

j=1 =
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M
¢; cos(¢; (g +mh)) Z)\TZ cos(¢;1h)) = 0. (3.5.5)

||M§

S

v~

=0
Then for zq = 0 we have the following linear system

Y (f(xo—i-(m+l)h+f(x0+(m—l)h)) = 2" M f(zo+(M+D)h+f (xo+(M—1)h).
=0
(3.5.6)

We also note that the signal f is an even function, therefore the sampling
values f(kh),k =0,...,2M — 1 are enough to build this system.

H = (f((m+l)h) + f(m - Z>h>)M_1

m,l=0
M M-1
3.5.7
=2 ( Z cj cos(p;mh) cos(gf)jlh)) ( )
j=1 m,[=0
= 2Vdiag(c;) L, VT,

We observe that the terms cos(¢;h) are non-zero and distinct, therefore the matrix
H is always invertible.

For g # 0, we have also invertible matrix, (see [17]), but we need 4M — 1 sam-
pling values f(xo+hk), k= —2M +1,...,2M — 1 for zy € R and ¢;h # (2k+1)3
to recover the parameters and the frequencies in (3.5.1).

By having the coefficients of the Prony polynomial, we can extract the zeros
cos(he;),j = 1,..., M. Finally, the coefficients ¢;,j = 1,..., M can be found by
solving the following linear system

M
f(xo+ hk) = Z cjcos(p;(xo + hk)), k=0,..,2M — 1. (3.5.8)

3.6 Reconstruction of Expansion of shift Gaus-
sian

We end this chapter by reviewing the reconstruction of the shifted Gaussian, which
has the form [16]
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= chg(a: ch i), (3.6.1)

where § € C\{0}, has been reconstructed by using the generalized shift operator
defined in (2.6.3).

Let us consider K (z,h) := M2 +h) where 8 € C\{0}, such that K satisfied
(2.6.2), then by (2.6.3) we can see

(Sicne P 6) () = PhOZHN) =BG~ @HN _ 2B05h,—B(6—0)", (3.6.2)
Therefore e=#¢=%)’s are eigenfunctions of Sk, for all ¢; € R.

The expansion f in (3.6.1) can be reconstructed using 20 sampling values
f(xo+ hk),k =0,...2M — 1, y € R is an arbitrary real number. If Ref # 0,
then h € R\{0}, Whlle if Ref =0 then 0 < h < where ¢; € (=L, L) for
7 =1,..., M for some given L.

2[Imp|L B\L’

The Prony polynomial can be defined as:

S

M
= H(z — M%) = Z PYEN (3.6.3)
=0

Jj=1

where \; are the coefficients of the monomial representation A(z) with Ay, = 1.
Then we have the following linear system

M-—1
)\leﬁh(l-l-m)(?xo-l-h(l-‘rm))f(l,o + h(l + m))
=0

(3.6.4)
= —AMEM)CoothUHM) £ (0 4 B(I+ M)) m =0,1,...,M — 1.

Therefore, the vector of the coefficients A := (), ..., \ayy_1)? can be obtained
by solving the inhomogeneous system

H)\= -G, (3.6.5)

M-1,M-1

where G := ((8K7(M+m)hf)($o))M o > and H == ((Sk,a4m hf)(x0+(l+m)h))lmzo

Y
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which is a Hankel matrix and invertible.

M-1
H: = ((SK,(l+m)hf) (330 + (l + m)h))lymzo
M-1
= (K(mo, I+ m)h)f(xo+ I+ m)h>
1,m=0
M M-1
_ (eﬁh(l+m)(2xo+(l+m)h) Z Cje—,é’(wo-‘r(l-‘rm)h—qb]-)Z) (366)
j=1 ,m=0
M M—-1
N ( Z Cjeﬁ(xo%)zewwm)wj)
j=1 I,m=0
= Vdiag(c;e 020"y T,
with the Vandermonde matrix
1 1 . 1
2Bhor e2Bhdr  2Bhon
V =
62(M—.1)Bh¢1 62(M—‘1)ﬁh¢2 62(M—i)ﬂh¢M

Finally, the coefficients ¢; of the expansion (3.6.1) can be computed by solving
the following linear system:

M
flro+1h) = cjePlo=dit® 1 —q oM —1. 3.6.7
J

=1



Chapter 4

Generalization of Prony Method

In the recent years, Prony method has been generalized for reconstructing different
signal models using different techniques. By using suitable linear operator, signal
models can be represented as sparse expansions of eigenfunctions. In this chapter,
we provide some new generalizations of the Prony method.

In sections (4.1), (4.3) and (4.4) we use frequency domain in order to re-
construct the exponential sums (3.6.1), the cosine expansions (4.3.1) and non-
stationary signal (4.4.1). In section (4.5) we use variable substitution to recover
some expansions such as Gaussian expansion. In section (4.6), we use the poly-
nomial of differential operator to reconstruct the exponential sums and the cosine
expansions. In section (4.7), we reconstruct the Gaussian expansion using differ-
ential operator. In section (4.8), we define a new operator in order to reconstruct a
new model (4.8.1). Lastly, in section (4.9),we provide some numerical experiments.

4.1 Reconstruction of Exponential Sums Using
Short Time Fourier Transform

Let us consider a function f(x) to be recovered in the exponential form

M
f(z) = chem’j (4.1.1)

for non-zero complex parameters c¢; and distinct real-valued frequencies ¢;, j =
1,....M with M > 1.

We use the frequency domain to recover the parameters c; and frequencies ¢;
,j=1,..., M. First we compute the STFT of (4.1.1) as follows:

39
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o [ M
STFT(w,T) = / (cheix¢f>w(x —T)e “dy
= \ o

M o0 . .
= E cj/ eiw(z — 1)e ™ dx
j=1 Y

By using a Gaussian window defined by

then we observe that

M
1 > (177)2 e
STFT(w,7) = —=Y ¢ / o i gy

=1 e
1 U 2
~ o Z Cj\/ﬁef%(%’w’”/”%t;?
2w g

Assume that 7 = 0 and o = 1 we have

M
P(w) = STFT(w,0) = Y _ ;e 2@,
j=1

40

(4.1.2)

(4.1.3)

(4.1.4)

(4.1.5)

This model is related to the model in (3.6.1) when 8 = ;. Therefore, the
coefficients ¢; and the frequencies ¢; in the expansion (4.1.1) can be recovered by

using 2M short time Fourier sampling P(w),w =0, ...,2M — 1.

Algorithm 4 Reconstruction of exponential sums using short time Fourier trans-

form (4.1.1).

Input:

e Number of terms M.

e Short time Fourier sampling, P(wo + (h),l =0,...,2M — 1 ,using (4.1.5).

e Choose sampling size h.
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Calculation:

e Solve the inhomogeneous linear system

H\=—-F,
where H = ((SK l+m)hP>(w0))lM joM 1

and F' := ((SK M+m)hP)(w0))M 01

is a Hankel matrix, A = (Al)lj\io_l

e Find all the zeros z; := €%, j = 1,..., M of the polynomial

M
=2 N

=1
and calculate ¢; from z; for all j =1,..., M.

e Find the unknown coefficients ¢;, 7 = 1,..., M by solving the linear system

P(wo +lh) = cje 3l ¢7+w°_lh)2, [=0,..,2M — 1.

M:

j=1
Output:

e ¢p;andcj,j =1,..., M.

4.2 Reconstruction of Mixed Expansions Using
Generalized Shifted Operator

In order to reconstruct cosine expansions that will be introduced in the next two
sections, we first reconstruct the mixed expansions of the form

M M
) = c.e Bldi—)? + c.eBdite)? 491
3 3
s j=1

to recover the unknown coefficients ¢; € C and ¢; € R, j =1,..., M.

Let us consider K (z,h) := e#"2**+h) where § € C\{0}, such that K satisfies
(2.6.2). Then by using the operator Sk, defined in (2.6.3) we have the following
properties:
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(5K7h676(¢j*-)2)($) — Bh2zth) = B(dj—(a+h))? _ e2ﬁ¢jh€ﬂ3(¢rx)27 (4.2.2)

(SK,he‘ﬂ(‘ﬁf*')rz)(x) — Bh@ath) o =B(bj+(+h)? _ 2B¢5h,—B(b;+2)* (4.2.3)

Clearly e #(=%) and e #(+%) are eigenfunctions of Sk for all ¢; € R.

The expansion f in (4.2.1) can be reconstructed using 4V sampling values
f(zo+hk),k=0,...,4M —1, where xy € Ris an arbitrary real number. If Ref # 0,
then h € R\{0}, Whlle if Reﬁ = 0 then 0 < h < g7, where ¢; € (—L, L) for
j=1,..., M for some given L.

The Prony polynomial can be defined as:

E

A(Z) _ ﬁ 2hﬁ¢] H 2hﬁ¢>J

J=1 J=1

2 (4.2.4)
=|lz- 2h,3p] Z Nzl
j=1
where |
e { _¢jf/i: }\/[§<jj§§]\/2[j\/[’ (4.2.5)

and \; are the coefficients of the monomial terms in A(z) with A\yp; = 1. Then we
can derive

Z NSk, (14mn ) (wo) Z e Hm)(zxﬁh(Hm))f(a?o + h(l +m))

=0
2M

_ Z )\leﬁh (I4+m)(2zo+h(I+m)) (Z ¢ e B(¢;—(zo+h(I+m)))?

=0

M
£y Cje—ﬁ(¢j+(ro+h(l+m)))2>
j=1
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2M
_ ZA Bh(l+m) (2o+h(1+m)) Zc e B(bi— (zo+h(l4+m)))?
=0 j=1
2M M
+ Z A B m) (2zo+h(l+m) Z Cj6—5(¢j+(xo+h(l+m)))2
=0 j=1
M
= < Z Cje5($0+hm¢j)2€5hm(2xo+hm))
j=1

2M
. <Z )\l6_6(h212+2hl(1’0+mh—¢j))eﬁhl(2x0+h(l+2m)))
=0

(Z cje B(wo+hm+¢;)? ﬁhm(2w0+hm)> (426)

oM
) (Z )\l6—5(h252+2hl(zo+mh+¢j))eﬁhl(2z0+h(l+2m)))
1=0

<ch€ (wo+hm— ¢J)2 Bhm(2xo+hm) ) (Z A eZBhld)J)

—0

M
(ZC e (:(:0+hm+¢g) ma 21‘0+hm> (Z)\le 2/3hl¢a> = 0.

7j=1

=0
Thus, we obtain the following linear system

2M—1
Z )\leﬁh(l+m)(2$o+h(l+m))f(xo + h(l + m))
=0
= —Phm+2M)Qeoth(m+2M)) (40 4 h(m 4+ 2M)) m=0,1,...,2M — 1.

(4.2.7)

Therefore, the vector of coefficients A := (Ag, ..., Aaas_1)7 can be obtained by
solving the inhomogeneous system

H\ =-G, (4.2.8)

2M—1 2M—12M—1

Where G = ((SK M+m)hf)<330)) —0 and H = ((SK,(l+m)hf)($0))l7m:0
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is the Hankel matrix, which is invertible since,

2M—1

H:= <K(x0, h(l+m))f(zo+ h(l + m))

I,m=0

M M 2M—1
_ (eﬁh(l+m)(2$o+h(l+m)) [Z cjeP@—(@oth(+m))? 4 Z Cje—ﬂ(Tj+($o+h(l+m)))2] >

j=1 j=1 I,m=0

M
— ( Z Cjeﬁh(l+m)(2x0+h(l+m))e—ﬁ(¢j_(x0+h(l+m)))2

7=1
M 2M -1
+ Z Cjeﬁh(l+m)(2xo+h(l+m))eB(¢j+(mo+h(l+m)))2>
Jj=1 I,m=0

2M—1

M M
= <Z cje_ﬁ(qb]_-’EO)th(l“rm)d)] + Z Cje_ﬂ(¢1+x0)26_h(l+m)¢j>
= =t 1,m=0
— Vhdiag(cjefﬁ(d)j*xO)Q _'_ Cjefﬁ((z)j‘i’xo)Q)V;]; — .ViLDVI-_LT
(4.2.9)

with Vandermonde block matrix

V), = (%—%)) (4.2.10)

where
1 1 1
o2Bh1 o26hds  2Bhon
A=

E2(M=1)Bhér  2AM=DBhés  2(M—1)Bhén
1 1 1

¢ —2Bhor e—2Bhés  o—2Bhén

B =
e—2(M=1)Bhé1  ,—2M-1)Bhés  o—2(M—1)Bhén

and the diagonal block matrix
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Cle(¢l_$0)2 O
T C]\Je((i)M_fBO)2

D=
\‘ O cle(¢1+x0)2

(4.2.11)

. CM6(¢M+IO)2 ‘

Finally, the coefficients ¢; of the expansion (4.2.1) can be computed by solving
the following linear system:

M M
flaotlh) = " cjePertmomtP LN = omf@rteoti® ] =0 AM—1. (4.2.12)
j=1 j=1

Remark. The parameters that we need to recover in the expansion (4.2.1) are
M coefficients and M frequencies, but in the calculation we get 2M coefficients
and 2M frequencies. As a result we have repeated coefficients c;’s, and pairs of
opposite frequencies (¢;, —¢;)’s.

Algorithm 5 Reconstruction of Mixed Expansions Using Generalized Shifted
Operator (4.2.1).

Input:

e Number of terms M.
e Sampling values , f(xg+1h),l =0,....,4M — 1.
e Choose sampling size h.

Calculation:

e Solve the inhomogeneous linear system

HM= —F,
where H := ((SK(Hm)hf)(xo))lmnf;é’ZM_l is a Hankel matrix, X = (\)2{~"
and F = ((SK,(QM—&—m)hf)(xO))fn]\igl-

e Find all the zeros z; := e*"#Pi j =1,...,2M of the polynomial

2M
A(z) = Z N2
I=1

and calculate ¢; from z; for all j =1,...,2M.
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e Find the unknown coefficients ¢;,j = 1, ..., M by solving the linear system

M M

To + = cje TR 2—1— cje T\ 2, =0,..., — L

f 1h . B(¢dj+xo—Llh) : B(dj+xo+lh) l 0 AM 1
j=1 j=1

Output:

e ¢p;andcj,j =1,..., M.

4.3 Reconstruction of Cosine Expansion Using
Short Time Fourier Sample

One of the most commonly used expansions , specially in practice, in signal pro-
cessing is the cosine expansion. This expansion has been used to illustrate for
example the Empirical Mode decomposition (EMD) experiments . In this section,
we use a new technique to recover the parameters using Fourier data.

Let us consider our expansion in the form of

M
Fla) =D cicos(o2), (13.1)
j=1
for non-zero complex parameters ¢; and distinct real-valued frequencies ¢; , j =
1,...,M with M > 1.

In order to recover the parameters in the expansion f in (4.3.1) , we use the
short time Fourier data. First, we use the representation of the short time Fourier
transform ( STFT), defined in (2.3.1) to derive the transform of f in the frequency
domain.

Now, let us compute the STFT of the expansion (4.3.1)
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STFT(w,T)

o0 ]:1
1 M ) 1 M 00
— 5 Z C] / el¢]$e waw(x — T)dl' + 5 Z Cj / e Z¢]736 ZLwa(x . T)dl‘
j=1 — j=1 -
M M
1 OO 1 *
=5 Z ¢ / Py (x — 7)dx + 5 Z ¢j / e~ ity (2 — 1) da
j:l —0 j_l —o0

j=1 o
M
+§_2§ cj e 2 T gy
™ = —c0
J=1
1 = [™
= =29 / ¢ e B T g
™ Lo
J=1
M o
2. ; 2
n 1 ch 67;—271(¢j+w+%)x72ijdl_
8 < oo
J=1
M 9 qu—o.; ’LT/G 7_2
= — E 2mo2e 2 2
8T
Jj=1
M o2
]_ 2 ¢j+w+rr/0 2 2
) h e N P R sl
+—8 g cjV2mo?e o= 2 )30
T
J=1
M ) M )
o 7202(¢j—w—27/02)27i o 7202(¢j+w+17/02)2,i
= E E cse 2 202 —|-§ E cje 2 202
j=1 j=1
M ~ _20_2(¢j_“" 7,7-/0- g 2(¢]+w+z‘r/a' )
= g cje 2 2a2 + g cje

(4.3.3)
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By setting 7 = 0 and o = 1, we have

M
P(w) = STFT(w,0) = Y _ e 20" +Zc e 2@’ e R (4.34)

7j=1 7j=1
This model is related to the model in (4.2.1) when 3 = 1. In the same way as

described in section (4.2), the coefficients ¢; and the frequencies ¢; in the ex-
pansion (4.3.1) can be recovered by using 4M short time Fourier sampling values
Pw),w=0,...,4M — 1.

Remark. Similarly, the sine expansions of the form
M
x) = Z ¢; sin(¢;x) (4.3.5)
j=1

can also be reconstructed by using the method described in section (4.3).

Algorithm 6 Reconstruction of Cosine Expansion Using Short Time Fourier
Sample (4.3.1).
Input:

e Number of terms M.

e Sampling values , P(wy + lh),l =0,...,4M — 1 using (4.3.4).

e Choose sampling size h and arbitrary number wy.
Calculation:

e Solve the inhomogeneous linear system

HMA=—F,
where H := ((SK,(z+m)hP) (wo))??ﬁ;;’szl is a Hankel matrix, A = ()\1)12%_1
M—
and F = ((Sk,vemnP)(wo)) o

e I'ind all the zeros z; := ei j=1,...,2M of the polynomial

2M
= E )\ZZZ
=1

and calculate ¢; from z; for j =1,...,2M.
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e Find the unknown coefficients ¢;,j = 1, ..., M by solving the linear system

flwo +1h) = Zce 2(9;two—1h)? +Zce 2(@twotih)® AN — 1.

Output: ¢; and ¢;,j =1, ..., M.

4.4 Reconstruction of Non-stationary Signals with
Quadratic Phase Functions Using Short Time
Fourier Transform

In this section, we extend the cosine expansion to reconstruct a non-stationary
signal of a special form. We use the same idea that we used in the previous
section. For this end, we consider our signal in the following form

f(z) = Z cjcos(x? + ¢;x) (4.4.1)

for non-zero complex parameters c; and distinct real-valued frequencies ¢; , j =
1,...,M with M > 1.

First, we compute the STFT of the expansion (4.4.1) as follows:

[e.9]

M
(Z c; cos(x? + (bﬂ:)) w(r — 7)e “dy

7=1

STFT(w,7) = /

—00

=/Z(

1, . . .
¢ [5( i(z2+¢;7) + —l($2+¢j1‘)):| ) U)(I . T>6—zw$dx

/ (I T) +i(z +¢] iwxdm

—i(x —l—qb] iwxdl,

ﬂ\ -
IIME ||M§ \\Mz
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2
/ (=202 20 g +(Z¢J71w+ Jr— dr

/ o~ (28202 4 (igy it Tp)o— T

\/_ Z \/_\/362(1 220' 7,)( ¢j*iwfoi2)27%
2

Z eV 2my | — e a3 (4.4.2)

1+202

2 T
\/ E cje 2-2%) 2m) (3 “’12)_7
1—202
2 72
C]e 21+20’ 'L) ¢]+w i 2) T 252
V1—|—2azz
M 2

2_ T ~ ‘772 . _ s T \2_ T
§ T 2(1-202%) Ry (¢j—w—i3) ~57 + § 6j€_2(1+202i)(¢J+w i2) 5.2

j=1
By setting 7 = 0 and 0 = 1, we have

( ) STFT(,U () ZC e 2(1 1) (¢j—w)? +ZC e 2(1+21)(¢]+w)
(4.4.3)

:Zéj@ 10 (‘z’j_“’) +ZC e 1 ¢J+"-’
j=1

. 51 [142i
and ¢; = 54/ ¢y

~ 1 [1-2
where ¢; = 54/ =

This model is related to the model in (4.2.1) when 3 = 122t and therefore the
parameters c¢; and ¢; can be reconstructed using 4M short time Fourier sampling

values.
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Algorithm 7 Reconstruction of Non-stationary Signals with Quadratic Phase
Functions Using Short time Fourier Transform(4.4.1).

Input:
e Number of terms M.
e Sampling values , P(wy + lh),l =0,...,4M — 1 using (4.4.3).
e Choose sampling size h and wy.

Calculation:

e Solve the inhomogeneous linear system

H\=-F

where H := ((Sk,q4munP) (wo))z%;;’QM_l is a Hankel matrix, A = (\)7% !
M—

and F := ((SK’(QJ\/[+m)hP>(wU>)fn:01.

e Find all the zeros z; := e, j =1,...,2M of the polynomial
2M
A(z) = Z N2
=1

and calculate ¢; from z; for all j =1,...,2M.

e Find the unknown coefficients ¢;, 7 = 1,..., M by solving the linear system

M M
Flwotlh) =Y ¢ @rtenth? L N o 5 Grtentin)® g — 0, 4M—1.
J=1

j=1

Output:

e ¢p;andcj,j =1,..., M.
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4.5 Reconstruction of Expansions Using Vari-
able Substitutions

In this section, we study a general expansion that allow us to solve some special
expansions. In this purpose, we reconstruct expansions of the form

=36 (45.1)

where G(z) is continuous and strictly monotonous function in [a, ] .

First, let us review the expansion discussed in [12] and [17] of the form

M

fla) = ca® (4.5.2)
j=1
with ¢; € C\{0} and pairwise different ¢; € C that satisfy Im¢; € [, 7].

Let us define the dilation operator

(Dnf)(x) = f(e"x).

Then we have
(Da()*)(w0) = (") = "y (4:5.3)

where zy € C\{0} is arbitrary.
We observe that the functions 2% are the eigenfunctions of the dilation opera-
tor Dy, with the eigenvalues €%, Then the expansion (4.5.2) can be reconstructed

using 2M sampling values f(eMwzg),l =0,1,...,2M — 1.

Let us now consider the Prony polynomial

A(z) = H z— M) = Z M2 (4.5.4)

where A, = 1,..., M are the coefficients of the monomial representation (4.5.4)

Z)‘lf h(l4+m) ;. i/\ Z leh(l+m)¢j$g’j
z;o =
= Z Cj 513'0 d)] Z )\lehd’ﬂ
7j=1
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M
= 3" ¢j("ma)® A(") = 0. (4.5.5)
i t,o_/

Therefore , we obtain the following linear system

Z Af (™ o) = — (P g0, (4.5.6)

By having A; and using the Prony polynomial, the coefficients c; can be calculated
by the following system

M
f(zoe™ Zc] (zoe™ [=0,..,2M — 1. (4.5.7)

7j=1
Now, by using substitution, we can recover the parameters of any expansion
of the form (4.5.1).

Let x = G(x), where G(x) is an invertible function in [a,b]. Then the expan-
sion (4.5.1) can be transferred to the model (4.5.2).

We note that

hl

G(x) ¢ zoe™, = 2 +— G (z0e™). (4.5.8)

Therefore the expansion (4.5.1) can be reconstructed using also 2/ sampling
values f(G~(zoeh)), 1 =0,...,2M — 1.

ZAlf hktm) 10)) = iAli% l+m)x0))>¢j

M
=" i) ZAlehd’J (4.5.9)

N
Il

o
<.

—

7j=1
M

=3 ¢;(e"ma) (") = 0.
ey T

Therefore , we obtain the following linear system

Z MG 0)) = — (G (MMM ). (4.5.10)
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By having A; and using the Prony polynomial, the coefficients c; can be calculated
by the following system

M
FIGTHeMm0)) =Y ej(GTH (M m)), 1=0,...2M — 1. (4.5.11)

J=1

Due to the flexibility of G(x) in the model discussed above, we can use this
structure to solve several expansion problems by selecting various inverse functions
G(z). We demonstrate this idea by the following two examples.

Example 4.5.1 Assume that f(x) is a real-valued function of the form

Z cos ) (4.5.12)

J=1

Here we take G(x) = cosz for z € [0, 7], thus G~!(z) = cos™!(x). Then the expan-
sion (4.5.12) can be reconstructed using 2M sampling values f(cos™ (zge™)),l =
0,..,2M — 1.

The Prony polynomial has the form (4.5.4), therefore we have the following
linear system

M M M b;
Z A f(cos™H(e Mg, )) = Z A Z ¢ (cos cos ( eh(”m)xo)))
1=0

k=0 j=1

M
=D ¢(eag)® Z et (4.5.13)
=0

Therefore , we obtain the following linear system

Z)\l Fleos™H ("™ z0)) = — f(cos ™ (e"MH™) z0)). (4.5.14)

By having )\; and using the Prony polynomial, the coefficients c; can be calculated
by the following system

M
flcos™ (M) = Zcj(cos(cosfl(ehlxo)))d’j, [=0,..,2M — 1. (4.5.15)
j=1
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Example 4.5.2 We consider f(x) as a Gaussian expansion of the form

M

fl@) =" cje™. (4.5.16)

j=1

Here we take G(z) = ¢*” for = € (1,00), thus G~!(z) = v/Inz. Then the expan-
sion (4.5.16) can be reconstructed using 2M sampling values f(y/In(zoe)),l =
0,...2M — 1.

The Prony polynomial has the form (4.5.4) , therefore we have the following
linear system

Z A f (y/In(eht+m)zg)) i Al Z ¢ %3 (W In(eh(Hmzg)?
ZN[: Z h(l4+m)xg\P
— Al Cjeln(e m)zo)Pj

=0 j=1

(4.5.17)

Therefore , we obtain the following linear system

Z A f (y/In(ert+mizg)) = — f(4/In(ehM+m) x0)). (4.5.18)

By having )\; and using the Prony polynomial, the coefficients c; can be calculated
by the following system

F(+/In(etizy)) }:ce Vineao)? - — o oM — 1. (4.5.19)
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Algorithm 8 Reconstruction of Expansions Using Variable Substitutions (4.5.1).

Input:

e Number of terms M.

e Sampling values f(G~!(zpe™)),l =0,...,2M — 1.

e Choose sampling size h such that h¢; € (—m,7|,Vj € {1,...,M}.
Calculation:

e Solve the inhomogeneous linear system
H\=-F,

where H = (f(Gfl(eh(”m)a:O)))lM !, is a Hankel matrix, A = (\);* and
F = (f(GTH ("™ ™))

m=0

e I'ind all the zeros z; := e j =1,..., M of the polynomial

M
z) = Z N2
=1

and calculate ¢; from z; for j =1,..., M.

e Find the unknown coefficients ¢;, 7 = 1,..., M by solving the linear system

F(G7H (M) Zc] z0))%, 1=0,..,2M — 1.

Output:

e ¢p;andcj,j =1,..., M.

4.6 Reconstruction of Expansions Using Polyno-
mials of Differential Operators

In this section, we use a different method to reconstruct some expansions that we
reconstructed in the previous sections. We use a polynomial of the differential
operator to allow us to apply the generalized Prony method. We first give the
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following definition|[2]:
Definition 4.6.1. Let
Po(2) = apz™ + ap_12" 7t .+ a1+ ag (4.6.1)

be a polynomial of real variable x of degree n, where ag, ay, ..., ag are real constants.
Then we define

P,(D) = a,D" 4 ap_1D" ' + ... + a1 D + ay, (4.6.2)

where D = %, as a polynomial of differential operator D of degree n.

4.6.1 Prony Method for Exponential Sums Using the Poly-
nomial of Differential Operators

Let us consider the polynomial of differential operator with

L =P,(D). (4.6.3)
We observe that
d
% = P,(D)e?" = P(—)e™
Le (D)e (d:v)e
dn m—1
=(a,— + an_ld— + .o a1 D+ ag | e?®

dzn dan ! (4.6.4)

= (angb" + 1"+ ard + ao) e

= Pu(¢)e™.

Then the operator £ defined in (4.6.3) possesses the set { P, (¢),n € N} of the dif-
ferent eigenvalues with corresponding eigenfunctions e*®. We want to reconstruct
the sparse sum of exponentials using the operator £ of the form

f(z) = Z c;e"?i (4.6.5)

The generalized Prony method can be applied to reconstruct the expansion (4.6.5)
using the operator £ with , F'(f) := f(x¢) and 2M sampling value as follow:

M
Lo = ci(Palgy)) el
j=1

M
£ =37 (Pu(y)) el
j=1
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................................................. (4.6.6)
M
£2M lf Z C] ¢] 2M 1€(¢>]a:0)
Let us now consider the Prony polynomial
M M
Az) =[]z = Pu(ey) =D Me2" (4.6.7)
j=1 k=0

where \g, k = 1,..., M are the coefficients of the monomial representation (4.6.7)

SOMFE ) = 3wk (S es(Paten) e

= ZCJ(PR(¢]))m(Z )\k(Pn(gb]»k) F(e%5%)

j=1 G
(4.6.8)
Thus, we obtain the following linear system
M-1
S OMF(LH ) = —F(LMTM ), m=0,1,.., M — 1. (4.6.9)
k=0

By having the coefficients of Prony polynomial A\i,k = 0,..., M, then we can
compute the coeflicients ¢;,j = 1,..., M of the expansion (4.6.5) by solving the
overdetermined linear system

ch ( . (6;) “O%) k=0,..,2M — 1. (4.6.10)

4.6.2 Reconstruction of Cosine Expansions Using Polyno-
mials of Differential Operators

Now let us consider the polynomial of the differential operator D? as

L = P,(D?). (4.6.11)
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Observe that
L cos(¢x) = P,(D?) cos(¢x)

= (an(D2)" +an_1 (D))" a D+ ao) cos(¢x)
(4.6.12)

— (an(—¢2)” +an1(=¢")" + (=97 + ao) cos(¢x)

= P,(—¢?) cos(¢x).

Then the operator £ defined in (4.6.11) possesses the set {P,(—¢?),n € N}
of the different eigenvalues with corresponding eigenfunctions cos(¢x). We want
to reconstruct the cosine expansion using the operator £ on the expansion of the
form

M

Z cj cos(p;x) (4.6.13)

j=1

The generalized Prony method can be applied to reconstruct the expansion
(4.6.13) using the operator £ with , F(f) := f(x¢) and 2M sampling values as
follow

M
LOf = ¢j(Pu(=)))° cos(@;o)
=1
jM
L= ¢;(Pu(—¢2))" cos(eo)
j=1
M (4.6.14)
L2f =" c;j(Pu(—63))* cos(¢;0)
j=1
e
LM =3 e (Pa(=63))"M " cos(¢a0)
Jj=1
Let us now consider the Prony polynomial
M M
Az) =[]z = Pu(=¢3) =D M2* (4.6.15)
j=1 k=0

where A\, k = 1,..., M are the coefficients of the monomial representation (4.6.15)
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D ML) =3 M ( > ci(Pul=¢)) COS(%%))
k=0 k=0 j=1

= Z ¢j(Pu(=¢2))™ A(Po(—¢2)) F(cos(¢jz0)) =0, k=0,..,M —1.

J=1 -0
(4.6.16)
Thus, we obtain the following linear system
M—1
Z M E(LFFM )y = —F(LMT™ ), m=0,1,...,2M — 1 (4.6.17)

By havmg the coefficients of Prony polynomial A\, k& = 0,..., M, then we can
compute the coefficients ¢;,7 = 1,..., M of the expansion (4.6.13) by solving the
overdetermined linear system

M

F(LEf) = ¢j(Pu(=¢3))F cos(¢jao), k=0,....2M —1, (4.6.18)

j=1

Remark. Similarly, we can reconstruct the Sine expansion

Z ¢jsin(g;x) (4.6.19)
by using
Lsin(¢r) = P,(D?)sin(¢x) = P,(—¢?)sin(¢x). (4.6.20)

Algorithm 9 Reconstruction of Cosine Expansions Using the Polynomial of Dif-
ferential Operator (4.6.13).
Input:

e Number of terms M.
e Polynomial P,(x).

e 2)M sampling values using (4.6.14).
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Calculation:
e Solve the inhomogeneous linear system
H\=—-F,
where H = (F(L*™ )1 is a Hankel matrix, A = (A\y)pLy! and F =
(F(LMF))mo-

m=

e Find all the zeros z; := P,(—=¢7),j = 1,..., M of the polynomial

M
A(z) = Z A2t
k=1

and calculate ¢; from z; for j =1,..., M.

e Find the unknown coefficients ¢;,j = 1, ..., M by solving the linear system

F(LAf) = cj(Pa(=¢2))F cos(¢jza), k=0,....2M — 1.

M
J=1

Output:
e ¢p;andcj,j =1,..., M.

4.7 Reconstruction of Gaussian Expansions Us-
ing Differential Operators

The Gaussian expansion can be also reconstructed by using certain differential
operator. We consider the Gaussian expansion of the form

flz) = Z c;e® (4.7.1)

Let us define our differential operator as

d

X

D —

8|
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Then we have 1 4
Db = = b = = 2¢; e (4.7.2)
z dx

The Gaussian functions %" are the eigenfunctions of the differential operator
D with the eigenvalues 2¢;. Therefore, the expansion (4.7.1) can be reconstructed
using 2M sampling values F'(D*f),k =0,...,2M — 1.

The Prony polynomial can be defined as

A(z) = H z —2¢;) Z Azt (4.7.3)

Thus

(Z 2¢ k+m ¢Jx0)

)= Y onr
f:c] (2¢;)™ <§:Ak (265) ) (e?70) (4.7.4)

j=1 k=0
M

= 20;)™ A(2¢;) F(e?) =0
;cA ¢;) (_@) (e?%)

By having the coefficients of Prony polynomial Ay, k& = 0,..., M, then we can
compute the coefficients ¢;,j7 = 1,..., M of the expansion (4.7.1) by solving the
overdetermined linear system

Z (20;)Fe?™ k=0,..,2M — 1. (4.7.5)

4.8 Reconstruction Expansions Using Combina-
tion of Shift and Dilation Operators

There are some expansions that need a special operator for reconstruction. Let us
consider the expansion of the following form

M
®j
x) = E cew, x#0. (4.8.1)
i=1

Now, we define our new operator as

Snf(z) = f (;ihh) . (4.8.2)
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Then we have

(Spe?)(z) = e =) = ¢ (4.8.3)

d) .
We observe that the functions ez are the eigenfunctions of the differential op-

erator S, with the eigenvalues ek Therefore, the expansion (4.8.1) can be recon-
structed from 2M sampling values f(k;”gﬁh), k=0,..2M — 1, where zy € R\{0}
is an arbitrary real number.

The Prony polynomial can be defined as

A(z) = H s Z)\kz (4.8.4)

Observe that

&5 (FR+2)
> (i) - S

k=0
M ¢ (mzo+h) M qb]k
= Z cje’ ok Z e
7j=1 k=0
M
](mm0+h) 7]
:che b ' ANer)=0, m=0,...,M—1.
j=1 0
(4.8.5)
Thus, we obtain the following linear system
M-1
xoh l'oh
A = — . 4.8.6
Z 2 (xo(k+m)+h> f(xo(k—i—M)—i-h) (4.8.6)

k=0

As usual, solving the system (4.8.6) provides us the coefficients \; of the Prony
polynomial A(z) and therefore all the zeros can be extracted.

Finally, the coefficients ¢; of the expansion (4.8.1) can be obtained by solving
the linear system

M
h ¢ (kxg+h)
f( o > = e o, k=0,..,2M — 1. (4.8.7)
j=1

kI0+h
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Algorithm 10 Reconstruction Expansions of the form (4.8.1) Using Combination
of Shift and Dilation Operators.
Input:

o Number of terms M.

e Sampling values f(k;”(?ﬁh), k=0,...,2M — 1.

e Choose sampling size h such that % € (—m,7,Vj € {1,...,M}. Calcula-
tion:

e Solve the inhomogeneous linear system

H\=—F,

. M-1
where H = (f(m%))l -
M—1

(f(m))k:(] ‘
?j

e I'ind all the zeros z; :==en,j =1,..., M of the polynomial

, is a Hankel matrix, A = (M)t and F =

m

M
A(z) = Z N2
k=1

and calculate ¢; from z; for j =1,..., M.

e Find the unknown coefficients ¢;,j = 1, ..., M by solving the linear system

¢ (kzg+h)

Toh M
0 :Ej- Toh k=0,... 2M—1.

Output:

e ¢;and cj,j =1,..., M.

4.9 Numerical Experiments

In this section we proceed to illustrate our methods in the previous sections to
recover the parameters with some simple examples.

Example 4.9.1. Our first test is to recover the parameters of the signal with
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three components
3
f(z) = cheiwf, (4.9.1)
j=1
where the parameters of (4.9.1) are given in the following table
g=1]J7=2|7=3
¢ || 3.5000 (| -2.8000 || 5.7500
®; || 0.8590 || 2.5590 || 2.7860
Table 4.1: Parameters of the function f(x) in (4.9.1) .
By computing the STFT in (4.1.5) to the signal in (4.9.1), we have
STFT(w,0) = 173019 pem 30270 e 5 (03mw), (4.9.2)

The Table (4.2) shows the absolute reconstruction error |¢; — ¢| and |¢; — ¢j|
where ¢} and ¢} are reconstructed parameters and frequencies respectively.

J Cj oy 9j — &7 |9; — &3]

1] 3.5000 || -2.5590 || 8.4377.10~'° || 6.6613.10~16
2 11 -2.8000 || 0.8590 || 1.0627.10~ | 4.2011.10~ 13
3 || 5.7500 2.7860 || 1.0617.10~ 1 || 2.2249.10~13

Table 4.2: Parameters of the function f(z) in (4.9.1) and approximate errors using

6 short time Fourier sampling values with h = 0.5 .
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Figure 4.1: The signal f(z) in (4.9.1) and the three components fi(x), fo(x), and
fg(fﬂ)

Example 4.9.2. We test our method on signal of the form (4.3.1) with three
components

f(x) = ch cos(p;z), (4.9.3)

where the parameters of (4.9.3) are given in the following table

=1 j=217=3
¢; [10.5000 [ 0.2500 || 1.000
¢; |[ 1.0000 || 3.0000 || 4.0000

Table 4.3: Parameters of the function f(z) in (4.9.3).

By computing STFT in (4.3.4) to the signal in (4.9.3), we obtain

STFT((,«}, 0) = ¢ (6—%(¢1—w)2 + 6—%(¢1+w)2) + Co (6—%(<f>2—w)2 + 6—%(¢2+w)2)

4.94
+ c3 (6_%(‘1)3_“’)2 + 6_%(4)34'“)2), ( )

Similarly, as example (4.9.2) the error can be shown in the table (4.4)
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Figure 4.2: Components of the signal f(z) in (4.9.1) using short time Fourier

sampling values.

J ¢j ®; lcj — ¢ [9; — ¢

1 || 0.5000 || 1.0000 || 3.7970.10~2 || 5.2824.10~ '3
2 11 0.2500 || 3.0000 || 5.0987.10~* || 4.5652.10~13
3 1l 1.0000 || 4.0000 || 5.8065.10~* || 1.4211.10~
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Table 4.4: Parameters of the function f(z) in (4.9.3) and approximate errors using
12 sampling values with h = 0.5.

Now, we reconstruct the parameters ¢; and ¢;, j = 1,2,3 in example (4.9.3)
using the polynomial of differential operator shown in (4.6.2) with Py(x) = 322 —

2z 4 12, then we have the following result

J ¢ b; cj — ¢ |9; — ¢

1 ][ 0.5000 || 1.0000 || 1.4539.10~% || 4.8850.10—*
2 |/ 0.2500 [| 3.0000 || 8.1046.10~™ || 5.9064.10~ ™
3 || 1.0000 || 4.0000 || 4.6629.10~™ || 8.8818.10~ ¢

Table 4.5: Parameters of the function f(z) in (4.9.3) and approximate errors using
12 sampling values as in (4.6.14).

Example 4.9.3. We consider the recovery of the expansion

Fla) = D ei(Gla))

Jj=1
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Figure 4.3: The signal f(z) in (4.9.3) and the three components fi(x), fa(x), and
fg(fﬂ)
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Figure 4.4: Components of the signal f(z) in (4.9.3) using short time Fourier
sampling values.
with M =5 and G(z) = ¢ i.e
5
fla) =2 e, (4.9.5)
j=1

where the parameters ¢; and ¢;, j = 1, ..., 5 are given by

j=1] j=2[j=3] j=4] =5
c; || 0.5456 || -1.7865 || 2.4542 || -0.2139 || 4.6754
®; || 0.2556 || 0.8654 | 2.5463 || 3.5000 || 4.3643

Table 4.6: Parameters of the function f(x) in (4.9.5) .
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J ¢j ®; lcj — ¢ [9; — ¢

11| 0.5456 || 0.2556 || 8.3373.107% || 9.0436.107%8
2 || -1.7865 || 0.8654 || 1.4495.10797 || 3.7487.10~%8
31| 2.4542 || 2.5463 || 5.0929.107% || 1.8464.10~%
4 | -0.2139 || 3.5000 || 1.5335.1079 || 1.9291.10~%
51 4.6754 || 4.3643 || 2.8431.10~" || 8.3222.10~13
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Table 4.7: Parameters of the function f(z) in (4.9.5) and approximate errors using
10 sampling values with h = 0.5.

Example 4.9.4. We consider the recovery of the expansion

where the parameters ¢; and ¢;, j = 1,...6 are given in the table (4.8)

j=11 j=2| 7=3 1| j=4| j=51 7=6
c; || 1.5641 || 4.2342 || -0.2342 || 3.6300 || 1.7864 || 5.2020
¢; || 0.1213 || 1.3242 || 2.2376 | 3.6811 || 3.8942 || 4.4321

Table 4.8: Parameters of the function f(x) in (4.9.6).

Using the method explained in (4.8), we have

j Cj oy lcj — ¢l |9; — 93]

1| 1.5641 || 0.1213 || 2.8920.10~% || 1.0497.107%°
2 || 4.2342 || 1.3242 || 7.7826¢.107% || 9.4657.10~%
31 -0.2342 || 2.2376 || 3.4489.107% || 6.2593.10~%
41 3.6300 || 3.6811 || 4.3056.107% || 1.8754.1096
51 1.7864 || 3.8942 || 4.4888.107%° || 2.2554.10~%
6 || 5.2020 || 4.4321 || 2.2087.107°7 || 3.7128.10~%

(4.9.6)

Table 4.9: Parameters of the function f(z) in (4.9.6) and approximate errors using
12 sampling values with h = 3.



Chapter 5

Expansions with Two Models

In signal processing it is possible to have signals that contain different models.
In the previous chapter, we discussed the reconstruction expansions of signals
that follow one model. In this chapter, we study the recovery methods for linear
combinations of two different models. In sections (5.1) and (5.2) we consider the
signals in combination of sine and cosine models using two different methods. In
section (5.3), we use even and odd properties of the functions to reconstruct the
signals of two models.

5.1 Reconstruction of Linear Combinations of
Sine and Cosine Expansions Using the Poly-
nomials of Differential Operators

Let us consider the expansion with the following form

M M
r) = Z cj cos(p;x) Z ¢jsin(¢,x) = Z ¢;(cos(¢;z) + sin(¢;z)).  (5.1.1)
Jj=1 J=1

Let P, be a polynomial and £ be the polynomial of the differential operator D?
defined in (4.6.2), that is,
L = P,(D?). (5.1.2)

Observe that
L(cos(¢px) + sin(px)) = P,(D*)(cos(px) + sin(¢z))
— Po(~?)(cos(@2) + sin(6x)).

)
Then the operator £ defined in (5.1.2) possesses the set {P,(—¢3),n € N} of
the different eigenvalues with corresponding eigenfunctions cos(¢;z) + sin(¢;x).

(5.1.3)

70
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The generalized Prony method can applied to reconstruct the expansion (5.1.1)using
the operator £ with , F(f) := f(x¢) and 2M sampling values as follow

M
LOf = ¢;(Pa(=67))° (cos(¢;0) + sin(e;zo))
j=1
M
LUf = Z cj(Pn(—gb?))l ( cos(p;xo) + Sin(gbj:co))
j=1
M (5.1.4)
L2f = ¢;j(Pu(=07)) (cos(¢;0) + sin(¢;z0))
j=1
M ...............................
LM — Z cj(Pn(—¢?))2M’1 (cos(¢jxo) + sin(¢;x)).
j=1
Let us now consider the Prony polynomial
M M
Az) =[]z = Pu(=63)) = > M2t (5.1.5)
j=1 k=0

where \g, k = 1,..., M are the coefficients of the monomial representation (5.1.5)

We observe that

PIPWAVAIIEDY /\kF(Z ¢j (Pa(=97))" ™ (cos(¢;20) + Sin(%xo))
k=0 k=0 j=1
— Z ¢j(Pa(—92))"™ < Z Ak(Pn(—qﬁ?))’f) F(cos(¢;xo) + sin(¢;zo))
j=1 k=0

=2 ci(Pa(=)" A(Pu(=6)) F (cos(6;0) + sin(;0)) = 0

=0

(5.1.6)

Thus, we obtain the following linear system
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M-1
Z MNeF(LFFM )y = —F(LMY™f), m=0,1,...,M — 1. (5.1.7)

By havmg the coefficients of Prony polynomial A\g,k = 0,..., M, then we can
compute the coefficients ¢;,j7 = 1, ..., M of the expansion (5.1.1) by solving the
overdetermined linear system

Z ¥ (cos(pjxo) +sin(pjxo), k=0,..,2M —1. (5.1.8)
j=1
. . L k+m M-1,M-1 . . . .
The coefficient matrix H := (F(L >)k:0 —o s an invertible Hankel matrix,

since it can be written as
H =V (P,(—¢7))diag(c;)diag (F(cos(zod;) + sin(zog;) ) Var (P(—¢7))" (5.1.9)
with V= (Pn(—gb?)k);::)l.

Algorithm 11 Reconstruction of Linear Combinations of Sine and Cosine Ex-
pansions Using the Polynomials of Differential Operators (5.1.1).

Input:
e Number of terms M.
e Polynomial P,(z).
e 2 sampling values using (5.1.4).
Calculation:
e Solve the inhomogeneous linear system
H\=—F,

where H = F(L’”mf)) !, is a Hankel matrix, A = (\)pl," and F =
(FLM* )=

e Find all the zeros z; := Pn(—<b§),j =1,..., M of the polynomial

M
z) = Z 2",
k=1

and calculate ¢; from z; for j =1,..., M.

e Find the unknown coefficients ¢;, 7 = 1,..., M by solving the linear system
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F(Lrf) = ch(Pn(—¢?))k(cos(¢jmo) + sin(qu:co)), k=0,..,2M—1.

Output:

e ¢;and ¢j,j =1,..., M.

5.2 Reconstruction of Linear Combinations of
Sine and Cosine Expansions Using Cheby-
shev Polynomials

Let us consider expansions of the form

flz) = Z ¢; cos(p;z) + Z d; sin(f;x). (5.2.1)

By using the symmetric shift operator defined in (2.6.1), we have

(Sh,—n) cos(px) = %(cos(¢(x + h)) + cos(p(x — h))>

(5.2.2)
= cos(¢h) cos(ox).
Similarly, we apply the symmetric shift operator on sin(5z), and get
1
Sp—n) si =~ si + h)) + si .y
(Snoa)sin(n) = 5 (sin(ale + ) sn(aa 1))
= cos(Bh) sin(px).
Let us now define the Prony polynomial as follows:
= H z — cos(h¢;) H z — cos(hp;)) (5.2.4)

j=1 j=1

Therefore the polynomial (5.2.4) can be written in terms of Chebyshev polynomial
as
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2)=> MTi(2), (5.2.5)

where T}, (z) := cos(k cos™!(z)). We note that the leading coefficient of the Cheby-
shev polynomial T} (z) is 2¥7!, then by the definition of the Prony polynomial A,

we have \y; = 217M,

Observe that

:ZMOM CrEntE—)

- —Z)\k(f (80 4 R)B) o = (om0 + o+ (o = KB + S = (= 1))
! Z " [fz (contoytaa + mh) + cos(san — mh) ) cos( )

. ; M {sz (m(@(:co -+ mh) + sin(( (w0 mh))) cos(ﬁjk:h)]

2

=

cos(¢;(zo + mh)) + cos(¢;(xg — mh))

M

Ak, cos(p,kh)

o
S

£
Il
o

cos(¢j(xo + mh)) + cos(¢p;(xg — mh))

M§

NIy (cos(pjh))

(x>
I
o

J/

2

=

sin(pB;(zo + mh)) + sin((5;(zo — mh))

M

ATy (cos(Bjh)) = 0.

( )

+ i d; (sm(ﬁj (o +mh)) + sin((B;(z ) Ai cos B;(kh)
(
( )

( >
Il
o

0

(5.2.6)

Here we choose o # 0, more precisely we have 8;zo # (2k+1)5 and sin(8;z0) #
Ofork € Zand j = 1,..., M. Therefore, we need to take all values of Sih—1nSmn—mnf (o).
Then we have the following linear system
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2M—1

> (o 4 (m + 1))+ 0 = (- 00) + Fza + (m = ) + f(an — (m — k)0))

k=0

— _gl-M <f(xg + (2M + k)h) + f(xo — (2M + k)h)

(5.2.7)

As in the classical Prony method, the coefficient matrix can be factorized as
two Vandermonde Block matrices and diagonal block matrix

H:— (f(xo + (m+k)h) + f(zo — (m+ k)h) + f(zo + (m — k)h) + f(zo — (m — k)h)) 7

m,k=0

M M 2M—1
=4 ( Z cj cos(@jxg) cos(¢;mh) cos(p;kh) + Z d; sin(B;xg) cos(B;mh) Cos(ﬁjkh)>
j=1 j=1 m,k=0
= 4V diag (c; cos(;0) + d; sin(Bjz0) V7 = 4V, DV,
(5.2.8)

the Vandermonde Block matrix can be written as

V, = <T~7A g) , (5.2.9)

where
1 1 1
a_ | Tilcoseh) o Tifeosgsh) ... Ti(cosarh) (5.2.10)
Tons 1(cos duh) Tong1(cos dsh) ... Tont1(cos darh)
and
1 1 1
s_| 0 (c0§ Bih) Tl(CO'S Pah) Tl(cos. Brrh) (5.2.11)

Tonr—1(cos Bih)  Topr—1(cos Bah) ... Topr—1(cos Byrh)



CHAPTER 5. EXPANSIONS WITH TWO MODELS 76

and diagonal block matrix can be written as

[01 cos(p11o)

' 0
{ 0 dy sin(3y0) J '
. dM Sin(ﬁMCI)O)
(5.2.12)
By having A\, and using the Prony polynomial, the coefficients ¢; can be cal-
culated by the following system

M M
f(xo+ hl) = ch cos(¢;(xo + hl)) + Z djsin(B;(zo + hl)), 1=0,....,4M — 1.
=1 =1

(5.2.13)

Algorithm 12 Reconstruction of Linear Combination of Sine and Cosine Expan-
sions Using Chebyshev Polynomial (5.2.1).

Input:
e Number of terms M.
e 4M sampling values.
Calculation:

e Solve the inhomogeneous linear system

H)\=—F,

where H = ((f(xo+(m+k3)h)+f(lvo—(m‘i‘k’)h)+f($0+(m_k)h)+f($0_

(m—k)h))) is a Hankel matrix, A = (\;);Y, ! and F = (21M (f(x0+
(2M + k)h)lf::]?(:co — (2M + k)h) + f(zo + (2M — k)h) + f(zo — (2M —

).,

e Find all the zeros z; for j = 1,...,2M of the polynomial
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e Find all frequencies ¢; and 3, for j =1, ..., M using

cos (z1) cosT(29) cos™(zanr)
T e e e

e Find the unknown coefficients ¢; and d;,7 = 1,..., M by solving the linear
system

M M
f(xo+hl) = ch cos(¢j(xo+hl))+z djsin(fBj(xo+hl)), 1=0,..,4M—1.

j=1 j=1
Output:
e ¢;and ¢j,j =1,..., M.

5.3 Reconstruction of Expansions of Linear Com-
binations of Two Models Using Odd and Even
Properties

In this section, we study signals that have odd and even models in the form

M

f@) =3 _eiGle) + ) diQ(x), (53.1)

j=1

where G(x) is an odd signal and Q(x) is an even signal.

Let us consider expansion of the form

M M
f(2) =3 ¢jcos(éye) + 3 dy sin(B;). (5.3.2)
J=1 j=1
We want to recover the parameters c;, d;, ¢;,and (;.

Note that our expansion is the combination of even and odd models. First we
calculate f(—x)

f(—z) = Z cj cos(g;z) — Z d;sin(B;x). (5.3.3)
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By adding (5.3.2) and (5.3.3) we can get

P(zx) = L Zc] cos(p;x) (5.3.4)

Jj=1

The coefficients ¢; and the frequencies ¢; in (5.3.4) can be recovered by 2M — 1
sampling values P(lh),l =0,1,....2M — 1. see section (3.5).

By subtracting (5.3.2) and (5.3.3) we can get
M

Qz) = w =" d;sin(B;2). (5.3.5)
j=1

Similarly, the coefficients d; and the frequencies §; can be reconstructed by using
Q(lh),l =0,1,...,2M — 1, see also section (3.5).

Remark. Similarly, the signal models in the form

M M
x) = Z c; cos(p;x) + Z d; tan(¢;x) (5.3.6)
j=1 Jj=1
and y y
x) = Z cj cos(p;x) + Z d;ze’i” (5.3.7)
j=1 =1

can be also reconstructed since they have odd and even models structures.

5.4 Numerical Experiments

Example 5.4.1. We test our method by given the signal with three components

3
Zc] cos(¢;z) + sin(¢;x)) (5.4.1)
7j=1

where the parameters of (5.4.1) are given in the following table

7=1 7= 2 ] = 3
cj || -2.4321 || 0.4532 || 8.3250
@; || 2.7876 | 5.6654 || 6.3041

Table 5.1: Parameters of the function f(z) in (5.4.1)
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The table (5.1) shows the absolute reconstruction error |¢; — ¢;| and |¢; — ¢}

79

i

where ¢} and ¢} are reconstructed parameters and frequencies respectively.

J ¢ b; |9; — 95 |9; — 95

1 || -2.4321 2.7876 1.8158.107% || 2.2204.10~1°
2| 0.4532 5.6654 4.1389.10~13 || 2.9843.10~13
31| 8.3250 || 6.30041 || 1.7231.10~13 || 3.5527.10~1°

Table 5.2: Parameters of the function f(z) in (5.4.1) and approximate errors using

6 sampling values with zq =

1 and P,(z) = 22* + 3z — 1.

Example 5.4.2. Our second example is to test the method in the form (5.2.1)

[\

ch cos(p;x) + Zd sin(p;x) (5.4.2)
7=1
where the parameters of (5.4.2) are given in the following table

I d; ¢; Bi
1 || -2.6570 || -0.5643 || 0.7865 || 4.2132
3.5643 || 4.4321 | 3.5432 || 5.1232
Table 5.3: Parameters of the function f(z) in (5.4.2)
8 <\
6 N /’ \\\
N C‘/ \‘ // \
2 g \‘\ “; \‘\ / \ /
0 / \\ D
, \
4 / N~ \
8 \ */
Figure 5.1: The signal f(x) in (5.4.2) with 8 sampling values.
The table (5.4) shows the absolute reconstruction error |c; — ¢}, |d; — dj,

|¢; — &3 and |B; — B5] where ¢,
frequencies respectively.

d;, ¢; and (3] are reconstructed parameters and
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cj — ¢ |d; — d| |9; — &7 185 — B
1| 3.1486.10~ 1 || 1.5464.10712 || 3.1086.10~ 1 || 6.4659.10~13
21 1.4211.107*2 || 7.1765.10~ 13 || 4.1744.10~ 4 || 1.7764.10 14

30

Table 5.4: Approximate errors using 8 sampling values with g = 1 and h = 0.4
of the function (5.4.2).



Chapter 6

Fixing Corrupted Sampling
Values

In this chapter, we consider a situation that some of the sampling values are in-
correct, which could happen in real-world applications. For the Signal Recovery
Problem in terms of sparse expansions, when the sampling values are selected, it
could happen that some of the values are corrupted due to certain problems in
data acquisition or data transmission. If we use any corrupted sampling value in
the Prony method or generalized Prony methods, the outcome would be unpre-
dictable, because a small error in a sampling value would result in some dramatic
change in computation.

In order to recover the original signals, we can only rely on those correct sam-
pling values. However, we may not know what sampling values are correct. Since
those incorrect sampling values cannot participate in any computation step, we
need some extra sampling values to overcome our loss on those corrupted sam-
pling values. Thus for this problem, we require over-sampled data points that
could provide us sufficient information to find a solution. How to detect and fix
those incorrect sampling values? In this chapter, we will use several methods to
study this problem.

6.1 Reduction Method

Problem A (Ideal Case): To recover a sparse expansion system with M terms as
follows,

M
flz) = chew, (6.1.1)
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we are given a sequence of equidistance sampling values S := {f(nh)}*** for

some fixed step size h. It is also known that there are k£ sampling values in S that
are wncorrect, but we do not know their locations. How to recover this system?

First we consider the simplest case for Problem A, that is when k& = 1.

Problem A1: To recover a sparse expansion system with M terms as follows,

M
f(.’l?) = che%'x’
j=1

we have are given a sequence of equidistance sampling values S := {f(nh)}*M !

for some fixed step size h. It is also known that there is exact 1 sampling value
in S that is incorrect, but we do not know its location. How to recover this system?
Solution: To simplify the notation slightly, we denote S as {f,}2¥™
the standard Prony Method, we need to solve the following system:

. Based on

[ A Ja fs o fu fu | | opo ]
Jo /3 Ja SRR § VAR VAT b2
I3 Ja s SRR § VET S ) VT b3
: : © | =0, (6.1.2)
v fuer e o fomer o fom Prv—-1
S Juse Jues o0 fonr fomn Pm
N 3 fso o famr fomsa| |1
where p1,po, ..., py are unknowns (that are the coefficients of the Prony polyno-
mial without the leading coefficient), and one of the coefficients in { f1, f2, .. ., forr+1}

is incorrect, but we do not know which one. Since the incorrect coefficient could
be any number in {fi, fo,..., forri1}, there are total 2M + 1 different cases to
be considered. Here let us use 7 to denote the subscript that corresponds to the
incorrect coefficient.

Step 1: Claim that there exists one correct equation for a fixed 7.
Here when we say the correct equation, we mean that all the coefficients of this

equation are correct, that is, there subscripts are different from 7. We consider
the following cases:

e (Case S1.1: When 7 is an even integer.
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In this case, we simply select the last equation, that is,
fip1r + fapa + fsps + -+ + forr—1pm + forrpr = 0. (6.1.3)

e (ase S1.2: When 7 is an odd integer.

Since 7 is an odd integer, we can write it as: 7 = 20 + 1 with 0 < ¢ < M.
Now we rewrite the last equation that contains fo, 1 as follows,

fip1 + fap2 + -+ foor1Pos1 + -+ fori—1Pm + forrra = 0. (6.1.4)
Next we select the (o 4+ 1)-th equation from (6.1.2), and get
foxip1 + -+ foor1Pos1 + -+ fruroPm + frrior1 = 0. (6.1.5)
Now we just subtract (6.1.4) from (6.1.5), and get

(fos1 = fu)p1 + -+ (fao — foo-1)Ps + (foot2 — fo043)Pot2 + -+

+ (frvor1 — forrra) = 0. (6.1.6)

Now we write a combined version for the correct equation as follows,

§ipr + Sapa + -+ Eupm + S = 0, (6.1.7)

where

¢ = {fgﬂ- — foi1, forTevenandi=1,2,... M+1 (6.1.8)

foiz1, fortoddand i =1,2,..., M + 1.

Step 2: Express one of the variables in terms of other variables.

From (6.1.7) in Step 1, first we assume that £y, # 0 (we will consider the case
that £y, = 0 later using another method). From (6.1.7), we get

G _ & SN 6.9)

- =P — =

& &l 3y

Step 3: Express those contaminated terms in terms of good terms.

First we consider the case that 7 = M + 1. In this case, every given equa-
tion (except the last one if M is odd) has a term containing fy;41. We move
those terms to the left-hand side of their corresponding equations, and place all
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the good terms (that means their coefficients are all correct) at the right-hand side.

For the first equation, we write it as

Juvr = —fip1 — fop2a — - — fupmr (6.1.10)

For the last such equation, we write it as

fvsipr = —foms1 — faugep2 — - — fampure (6.1.11)

For the equations from (2) to (M), we have a general form for them,

fM+1pi = _fZM—i+2 - fM—z'+2p1 — fMpz’—l - fM+2pi+1

6.1.12
— o — fom—iyipm, for 2 <i < M. ( )

Since the given value for fj;11 is incorrect, we need to find its correct value. Thus
we treat fi/11 as an unknown in equations (6.1.10) — (6.1.12). Therefore our
goal is to find the values of (M + 1) unknowns p1, ..., par, fars1 from the system
(6.1.10) — (6.1.12) with the help of (6.1.9).

Step 4: Reduction: Write pys_1 in terms of p1,pa, ..., pa—o.

We start with a simplified version of (6.1.9), that is,

par =10+ M pr + AP, (6.1.13)

where

nM = _& for 1 <i<M—1, and n) = —5M“. (6.1.14)
Em Emr

With (6.1.13), we can eliminate the py/-term at the right-hand side of (6.1.10),
(6.1.11) and (6.1.12) in this way:

After the substitution, (6.1.10) becomes
Farer = af +alpy + adpy + -+ Sy P, (6.1.15)
where
ag =—fi— ané‘/[, for 1<j<M—1; and o) =—fun). (6.1.16)
Similarly, (6.1.11) becomes

fuip = a[l) + o&pl + a%pg + -4 0411\4,1pr1, (6.1.17)
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where

aj = —fuy; = faumy’, for 2<j<M -1, (6.1.18)

and

ag = —farrsr — oy’ and g = — oy (6.1.19)

For (6.1.12), we have

frpipi = Olf) + O/ﬂh + Oéép2 + -+ a§\4_1pM—1, (6.1.20)
where
o = —fuivin — foviamy, for 1<j(G#i) <M—1, (6.1.21)
and
ay = —forr—iv2 — fovr—ivaiy’ and  af = —forr 1) (6.1.22)

Thus we can summarize the three cases in (6.1.15), (6.1.17) and (6.1.20) in the
following general form:

Fareipi = abpo + alpy + abpo + -+ oy pa—1, for 0<i< M.  (6.1.23)

where we assume that
po = 1. (6.1.24)

Now we can start the reduction process by multiplying (6.1.13) both sides by
frt1, and get

Juipm = 77(J)MfM+1po + Ufwaﬂpl + -+ n%_lfMHpM—L (6.1.25)
With the help of (6.1.23), the right-hand side of (6.1.25) can be represented as

Do
M—1 M—1 py
M M . .
Z n; fusapy = Z M; [ a1 o agy] :
=0 =0 .
Pm—1

Po

M-1 j M-1 i M—1 ; y4!

- [ijo mlag, Yo myed, o X 7731“40‘3\4—1] :

Prm—1

(6.1.26)
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From (6.1.23) for i = M, we can get the left-hand side of (6.1.25) as

Susapn = o' po + o' pr+ oy po + - + gy P (6.1.27)
Combining (6.1.25)-(6.1.27), we get
B8 po+ B pr + By p2 + - + Bat_1py—1 = 0, (6.1.28)
where
M-1
B =al = > ok, for0<j<M-1 (6.1.29)
k=0

If the coefficients BJM ’s are not all zero, our reduction step can get to the next
level. Let us consider the case for which we have 537 | # 0. (For the case that
Y =0, we have another method for it.) Then we can write (6.1.28) as follows,

Pt =00 Ty Capar—2, (6.1.30)
where
gM
pM-1 = _ for 0 < j < M — 2, (6.1.31)
By

Similarly, we can derive the following equation from (6.1.30)

pr—2 =102+ P+ apa—s, (6.1.32)
where
7y
n 7= for 0 <j <M -3, (6.1.33)
Tm—2
with
M—2
Pt =aT =N T ak for 0<j < M -2 (6.1.34)
k=0

and assume that 7%:21 # 0. (For the case that 7]]\\44:21 = 0, we leave it to another
more general method. )

If we can keep doing the above reduction process again and again, eventually
we will get

P1 = Tlo; (6.1.35)

and we will get all the values of ps, ..., py, and fy;41 from the inverse process
of the reduction. [

Remark. In the reduction method above, there are some steps where we assume
certain coefficients are non-zero. But it is possible that some of those coefficients
could be zero sometimes. If that case happens, we will use the following more
general method.
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6.2 Determinant Method

In the reduction method we discussed above, there are a few cases for which some
intermediate coefficients could be zero that would cause some complexity in our
method. For this situation, we have another more general method that can cover
all the above cases.

This is a determinant-based method that is guaranteed to work all the time for
k = 1. However the above reduction method still has its own value in computation
due to two reasons: First it works most of the time; second, it is a linear method
and the computation is relatively easy.

Observe that the equation (6.1.2) can be viewed as a homogeneous equation
which always has a non-trivial solution, because the solution vector [p1, ..., pas, 1]7
can never be zero. Thus the (M + 2) x (M + 1) matrix at the left-hand side of
(6.1.2) cannot be of full rank, that is, the determinant of any (M + 1) x (M + 1)
submatrix of this (M + 2) x (M + 1) matrix must be zero. This observation can
help us to find that f, which is incorrect. Based on the problem description, we
notice that a solution must exist, and we just need to find the correct f, value
that corresponds to the solution.

More specifically, we consider 2M + 1 cases where 7 = 1,2,...,2M + 1. For
each case, we just remove one of the (M +2) equations and get an (M +1) x (M +1)
submatrix, and make sure that the remaining equations contain the variable f.
Thus when we calculate the determinant of this (M + 1) x (M + 1) submatrix,
it is a univariate polynomial of f,. We find the real roots of this polynomial for
possible true values for f;. Among those finitely many real values of f., there
must be one that corresponds to the solution. We locate it as follows.

Assume that f° is one of the possible correct values for f,. We write the
equation (6.1.2) in the following form by skipping the last equation,

[T S S Vi [ o
fo f3 fa N YA Ps fM-H
b j} B fM;H ng = - M§+2 , (6.2.1)
v fusr fuse o fam—i| | Pt ff2M

_fM+1 fuve fuss o fom || pmr [J2M+1 |

where the value of f is used to replace the given value of f, at the left-hand side
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of (6.2.1). We split the equation (6.2.1) into the following two equations,

and

ho o fs
fo fs  a
fs fs

Ja

v S fue

[ fo f3 fa
I3 Ja f5
Ju o fur fuee

v Sz fars

far

fM+1
fM+2

fQM—l_

fM+1
fM+2

f2M—1

four |

4
b2
Ps3

Pym—-1

Pm

b1
D2
p3

Pym—1
Pm

fM+1
fM+2

)

fort

fM+2

font

f2M+1

If f2 is the correct one, then the following two Hankel matrices

and

Al =

S
2
fs

fa
fs

fur

_fM—i—l fM+2 fM+3

f2
fs
fa

fs
Ja

fM—l—l

fs
Ja
fs

v fue e

fa
s

fM+2

fu
fM+1
JRVEE

f2M71_

fM—i-l
fM+2

f2M—1
f2M

88

(6.2.2)

(6.2.3)

(6.2.4)

(6.2.5)

must be invertible. Thus we can get the solution for (6.2.1) in the following two
expressions,

P

D2
b3

Pm-1
Pm

= —A7!

fM+1

fate (6.2.6)

Font
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and _ :
P1
D2 Jarte
ps —1 :
. = —A, . (6.2.7)
Jour
Pm—1 Jans
- pM -
Only when
i Srivo
A fM_” =AM, (6.2.8)
: Jom
Jomr Jorryt
we get a potential solution for py,...,py. But we still need to verify the last

equation in (6.1.2) using the values for py,...,py from (6.2.6), that is,

fipr + fap2 + fsps + -+ fon—1pm + faner = 0. (6.2.9)

If it is ncorrect, we will go to the next possible correct value for f, and repeat
the above verification step until we find the right value for f,. If it is correct,
then we recover f(x) using these py,po,...,py. After that, we evaluate f(nh)
forn =1,2,...,2M + 1, and see if they are compatible with the given sampling
values. Here the compatibility requirement means that the two sets of sampling
values are the same except for the corrupted value f,. If yes, we find the solution.
If not, we will go to the next possible correct value for f, and repeat the above
verification step until we find the right value for f, .

Remark. If £ > 1, then the determinant method would result in a system of
equations with polynomials of k variables, which is very hard to solve in general.
If we can find a method that could reduce the problem of k variables to a problem
of (k — 1) wvariables, then we may have a chance to solve it.

6.3 Resultant Method

In this section, we will develop a method that can reduce the above k-variate
polynomial system to a (k — 1)-variate polynomial system. We start with the
case of k = 2. That is, we are given 2M + 2 sampling values: {f1, fa, ..., formrs2},
in which two of them are incorrect. These sampling values satisfy the following
equation
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fof s o P fua]
f2 I3 oo Sun o fuee p1
E Ja 5 o fmre fues D2
: . : D3
v v Sy oo faner o fom 5 =0, (6.3.1)
fvsr fvve fuss o0 fan foma| [ Pua
Juve Juas fuva o0 famr fomrse Pm
fi I3 fso o famr fomma | |1
| f o o fou foarre)
where py,...,py are the coefficients of the Prony polynomial to be determined.

Since 2 of the 2M + 2 sampling values are incorrect, we need to consider
total (21\/12+2) possible cases that two of the sampling values, say f, and f; for
1 <s<t<2M + 2, are incorrect. In order to make our discussion a little easier,
we describe our method using a special case that s = M + 1 and t = M + 2 for
visualization purpose. But our method can be applied on any general case for f

and f;.

Now we rewrite (6.3.1) with fy,., and fy, , representing the two corrupted
sampling values, that is,

h fa fao o Im S| i

fa fs foo o T Thre D1

f3 fa fs o fiee fugs D2

: : p3

fu ff\k/1+1 fJT4+2 o fom—1 o fom f = 0. (6-3-2)
Jarer Jaree Jues o0 o fomsa| | P
sz4+2 fM+3 fM+4 f2M+1 f2M+2 Pm

fi [ fso o fam—r fomma | |1
e fa fe o fam famse]
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We use A to denote the (M +4) x (M + 1) matrix in (6.3.2), that is,

fi fa fa o fu [
Ja /3 oo o T T
/3 Ja s o Three Smas
A= fu fi fie o0 v fon | (6.3.3)
f]*h+1 f]*\}+2 fM+3 f2M f2M+1
firee fyuss fusa - fomsr fovse
J1 /3 fs o fou—1 fomn
E Ja R OV VAR PTVAY

(6.3.2) implies that A is not of full rank. Because if A is of full rank, then ATA

is invertible, and we can get the following equation from (6.3.2)

C ]
D2
D3

ATA | =0, (6.3.4)

Pr—1

Pm
1

This homogeneous equation (6.3.4) can only have the trivial solution, but the
vector [p1,...,pa, 1]7 can never be zero, which is a contradiction. Thus, ATA is
not invertible, and we have

det(ATA) =0 (6.3.5)

for the correct values for f, and f;, but it is not the zero polynomial.

On the other hand, ATA is a positive semi-definite matrix. Thus we always
have
det(ATA) > 0. (6.3.6)

Notice that ATA is a bivariate polynomial with respect to two variables: f, and
fi- Let us use F(fs, f;) to denote this polynomial,

F(fs, ) := det(ATA). (6.3.7)
Then (6.3.6) becomes

F(fs, f) >0  forall f,, f, €R. (6.3.8)
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Assume that f2 and f? are the correct values for f, and f;, respectively. Then
F(f2, f;) is a univariate polynomial with respect to the variable f;, and

F(f2,f)>0 forall feR and F(f2,f)=0. (6.3.9)

Thus F(f?, f;) takes a minimum at f; = f?, which is also a local minimum.
Moreover, FI(f0, f;) is a polynomial of even degree (otherwise, it would not have
a minimum), and it can be written as

F(f), f) = (fi = [O*G(fo) (6.3.10)

for some polynomial G(f;). (6.3.10) implies that the polynomials F'(f?, f;) and
F'(fY f;) have a common zero at f; = f{. That is, the resultant of F(f?, f;) and
F'(f2, f;) is zero. Hence we have

Res[F(f2, £), F'(f2, f)] = 0. (6.3.11)

Observe that Res[F'(f2, f;), F'(f°, f;)] does not contain the variable f;, and we
can treat it as a polynomial of 0. Next we find all the real roots of Res[F'(f2, f;), F'(f°, f;)]
as the possible correct values for f,. Then for each f2, we can find f? as a local
minimum of F(fY, f;). With this pair (f2, f?), we can verify if they correspond to
the solution using (6.3.2) in a similar way as in section (6.2).

6.4 Repeated Resultant Method

In this section, we will generalize the method developed in the previous section
to the general case for £ > 1. Since the discussion of the general case is very
complicated, here we will use the £ = 3 case to explain the main idea of this
method. We are given 2M + 3 sampling values: {f1, fa, ..., fomr+3}, in which
three of them are incorrect. These sampling values satisfy the following equation

fi f2 fs o v fun
oo s foo fun fuse|
I3 Ja s o fure Sues Y4
: : D2
v fuar a2 0 favr fou b3
fvusr fuse fuss o0 for foamn : =0, (6.4.1)
Juve fues fuva o0 fomr fomae| |Puoa
fuss fusa fuss o0 fomsz foues bm
1 I3 s fem—r fom | |1
fa fa f6 o famr fom4e
| /3 s fr o famr f2M+3_
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where py,...,py are the coefficients of the Prony polynomial.

We will use f,, f,, and f, to denote the three incorrect sampling values with
1<u<v<w<2M + 3. Thus we have total (2M3+3) cases to be considered. For
simplicity, we describe our method using a special case that u = M +1,v = M +2
and w = M + 3 for visualization purpose. But our method can be applied on any

general case for f,, f, and f,.

Now we rewrite (6.4.1) with f3,,1, fi;42 and f3,, s representing the three cor-
rupted sampling values, that is,

fi Ja fs o Im fun
f2 fS f4 fJT/[-s-l fJT/[+2 N _
I3 Ja s o Thee Thies P1
: : P2
fM f;\<4+1 f]TJ+2 f2M—1 fQM pPs
ff\k4+1 ff\kuz ff\k/1+3 o famr fam : = 0. (6.4.2)
fX4+2 fX4+3 Java 0 fomsr fomrge Pr—
ff\k/1+3 Juva fues o0 fomgr foms Pm
bEl I3 s fem—r foma| |1
Ja Ja e o famr fam4e
| /3 s fr o fomm f2M+3_

We define A(f,, fo, fuw) as the (M +6) x (M + 1) matrix in (6.4.2), that is,

Ji fo fs o In S
f2 f3 f4 f]T4+1 f]T4+2
fs fo fs o fie s
v fig Three o famer o fom
A(f“’f”’fw> = fJT/[+1 f]T/[+2 fJT/[+3 f2M f2M+1 : (6'4'3)
f]>\k/[+2 sz4+3 frga 0 foms fomgo
sz4+3 s Jues o0 fomae fomgs
Ji I3 fs o fom—1 famn
f2 fo foo 0 fam fomse
| /3 Is Iz e famgn f2M+3_

Similar to the discussion in section (6.3), we have

det (A"A)(fu, fo, fuw)) =0 for all f, fu, fu € R. (6.4.4)

In particular, when we take the correct values for f,, f,, and f,, say f. = f°, f, =
0 and f, = f2, we get

det ((A"A)(f2, f2, f2)) = 0. (6.4.5)
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Define the trivariate polynomial F(f,, fo, fu) as,

F(fu, fo, fuw) == det ((ATA)(fu, fo, fw)) ) (6.4.6)
Then we have
F(fu, fos fw) =0 for all f,, fu, fu € R, (6.4.7)
and
F(f2, 2 9y =o. (6.4.8)

Now we consider the univariate polynomial F'(f°, f0, f,,) with respect to the
variable f,,. (6.4.7) and (6.4.8) imply that

F(f), f), fu) >0 forall f, eR and F(fy, ), fo) =0, (6.4.9)
which means that F(f°, 9, f,,) takes a (local) minimum at f, = f°, and we can
write

F(fo, 2 fu) = (fw — fu)?G(fu) (6.4.10)

for some polynomial G(f,) > 0 for all f,, € R. (6.4.10) implies that the polynomi-
als F(f9, f9 f,) and its derivative F'(f0, f9, f,) have a common zero at f, = fO.
That is, the resultant of F(f2, f0, f.,) and F'(f2, f2, f.,) is zero. Hence we have

Res[F(fy), £y, fu), F'(fi: fi)s fu)] = 0. (6.4.11)

Observe that Res[F(f2, f2, fu), F'(f°, f°, fu)] does not contain the variable f,,,
thus it is a bivariate polynomial with respect to f° and f0.

Now we consider the Sylvester matrix for F(f2, f0, f,,) and F'(f2, 2, f.), and
use the following notations

M(fa 1) = SYUF(L), £2 fo) F' (i 1 fu)] (6.4.12)

and
Fi(fur £) o= det (ATA)(fur 1) (6.4.13)

It is easy to see that
Fi(fu, fo) >0 forall f,,f, €R and Fy(f°, f2) = 0. (6.4.14)

Now we consider the univariate polynomial F(f2, f,) with respect to the vari-
able f,, and from (6.4.14) we get

F(f), f,) >0 forall f,eR and F(f), f)) =0, (6.4.15)

which means that F;(f?, f,) takes a (local) minimum at f, = f¥, and we can write

Fi(fd, fo) = (fo = [)*Gi(fo) (6.4.16)
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for some polynomial G(f,) > 0 for all f, € R. The structure of (6.4.16) implies
that
ReS[Fl( 37fv>7F1/( Sva)] =0. (6417)

Since Res[F1(f2, f.), F1(f2, f,)] is a univariate polynomial for variable f°, we can
find all the real zeros of Res[Fi(f2, f.), F1(f2, f,)], denoted by a set Z,, as the
possible correct values for f,.

Next we select a f0 € Z, and with this f0, we try to find f0 that satisfies
(6.4.16). This can be done by looking at all the zeros of Fy(f?, f,) with the prop-
erty that all the real zeros have even multiplicities and the leading coefficient is
positive. If we are successful at this step, we will use this pair of f0 and f? to find

0 such that (6.4.10) is true by examining the multiplicities of the real zeros of
F(f°, f0, f,) and its leading coefficient. If we are successful at this step, we find
a triple (f2, f2, %) that could be the correct values of f,, f,, and f,.

If we find multiple triples of (f2, f2, f2)’s that satisfy (6.4.8), then we need
to go to the verification step to make sure that they are the correct values. The
verification step can be implemented as follows:

e Use the triple (f2, 9, f9) to find py,po,. .., pa that satisfy (6.4.1). If this
step is successful, we move to the next step; otherwise, we move to the next
triple.

e With these p1, po, ..., pu, we can recover the expansion (6.1.1), and get the
function f(z).

e With this f(z), we can evaluate the sampling values f(nh),n =1,2,... ,2M+
3, then compare them with the given sampling values and see if they are com-
patible. If they are compatible, we find a solution; otherwise, we move to
the next triple and restart the verification process.



Chapter 7

Summary and Future Work

In this chapter, we make the conclusion of this dissertation and describe our future
research problems. We have studied several cases in data analysis to recover the
modelling functions in the sparse expansion expressions from equispaced sampling
values using the original Prony method and some of its generalizations.

In some expansions, we are able to use the frequency domain to get the sam-
pling values. In this case, we transform the modelling functions from the time do-
main to the frequency domain through the short time Fourier transform (STFT).
This approach is very successful in image processing, because the coefficient mod-
ification in the frequency domain does not have a sensitive consequence in the
time domain, which is also desirable in data analysis. This method works only for
certain special basis functions, such as the B-splines, the exponential functions,
and the cosine functions.

The generalized Prony method was very helpful in this dissertation. It allows
us to recover the functions that are expansions of the eigenfunctions of some lin-
ear operators. Moreover, we could also reconstruct some expansions that have two
different models using the generalized Prony method.

There are several research problems related to this topic. Other than the
problems we studied in this dissertation, we have the following list of problems for
our future research:

1. (Apply various transforms on the basis functions)
Other than the Fourier transform and the short time Fourier transform, we
will explore several other transforms, such as the Laplace transform, so that

we can expand our processing power to cover more basis functions in the
frequency domain. Working in the frequency domain allows us to avoid the
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sensitivity of the Prony method in the time domain.

2. (Discover more operators with useful eigenfunctions)

Some basis functions that cannot be handled by certain transform can still
be processed by the Prony method if they happen to be the eigenfunctions
of a linear operator. If we can discover more such operators, we can enlarge
the coverage of the Prony method for more useful basis functions.

3. (Apply the Prony method on splines with multiple knots)

Currently we can only apply the Prony method on splines with single knots.
In many real-world applications, we need to use splines with multiple knots,
such as the Hermit interpolations. The original Prony method requires that
all the frequency parameters must be distinct, which is not compatible with
the multiple knots for the splines. A new technique should be developed to
handle the structure caused by the multiple knots.

4. (Recover the signals containing corrupted sampling values)

In Chapter 6, we solved the problem with certain number of incorrect sam-
pling values. Since the whole process requires a lot of computation, the
efficiency of the algorithm is very important. Is there any way to help us
reduce the number of tries?

Problem A2: To recover a sparse expansion system with M terms as follows,
M
f(.iE) = che(z)jxa
j=1

we are given a sequence of equidistance sampling values S := {f(nh)}2Y*
for some fixed step size h. It is also known that there are exact k sample
values in S that are incorrect, but we do not know their locations. How to

recover this system?

In Chapter 6, we develop a method that solves this problem, but each time
we need to assume k sampling values that are incorrect for one experiment.

The total number of experiments we need to do could be as high as (2Mk+k),
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which could be a very large number. To reduce the signal recovery cost, we
need some detection method that can help us eliminate a large number of
possibilities. In other words, we need to develop some method that can tell
us that some of the sampling values are incorrect. With that kind of partial
certainty, the number of possibilities that we need to try can be greatly re-
duced.

5. (Recover the signals containing corrupted sampling values without oversam-
pling)

In some real-world applications, we may not have oversampling values to
overcome certain number of incorrect sampling values, but we still need to
recover the signals. Is it possible?

The method we developed in Chapter 6 has the potential to solve this prob-
lem. For example, we are given 2M equispaced sampling values, among
which there are k (a relatively small number) incorrect values. Can we still
recover the original signals? We will investigate if our Repeated Resultant
method can solve this problem.
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