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Abstract

In solving the data interpolation problem, which is fundamental in data analysis, we
typically deal with the data samples spread in a finite interval [a,b], which results
in the operations involving finite-dimensional matrices. There are many interesting
results developed under this framework. However, when the data samples are given
from an infinite interval [a, 00) (for certain special types of real-world applications),
many existing results would not work anymore due to the special properties of the
infinite data samples. A new framework should be established to support the infinite
data samples.

In this dissertation, we develop a special tool called local linear quasi-interpolant
for an infinite interval with the following properties: 1) Each linear functional of the
quasi-interpolant is determined by at most three data samples, so that the spline
coefficients can be calculated in real-time; 2) The quasi-interpolant preserves all the
linear polynomials; 3) Our framework does not impose any restriction on the rela-
tionship between the sample locations and the spline knots, which provides us the
necessary flexibility in the real-world applications.

Our construction is based on a matrix factorization method with respect to infinite-
dimensional matrices. In order to ensure that the infinite version of the Shoenberg-
Whitney matrices are invertible, we take the constructive approach that results in
both the left-inverses and the right-inverses. Furthermore, since the associative law
of the matrix multiplication does not work for the infinite matrices, we verify all the
formulas derived from the infinite matrix operations. Finally, our local method al-
lows us to calculate the spline interpolating coefficients in real-time on the fly for the
infinite data samples.

Key Words:B-spline/ Reproduction and Marsden’s Identity/ Shoenberg-Whitney/
Quasi interpolation/ Coefficients of the Marsden’s Identities.
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Chapter 1

Introduction

In data analysis, interpolation is a fundamental technique to represent given data us-
ing functions with “good” properties. Interpolation is a type of estimation, a method
of constructing new data points within the range of a discrete set of known data
points. It is the process of deriving a simple function from a set of discrete data
points so that the function passes through all the given data points. The spline in-
terpolation is the most commonly used method due to the excellent properties of
the B-splines. The quasi-interpolation is a very useful concept in that it emphasizes
polynomial preservation aspect of data approximation. Many applications rely on
quasi-interpolation to represent data samples. After that, we can apply many pow-
erful mathematical transforms to process data.

In this dissertation, we will construct local quasi-interpolants for the linear B-splines

on unbounded intervals. The current research results in this field are basically estab-
lished on the special settings for the B-spline knots and data sampling locations. We
will consder the more general setting for which only the Shoenberg- Whitney condi-
tion is needed, so that it can provide the flexibility for many real-world applications.
The linear operators associated the quasi-interpolants are required to be local, which
means that each coefficient of the spline representation only needs O(1) computation,
so that it supports the real-time data processing.

We focus our constructions on the interval [0, 00), which could be useful for some

special types of applications. To this end, we need to deal with operations of the
infinite matrices which have different properties from their finite conterpart. More
specifically, we need to use the inverses of the Shoenberg-Whitney matrices for the
linear B-splines on [0,00). We need to overcome many technical difficulties to find
those inverse matrices. To calculate the infinite inverses of the Shoenberg- Whitney
matrices, we divide them into 5 categories based on their structures.
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Another important part of this dissertation is developing a special matrix fac-
torization technique that is used to explore the structures of the inverse of the
Shoenberg- Whitney matrices. Since the inverse matrices of the Shoenberg- Whitney
matrices could be very complicated in general, we have to use an indirect way to
avoid working on those inverse matrices. The polynomial preservation property for
the quasi-interpolants can be represented in some matrix conditions based on the
coefficients of the Marsden’s identity. This technique could be generalized to more
general B-splines.

Finally, we have a good chance to extend our method to other basis functions, for
example, many refinable functions, because they have their versions of the “Marsden’s
1dentitties”, and our method is based on the matrix factorization on the matrices re-
lated to the Marsden’s coefficients. Another interesting generalization is on 2-d basis
functions, such as bozx-splines.



Chapter 2

Preliminaries

2.1 B-splines

Setting for the interval [0, c0)

We consider a set of B-spline basis functions of order m with m > 0 as {B; ()},
on the interval [0,00) that are defined on the knot sequence {t;}%2 , . ;. The knot
sequence satisfy the following conditions:

Ozt_m+1:"':t0<t1§t2§"'Stn<OO, (211)

and
tj—m<tj7 for g=1- n,---. (212)

Definition 2.1.1. the B-splines is given by the following recurrence relation:

—liim tiy1 —
Bim(x) = uBifl,mfl(l') + SE—

Tt g 2.1.3
’ ti — ticmt1 tiv1 —ticmya 1(@) ( )

for z € [0,00), with
1, of t; <z <t
Bia(z) = { / o

B 0, otherwise.

One can see that B;,,(z) relies on the m + 1 knots: {t;_41,...,%, tit1}, that is,
the subscript ¢ of the basis function B ,,(z) corresponds to the rightmost inner knot
t;, not the rightmost knot t;,;. In this way, we can make the subscript ¢ running
through all nonnegative integers.

To do data interpolation, we are given a sequence of n sample locations {x;}:2,
that satisfy the following condition:

OD=ap <21 <Tp < +++ <2, < O0. (2.1.4)
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Eventually, the data interpolation will occur on these sample points: {(z;,yi)}52,-
We observe some obvious properties of the sample locations:

e The left boundary sample location is xg that matches the left endpoint of the
interval 0;

e The inner sample locations are {x1,zs,...,Z,,..., }, and they are distinct.

Similarly, we can get the basic properties for the knot squence {t;}%2_,, ., as fol-
lows:

e The left boundry knot is #; that matches the left endpoint of the interval 0;

e The left boundary knot is repeated m times, that is,

0=t i1 = =lo;

e The inner knots {t1,ts,...,t,,...} are not necessarily distinct,
1 <ty <--- < t, <o,

with
timm <, for j=1,---,n,---

2.2 Data Interpolation
We consider the spline space S, defined as follows
St = {Z ¢jBjm(x)|c;eRfor 0 <j< oo} . (2.2.1)
§=0

The space Sy, is a linear space, and we will use it to approximate the continuous
functions in C[0,00). To find a spline function f(z) in S,,; with the form of

o
f@) =) ¢;iBjm(x),
5=0
that satisfies the interpolation condition:

f(z;) = v, for i=0,1,...,n,..., (2.2.2)
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we need to find the coefficients cg, ¢y, ..., c,, ..., such that
o] [0 |
Bom -+ Bum .
0, .(1’0) | ; .(1’0) & "
B (x) B (:v) =1:1. (2.2.3)
O,m' n n,n’f n Cn Un
Denote
BO,m($O) T Bn,m<x0)
By, = : B : 2.2.4
Bown(an) -+ Bum(an) (2.2.4)

Based on the finite interval Shoenberg-Whitney theorem, we have the following
condition between knots and samples

ticme1 < x; < tiyq, forall i=1,2,...,n,.... (2.2.5)
For the linear case, i.e. m = 2, it becomes
ti1 <y <tiyq, forall i=1,2,....n,.... (2.2.6)
Equivalently, we can also write as
Tio1 < t; < Tigq, forall ¢1=1,2,...,n,.... (2.2.7)

In our discussion below, we assume that B, is invertible, which will be shown in
Chapter 5. Thus, we have

Co Yo
C1 hn

=B;' ||, (2.2.8)
Cn Yn

2.3 Local Quasi-Interpolation Operator

In order to define a quasi-interpolant on C|0, c0), we need to construct a sequence of
linear functionals {\;}72, from C[0,00) to R as follows, for any f(z) € C[0,00), we
define

Aef = quif(:vi), for 0<k < oo, (2.3.1)
i=0
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with certain real coefficients g, @1, - - -, Qrn, - - .. With these linear functionals, we
can define a quasi-interpolation operator from C[0, 00) to Sy, as follows

(Qf)(x) = Z(Ajf)Bj,m(x) (2.3.2)

J

In particular, a quasi-interpolant should have the polynomial preservation property.
That is, for any polynomial p(z) of degree up to m — 1, denoted by p(x) € m,,_1, we
have

(@p)(z) = p(x). (2.3.3)

We are more interested in the local quasi-interpolants, that is, for each linear func-
tional A\; with 0 < k < oo, the nonzero coefficients can only appear in the sequence
{@s—as- s Qks - - -, Qere+o ) for some fixed non-negative integers a and b. Of course, we
need to exclude those coefficients whose subscripts are out of bounds of {0,1,...,}.

2.4 Three-Point Quasi-Interpolant

Our goal for constructing a local quasi-interpolant is: Find a tridiagonal matrix O,
in the form of

Goo  qo1 0
dio 411 q12
Q2 = '

0 . e e | (2.4.1)

Qn,n—l Qn,n Qn,n—i-l

which defines the linear functionals {A;}72, in two parts:

e For the internal linear functionals with 1 < k£ < oo, we have
MNef = Gep—1f(@r-1) + Qe f(@r) + Goprr f(@rt1). (2.4.2)
e For the boundary linear functionals, we have

Mof = qoof(z0) + qor f(x1). (2.4.3)

Then the quasi-interpolation operator @ f as in (2.3.2) for m = 2 given by

o0

(Qf) (@) =Y (N f)Bja(x) (2.4.4)

J=0
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preserves the linear polynomials as follows

(@Qp)(x) = p(x), for all p(x) € m. (2.4.5)

In other words, we will find the formulas for the entries of Qs: ¢x; in terms of the
knots {¢;}22_; and the samples {x;}2,. The definition of matrix Qs can be easily
generalized to that of Q,, for m-th order B-splines.

2.5 General Expression of B,

A straightforward application of the recurrence relation (2.1.3) gives us the explicit
formula for B;(x) as follows

Xr — ti_ t, — X
Buale) = §— 7 Bioaa®) + 3 0 Bu(@
r—ti1 .
f ot <az<t,

t—t kb (2.5.1)
_ )ty — .
o Lﬂ:v if tz §x<ti+lv

tiv1 — 1

0, otherwise.

To write the explicit formula for Bs, we consider the (k + 1)-th row of the infinite
matrix By for 0 < k < oo, which has the form of

[Boa(zx) Bia(wy) -+ Bialz) -] (2.5.2)

We still need to resolve the uncertainty about the sample locations {z}7°, with re-
spect to the knots {¢;}72 ;. Specifically, for each internal z; with k = 1,2,...,, we
have that either z) € (t;_1,tx] or &y € (tg,tr+1) by condition (2.2.6). To examine
what entries in the above row are nonzero, we consider the following two cases:

e When zy, € (tx_1, tg], notice that the support of B; () is [t;—1, ti+1]. We can see
that only the supports of By_12(z) and By o(x) have an overlap with (t5_1, tx].
Thus, we can write the above row as

{‘0 - 0 Broip(wr) Bra(zr) 0 }
k—1

e When xj € (tx,tx11), with similar analysis, we can write (4.2.2) as

{‘0 - 0 Bra(wg) Bryip(zr) 0 }
K
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If we combine the above two cases, we can say that the only possible nonzero
entries of the (k + 1)-th row are: Bj_jo(x), Br2(xk), and Bjiq2(zk), and we can
write the general form of the row as

0 --- 0 Bi_1a(xg) Bro(xr) Bryi2(zr) 0
k=1

In order to use a more compact way to write the matrix By, we use the notation
bzg = Buz(mj) ThUS, we have

1 0 0
bOl bll 621
By = ' ' (2.5.3)

0

bn— 1,n bn,n bn+1,n

We need to address the uncertainty that which of the intervals (tx_1,%;] and
(g, tr+1) contains xy. To this end, we introduce a set of indicator variables {o;}°,;
as follows,

if x; € (tifl,ti) (2 5 4)

-

if x; € [tl‘,ti+1).

Now we can write explicit expressions for B;_j 2(x;), Bi2(%i), Biy12(z;) as follows,

ti — T
B; i) = 0i T
2(w:) =0 bi —ti .
Li — li— i+l — Ly
Bio(z) = 03 ——L 4 (1 — ) L, (2.5.5)
t; —ti1 ; tiy1 — 1
Ti — 1
Bz‘+1,2($i) = (1 - Uz‘) T .
. lit1 — U
for i = 1,2,.... With this new notation, we can verify the partition of unity property
of the linear B-splines easily as follows,
BZ‘_LQ(Z'Z‘) + Bi,g(xz) + BH_LQ(Ii) =0, ———— + 0; —1 + (1 — O'i) H—
li —tia i —1lia liv1 — t;
+(l—0;) —— =0 ! +(1—0;) s + =1
tiy1 — t; i —tin  t—1iq tiy1 —t;  tig1 — 1
for « = 1,2,.... The partition of unity property of the linear B-splines can also be

written as a matrix form

(1 0 0
1 1
bOl bll b21 1 1
0 ' = , (2.5.6)

bn—l,n bn,n bn—l—l,n
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which will be a critical property in our matrix factorization technique.

2.6 Marsden’s Identity

In 1970, Marsden expressed in [1] (-—y)® in terms of a linear combination of B-splines,
which is called Marsden’s identity. This identity plays an important role in change of
basis procedures and B-spline curve approximation. Moreover this identity is deeply
studied and extended in various setting by many researchers. Denote {pzjm,r =
0,1,...,m — 1} as the coefficients of the Marsden’s Identities given by

P = 1,

1
f%m:?ﬁs > tirtype - gy 1 <r<m—1
r ) k+1<j1<ja<...<jr<k4+m—1

for k € Z. We use the Marsden’s identity to develop a matrix version criterion for
the polynomial preservation property.

When we use the B-splines to represent the polynomials, we need the Marsden’s
identity, which rely on the following dual polynomial corresponding to Bj,(x) using
its internal knots {¢;_,,+2,tj_m+s,...,t;} as follows

{pj,l(y) =1 (2.6.1)

Pim(Y) = (Y = tjimmi2) (Y — tj—myz)- - (Y — t5), m=>2.

Then the Marsden’s identity tells that
(=2 =D pimy)Bim(x), forz € [0,00). (2.6.2)
=0

When we view the above identity, we fix x and treat y as a variable. Then we can
expand both sides of (2.6.2) as polynomials of y and compare their coefficients, which
results in the following sequence of identities: For r =0,1,2,...m — 1, we have

= Zp;mBj,m(:c), for x € [0, 00), (2.6.3)

J=0

where pf . are the symmetric polynomials given by:

. 1
P = —(m_l) thltjg. .t (2.6.4)
and the sum is over all integers 71, j2, .. ., j» such that

Jm—m+2< <. <5 <]
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and the total number of terms is (m;l) When r =0, 1,2, we can write (2.6.3) in the

following explicit and convenient forms:

1= ZBjm(x), for m>1,
=0
o0
r = Zt;mBj,m(x), for m > 2,
7=0
— Zt;’:nBj’m(x), for m >3
=0
on the interval [0, c0) where
. 1
tj,m = m(tj,erz +... + tj),

1 j-1 j
0= > Y itk
(")

i=j—m+2 k=i+1

(2.6.5)



Chapter 3

Construction of Local
Quasi-Interpolation Operator

3.1 Matrix Criterion for Polynomaial Preserva-
tion

When we apply (2.6.3) on all the data samples {xo, z1,...,2,,...}, we get
¥ =Y Pl Bim(r;),  forj=01,...n,. .., (3.1.1)
=0

which can be written in a matrix form of

E [ 6. |
241 PLm
= [Bim(z)] | = |- (3.1.2)
Ty Prm
If we combine m equations of (3.1.2) for r = 0,1,...,m — 1, we get the following
matrix equation
R BT 7 L Do P ]
1 Ty - 1'7177’71 1 pim e p?f'r:zl
=B : (3.1.3)
1 z, --- IZ%—l 1 P}L,m p;zr;l

14
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Assume that B,, is invertible (use the generalization of the Shoenberg- Whitney theorem
to be proved), we can write (3.1.3) to the following equivalent form

1 2 Al I B Do |

N L O
B;z o : = |: : : : (3-1-4)

1, ! L phm Prr

To ensure that our quasi-interpolant has the polynomial preservation property,
(here we can consider the general m case, not necessarily restricted to m = 2), we
need our quasi-interpolantion operator @ f defined as in (2.4.4) to have the following
property:

(@p)(z) = p(),

Since {1,x, 22, ..., 2™ !} form a basis for the linear space m,,_1, we can use an equiv-
alent form of (3.1.5) as follows

(Qn")(z) =n"(x), for r=0,1,...

where 1" (x) is the monomial z". (The reason that we use a new symbol 7 for the mono-
mials is that we want to avoid the confusion when we apply the quasi-interpolation
operator ) on the monomials.) We apply (2.4.4) on the monomials {n"(z)}"", and
get

for all p(x) € mp_1. (3.1.5)

m— 1, (3.1.6)

(@n")(z) = 3272 0(A\n") Bjm(x), forr=0,1,...,m—1. (3.1.7)
On the other hand, the Marsden’s identity (2.6.3) can be represented as

n'(x) = Zp;mBjm(a:), for x € [0, 00). (3.1.8)
=0

From (3.1.6), (3.1.7), and (3.1.8), we get

AN =P, r=0,1,...om—1,j=0,1,...,n,.... (3.1.9)

Let us look at the expressions of (A;n")’s with respect to the samples {x;}°,. By
the definition of the linear functionals {\;}32, in (2.3.1), we have

A = qui n"(x;), for 0<k < 0. (3.1.10)
i=0
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Since n"(x;) = x}, we can write (3.1.10) in the form of

Ml" = [awo @ Gem o] | 7] (3.1.11)

(a0 @1 - @em ] || = P (3.1.12)

Combining all the equations of (3.1.12) for k =0,1,...,n,..., we obtain

oS o]
Ty P1m
On | | = N (3.1.13)
T Pm
where
Q= [ij]zigf)j:O'

With the above investigation, we summarize our findings as the following theorem.

Lemma: Given a set of data samples {x;}5°, that satisfy the conditions (2.1.4)
and (2.2.6) with respect to the B-spline space Syt as in (2.2.1), let Q,, be an infinite

matriz, that defines a linear operator Qf from C[0,00) to Spmy as in (2.4.4). If Q,
satisfies the equation:

1@ o 2y L P o]
Loy oo 2! L Pl o Pl

Qnl: + - : = |: R : , (3.1.14)
Loz oo o2yt L prm 0 P

where pg s - - Proms - - - are the Marsden’s coefficients defined as in (2.6.4), then the
@ operator preserves the polynomials in m,,_1, that is,

(@p)(x) = p(x), for all p € mm_1([0,00)).
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With this criterion, we can convert our construction of local linear quasi-interpolant
problem to a linear algebra problem: Find an infinite tridiagonal matrix Qs in the
form of (2.4.1), such that

1 2] 1 /)(1),2-
1 1 piQ

Q| | =1: 1, (3.1.15)
1 z, 1 p}m

for the data samples {z;}:°, and the linear B-spline space Sy;. In this way, we can
apply certain linear algebra techniques to solve this problem.

3.2 Matrix Factorization Procedure:

To find an infinite tridiagonal matrix Qs that satisfies (3.1.15), we would like to
convert it to a matrix factorization problem. First we rewrite equation (3.1.4) for
m = 2 case:

Lz L ppa
1 = 1 piQ

B = . (3.2.1)
1 =z, 1 p}w

Combining (3.1.15) and (3.2.1), we get

1 Zo 1 Zo
1 I 1 i
Q| | = 82’1 R I
1 z, 1 =z,
which is equivalent to
1 2]
1 T
(BoQy— 1) |: | =0, (3.2.2)

1 =z,

An obvious advantage of the form of (3.2.2) comparing with the one in (3.1.15) is that
we do not need to deal with the Marsden’s coefficients p}’2’s directly, which reduces
the complexity of the problem significantly.
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To solve equation (3.2.2), we split it into two equations, so that we can apply the
divide-and-conquer approach to solve it:

(B2Qs— 1) || =0, (3.2.3)

and

(BsQy— 1) | 1| =0. (3.2.4)

By the partition of unity for linear B-splines as in (4.2.6), we can write it as the
following form

=B
1
(By—1)|:| =0. (3.2.5)

Comparing the structures of equations (3.2.3) and (3.2.5), we write Qs in the forl-
lowing form

Qz =1+ To, (3.2.6)
where Tj is also a tridiagonal matrix to be determined. Thus, (3.2.3) is equivalent to
o

1
BTy || =o0. (3.2.7)

Since By is invertible, equation (3.2.7) can be simplified to

T, | 1| =o0. (3.2.8)
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Observe that

1 —1 1
1 -1 1
=0. (3.2.9)
1 -1 1
We take T} in the form of
To = TlDo, (3210)
where Dy is the difference matrix
o .
1 -1
Dy = , (3.2.11)
1 -1
and 7} is an infinite matrix to be determined.
In other words, if we take Q5 in the following form
Qo =1+ T1Dy, (3.2.12)

for any infinite matrix 77, then equation (3.2.3) is automatically satisfied. Next, we
need to determine 77, such that (3.2.4) is satisfied. To this end, we write (3.2.4) as
follows

-l’o- -.IU-
I T

(By—1I) | i | +BiDy | £ | =0. (3.2.13)
Tn Tn

Next we will simplify each term of the left-hand side in (3.2.13), so that we can de-
termine the structure of 7.

o Simplify the first term of (3.2.13):

Equation (3.2.5) implies that there exists an infinite matrix X, such that
By — 1 =X1D, (3.2.14)

using the similar discussion from (3.2.8) to (3.2.11). Furthermore, we can find
the explicit expression for X;. To solve the equation (3.2.14) for X, we multiply



CHAPTER 3. CONSTRUCTION OF LOCAL QUASI-INTERPOLATION OPERATOR 20

both sides by the pseudo-inve

Dy =

Since
we get

From (4.2.3), we can write By

0 0
bor b1 —
By—1=10 ’

0

rse of Dy, which is given by

1 1 1 ]

0 1 1

0 1

_0 : -
DyD} =1,

Xi = (B, — I)Dy .

— 1 as

0
I by

bnfl,n bn,n_ 1 bn+1,n

(3.2.15)

(3.2.16)

(3.2.17)

which has the property that the sum of all the entries in each row is zero by
the partition of unity for the linear B-splines. Thus,

0 0
bOl _b21
X, =(By—I)Di = | 0
0 bn—3n—2 —bn_1n—2
0

Now we do the following simplification

Zo
I
(B2 — 1)
Tn
Denote, for 0 < k <m
d¥ =z

J

Zo [ o — Iq T

I T1 — X2
=X\Dy|: | =X,

Tn Tn—1 — Tn

j— xj_p, fork <j<oo.

(3.2.18)

(3.2.19)
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We can simplify the above expression to

-330_ -d%_
T d%
T d:

Condition (2.1.4) implies that dé? = 0. To further simplify the above expression,

we let
! -
d;
dl
Thus, we have
EN [di 1]
T d% 1
Bo—D || ==X, |:|==X1]:]. (3.2.21)
T dl 1
It follows from (3.2.18) and (3.2.20) that
o 0 -
dibyr  —dibo
Xi=1| 0 SN (3.2.22)
0 . déflbn—Z,n—l _d}lbn,n—l
L. 0 . . ' -
In our formulations above, we notice that
EQ 1
il dl
XlD() = X1 dl X
T "
1 SO
1 I 1
. Do | | ==X, |:]. (3.2.23)
I Tn 1
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We would like to introduce a new notation E; as

1
di
1
dy,
Thus, we have 3
XlDO - X1E1> (3225)
and - -
o 1
T 1
Eil:|l=—-1:]. (3.2.26)
T, 1

o Simplify the second term of (3.2.13):

In view of (3.2.23) through (3.2.26), we would like to write 77Dy as
T\Dy = T\ E, (3.2.27)

where

dy

=T (3.2.28)

dl

Thus, the second term of (3.2.13) can be written as

To To
X1 T 1

BoT'Dy | i | =B,ThEy | © | = =BTy |1 . (3.2.29)
T T 1

It follows from (3.2.13), (3.2.21) and (3.2.29) that
1
1
(BT + X1) | 1| =0. (3.2.30)
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Now our problem becomes (3.2.30). Specifically, find an appropriate infinite ma-
trix 77 for (3.2.30). To this end, we rewrite it in the following new form

(1] 1] [ 0
1 1 —dibo + dlby
BT || ==X, || = : . (3.2.31)
1 1 _dyllflbnflnfl + dkbn,nfl

The easiest form we can see for T is as follows

0 -
t1 9
ta 0
~ ‘ 0
T, = 0 , (3.2.32)
0
t
and with this form, we can write
1] 9
1 b
- lo
1
So we further reduce our problem (3.2.30) to a new form: Determine t,%s,...,%,,
such that
"0 ) )
7 0
é —diboy + dibay
By|.| = : . (3.2.34)
7’5. _d;bn—l,n + d711+1bn+1,n
We can represent the (i + 1)-th row of the above matrix equation as
bifl,igifl + bi,iii + bi+1,i£i+1 = —d}bzel,i + di1+1bi+1,i (3.2.35)
fori =1,2,...,n,..., and we assume that £, = 0. After we do the symbolic compu-

tation using the Maple, we get the following result:

t; =x; — t;, fori=1,2,...,n,.... (3.2.36)
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Using (3.2.19) and (3.2.36) in (3.2.35), we get the following expression for (3.2.35)

(wic1—tic1) b1+ (s — ) iy + (ig1 — i) bigr s

=— (2, —xim1) bim1i + (Tiv1 — ) big

Notice that b, ; = B, 2(x;), we apply (4.2.5) for b; ; in the above equality and get an
equivalent expression for (3.2.35) as follows

(Tic1 —tic1) 0 + (@ — 1) < '—1+(1—0i)+1—)

g; g;
t; —tiq t; —tiq tiv1 —
+ ($i+1 — ti+1) (1 — Uz‘) (3237)
Liv1 — 1
(i = 2i1) 03—+ (ia — ) (1= 03)
= —\T; —Xj=-1)0; xT; — T — 0; .
! tz — ti—l + ti—l—l - tz

Next we will verify that the identity (3.2.37) is true.

We simplify the expression of the left-hand-side of (3.2.37) as follows

LHS = g; (($i—1 - ti—l)

li — Ty — i
(@ — ) L)
b — 11 ( ) t; — 11 )

biy1 — T T — 1
1 —o; i —t) T—— i1 — tig1) T——
(k=) ((;1: ) tiv1 — t; (@~ fi) tiv1 — ti)

—(ti — 7)o <$i—1—ti—1 xi_ti—l)
- 7 7 7

by —ti1 by —ti1

+(5L‘z o tz) (1 . O_i) ( +1 + +1 +1)

livi — liv1 — U
=— (2 — 3121) 03 ———— + (Ti1 — 7))
( o t; —tiq (s ) tiy1 — 1

which is exactly the same as the right-hand-side of (3.2.37). Thus, we verified the
identity (3.2.35) for #; given by (3.2.36).

To summarize our analysis above, we get this result: If we take Qs in the following
form

Q, = I, + T\ E, (3.2.38)

where T} is given by (3.2.32) and (3.2.36), and F} is given by (3.2.24), then we have
(3.2.2), and hence (3.1.15). Thus, the matrix defined in (3.2.38) already gives us a
local quasi-interpolant for the linear B-splines. Since the solution for a local quasi-
interpolant is not unique, we would like to see if there is any other interesting solution.
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We go back to examine Ty as in (3.2.32), and notice that there is some flexibility
in choosing the form of T;. If we take T} in the following form
0 ) -
ot (1—o1)ty )

O'th (1 — 02)t2

s
[

(3.2.39)

Ontn (1 —0,)ty

where 0;’s are the indicator variables defined by (4.2.5), it still satisfies (3.2.33). In
other words, if we choose T} defined by (3.2.39) and (3.2.36), then Q, given by (3.2.38)
also gives us another local quasi-interpolant for the linear B-splines. Moreover, we
would like to view the explicit form of the second solution. To this end, we calculate
Q5 in the following steps.

First, we calculate T} E; using the following expression:

N /1 1
T1E1:T1d13g<$,...7d—1,...> DO
1 n

based on (3.2.24), and get

1
o -
ty ty
o1— (1 —o01)—=
ap g ~
to to
02— ey

tn—l
dy_y

(1 — O'nfl):;—I

Op—1

To represent the matrix 71 F;, in order to handle its large size, we just write its
(4 1)-th row general expression for 1 < i < 0o, because its first row and last row are
all-zero rows. By (3.2.36), (3.2.19), and (3.2.11), we get the (i + 1)-th row of T} F,
whose nonzero entries are given below

( €T _t
i-th =0 ———,
(i-th) i iy t
Li — i Li — 1
, +1)-th) = -0, ——F-+ (1 —0;)) ———, 2.
((i 4+ 1)-th) Ti ?71 + (1 —0y) p— (3.2.40)
:L'A
i+ 2)-th) = (1—o0;) — :
(+2h) = (1)
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for 1 <14 < o0.

To write the expression for Q,, which is I, + T, E;, we only need to add 1 to each
of the diagonal entries of T1E;. Thus, we simplify the following expression, which
corresponds to the (i 4+ 1)-th diagonal entry,

Z; tz Z; tz
1—o; + (1 —0y)
€ Ti—1 xiJrl — Z;
Z; 7 Z; tz
=0+ (1l—0;) —0; +(1—0y)
i — Ti—1 Tit1 — Ty
ti — i1 Tit1 — b
=0i +(1—o0i)
Z; Ti—1 xi+1 — T

Finally, we can write the (i 4+ 1)-th row of Qs in its nonzero entries as follows,

( T: — t:
i-th =0 —————,
(Z ) 7 %i_xi—l y
. i — Li—1 Lit1 — b
1)-th) =0 —— l—-0y)) ——, 241
(i + 1)-th) "xi_xi%ﬁ( e (3.2.41)
i L
t+42)-th) =(1-0;) ———
((+2)th) = (1—0)

for 1 <1 < 0.

In order to compare By and Qs, we use two vector variables: the first one is the
knot vector defined as t := [to, 1, ..., t,,...]; and the second one is the sample vector
defined as ¥ := [zg,x1,...,Zn,...]. Now we can view both infinite matrices By and
Q, as matrix-valued functions with variables ¢ and #. Specifically, we write them as
By(t, ) and Q,(t, ¥), respectively.

First, By and Qs have the same top row: [1,0,...,0,...]. Next, we compare their
general (i + 1)-th row for 1 <i < oo at their corresponding nonzero entries, i.e. i-th,
(1 + 1)-th, and (7 + 2)-th positions, as follows

( tz Z; Z; tz
7 <~ 0; )
t; —ti_1 Xi — Tj—1
Ty —tiq Liy1 — @ by — i1 Tig1 — 1
0; +(1—o0; ; +(1—o0; , 3.2.42
t; — 11 ( ) tiy1 — 1 Ti— X ( ) Tig1 — T ( )
i — b t; —x;
(1—0;) 21 o (1—og) 270
L tiv1—t; Tip1 — T

We can see that there is a duality property between By (t, Z) and Q,(f, ¥) in the sense
that when we switch ¢ and Z, one becomes the other, i.e.

Qs(7,1) = By(1, 7). (3.2.43)
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3.3 General 3-Point Solutions

To get a general expression for the 3-point solutions, we would like to make Ty more
general than the forms in (3.2.32) and in (3.2.39). If we take 7} in the following form

[0
wit; (1— Cgl)tl .
. wats (1 —wo)ts
T, = , (3.3.1)
Wit (1 —wp)t,
where w1, ...,w,,... are free parameters to be determined for specific properties in

applications. It is easy to see that T} in (3.3.1) satisfies (3.2.33), and Q, given by
(§.2.38) gives us general 3-point quasi-interpolants for the linear B-splines. With this

T1, and by the similar calculation above, we can get that the nonzero entries of the
(7 + 1)-th row of Qy are given by

( x_t
-th = i#,
(Z ) “ %z_l’i—l y
. i — Li—1 Tit1 — U
1)-th) = ; ——————— 1 —w;)) ——, 3.2
e R ver (33.2)
i L
1+ 2)-th) = l—w,) ———
(o 20th) = (1w

for 1 <7< 0.

3.4 3-Point Solutions for Digital Filters

Since the sum of each row is 1 (we can give a short proof), the linear functional A f
in the following form

Mef = Q=1 fo—1 + Qe fre + Qo1 frrt,

can be treated as a weighted average of fi_1, fx, and fr11. In some of the applications,
such as Computer Graphics and Image Processing, we would like to have these weights
Qk.k—1, Qs and gg 41 connect to digital filters. In other words, we want to make
{Q@k—1s Qe ks Qe k1 } correspond to low-pass or high-pass filters. To this end, we want
to enforce the following condition:

Qi1 Qrh+1 >0 and  grp > 0. (3.4.1)

Under this condition, gy -1 and g 1 must have the same sign: either both positive
that corresponds to the low-pass filter case, or both negative that corresponds to the
high-pass filter case. By (3.3.2), we have

Ti — Li—1 Tit1 — T4
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which can be written as

(zi — t;)?

w; (w; — 1) > 0.
Notice that the fraction part must be positive. Thus, we get the condition for w; as

follows
w; <0 or w;>1. (3.4.2)

In order to make our discussion focus on a positive variable, we introduce a new
variable w;, which is derived from w; as follows

(3.4.3)

W; = —w; when w; < 0;
w; =w; —1 when w; > 1.

This condition takes care of the case that gx r—1 @ r+1 > 0. Next, we will work on the
condition for the case that g, > 0.

e 0; = 1, which implies that x; € (t;_1,t;];

First, we consider the low-pass case: g ;-1 > 0 and gy ,1+1 > 0, and we get the
following expressions:

( - T
kk-1 = —Wi—,
T — Tj—1
b= o\ Tip1 — b
Lapr =~ (L) (3.4.4)
Ti — Li—1 Tit1 — T4
~ t. — 1.
Qg1 = (L+@) ———
\ Lit1 — Li

with @; > 0. To make g, > 0, we do the following calculation:

R A N Tiv1— bt rip—t o (T — o =T
0 ——— 4+ (14 & = + & — ,
Ty — Tji—1 Tit1 — T4 Tit1 — X5 xi+1 — T Ty — Ti—1

and we want to solve

Tiv1 — b > & (ti—ffz'—1 B 'ri—l-l_ti)’

Tip1 — T4 Ti — Ti—1 Tip1 — X4
which is
Ti1 — 1 - (ti — ) (Tip1 — @i—1)
Tit1 — T4 ' (7 — xi—l)(%‘ﬂ — ;)
Thus, we get

(i1 — ti)(2i — 1)
(t; — i) (Tip1 — xi1)
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In order to make the structure as simple as possible, we introduce another
variable &; associated with @; as follows,

(Tip1 — ) (2 — 2i1)
(t; — ) (Tiv1 — Tim1)

W =&

(3.4.6)

In this way, we can get an equivalent inequality for (3.4.5), which is as simple
as

0<¢ <1 (3.4.7)

Here ¢; is an independent parameter in (0, 1), which does not rely on {z;} and
{t;}. We can use it to control @;. Next we will write (3.4.4) in terms of &;.

By (3.4.6), (3.4.4) becomes

( Tiy1 — b
g T

Qkk—1 = i )
Tit1 — Ti—1
.,k = (1-&) m, (3.4.8)
Tit1 — X4
- t; —x; (iv1 — ;) (z — i)
Akk+1 = & .
\ Tiy1 — X4 ($i+1 - Iz’)(IiH - l‘z‘—l)

Next, we consider the high-pass case: qx -1 < 0 and g 41 < 0, and we get the
following expressions:

;

k-1 = Wj—,

ti— i— 7 _ti

Qe = Wi ; (3.4.9)
Ty — Xj—1 Tiv1 — X4
tl €T;
Q1 = (1 —wy)
\ Tiv1 — T4
where
0<w; <1

Obviously, we have g5 > 0.

e 7, = O, which 1mphes that x; € (tl, ti—l—l)-
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For the high-pass case: grr—1 > 0 and g x4+1 > 0, we have the following expres-

sions: ) ,
~ Ty — 14
i1 = (1+&)——,
Ty — Tj—1
W ti—xir L oxi —
r = (1+@)— 00— (3.4.10)
Tiy — Ti—1 Tit1 — X4
- i@
Qkk+1 — —Wj——————
\ Tiv1 — T4

with @; > 0. To make g, > 0, we do the following calculation:

ti—wiy . iy —t ti—xi1 . (ti—riy X —
— w’L — _I._ Wi _ ,
Ty — Ti-1 Tit1 — X Ty — Ti-1

(1+ @)

Xy — Tj—1 Tit1 — T

and we want to solve
ty — i1 o Tig1— bt — i
— > W - )
Ty — Ti—1 Tit1 — T4 Ty — Tj—1
ti — i1 (@ =) (g1 — 1)
ot 3 ) )
Ty — Ti—1 (Jiz - xi71)<xi+1 - il‘z)

which is

Thus, we get
Tiv1 — ;) (6 — x4
0<(Di<(z+1 1)(1 11)‘
(zi — t:)(Tip1 — 1)
In order to make the structure as simple as possible, we introduce another
variable &; associated with @; as follows,

(3.4.11)

(Tip1 — x)(ti — 2i1)
(2 — ti)(@ig1 — Ti1)
In this way, we can get an equivalent inequality for (3.4.11), which is as simple
as

w; =&

(3.4.12)

Here &; is an independent parameter in (0, 1), which does not rely on {z;} and
{t;}. We can use it to control @;. Next we will write (3.4.10) in terms of &;.

By (3.4.12), (3.4.10) becomes

( Tit1 —

Qo1 = &———" (todo)

Tiv1 — Ti—1
Gr = (1—&) =———"  (todo) (3.4.13)
Tit1 — Ty
ti — X—

Qe k+1 = & Lt .

\ Tit1 — Ti—1
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Shoenberg- Whitney Matrix:

4.1 Properties of infinite matrices

Since the behaviors of the infinite matrices are quite different from those of the regular
finite matrices, we would like to study some basic properties of the infinite matrices
in this section.

To represent a general infinite matrix, we use the following notation:
A= [aij]z?iog:m a; € R. (4.1.1)

In this case, we write it as A € M(oco x 00).

We need to consider a special type of infinite matrices that have the property: For
each row, only finitely many entries are nonzero. We denote this kind of matrices as
M°(c0 x 00).

e (Two infinite matrices are equal.)

For two matrices A, B € M(co x 00), if A = B, where A = [ay], ;- and
B = [b;j]24 jo, if and only if

a;; = by, forall 0<1,j<oo0.

e (An infinite matriz is zero.)

For a matrix A € M(oo x 00), if A =0, where A = [a;]2, ;_, if and only if

a;; =0, forall 0<14,j<oo.

31
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(Transpose operation)

For two matrices A, C' € M(co x 00) with A = [a;]72 ;¢ and C' = [¢;j]20 j—0,
if C' = AT, then we have

cij = aj;, forall 0<14,5 <oo.

(Addition operation)

For three matrices A, B, C' € M(co x 00) with A = [ay]% j—0, B = [bij]20 j—0»
and C = [¢;j]2 j—, if C = A+ B, then we have

Cij = a’ji + b”, fOl" all 0 S Z?] < 0.

(Scalar-matriz multiplication operation)

For two matrices A, C' € M(oo x 00) with A = [a;;]22, ,—o and C' = [cy5]72 ;—0,
if C' = a A for some a € R, then we have

cij = aay, forall 0<14,j<oo.

(Multiplication operation)

For three matrices A, B, C' € M(co x 00) with A = [ay]% j—¢, B = [bij]20 j—0
and C' = [cy5]32 ¢, if A € M°(0c0 x 00) or B € M°(0c0 x 00), then C' = AB is
well-defined as follows

Cij = Zaikbkj, forall 0< 1, ]{Z,j < Q.
(No associative law for multiplications)
For three matrices A, B,C € M(oco x oo) with A = [a;;]22, =0, B = [bi;]720 j—0>
and C = [¢;4]20 j—o, the two products (AB)C and A(BC) could be different.
(Identity matriz)
We call a matrix A € M(oo x 00) with A = [a;], ;_¢ an identity matrix, if

a; = 1 for all 0 < i < oo, and the remaining entries of A are all zero. We
denote it as 1.
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o (Inverse matriz: Left-inverse and right-inverse)

Given a matrix A € M(oo x co) with A = [a;;]2, ;_, if there exists another
matrix B € M(oo x oo) with B = [b;]% ;—, such that AB = I, then we say
that B is a right-inverse matrix of A.

Given a matrix A € M(co x oo) with A = [a;]2, j—, if there exists another
matrix C' € M(oo x 00) with C' = [¢;]72 i, such that CA = I, then we say
that C' is a left-inverse matrix of A.

The left-inverse and the right-inverse of the same matrix usually are different.

4.2 General representation for linear Shoenberg-
Whitney matrix

Explicit formula for B, o(z):

T —tiy liv1 —
B; = ——Bi- B;
2(7) ti —lia i)+ tiy1 — 1(e)
Tl g <<t
1 i-1 > T i
lii —tiy ' (4.2.1)
- 7;—"_1—_1‘7 if t’L §$<ti+1,
tiy1 — t;
0, otherwise.
Consider the (k + 1)-th row of the infinite matrix By for 0 < k < oo,
[30,2(%) Bya(xg) -+ Bro(zg) - } . (4.2.2)

When zy, € (t;_1, 1], we can write the above row as

{0%}'—9 By-12(7r) Bra(zy) 0 }

k—1
e When xy € (tx,tg11), we can write (4.2.2) as

{‘0 - 0 Bra(wr) Bryip(zr) 0 }
k
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Combine the above two cases,

0+ 0 Brip(xr) Bra(zr) Bryig(we) 0
k1

In order to use a more compact way to write the matrix By, we use the notation
bij = Bi’g(.fj). Thus, we have

1 0 0
bor b b:

By:= |0 - . . | (4.2.3)

Address the uncertainty that which of the intervals (¢;_1, %] and (g, tx41) con-
tains xy.

To this end, we introduce a set of indicator variables {;}:2, as follows,

o, = 1 if x; € (ti—lyti) (424)
0 if x; € [ti,ti+1).

Write eXphCit eXpreSSiOHS for Bi*l,Z(mi)a Bi,2 (.Z'Z), Bi+1,2(xi):

( ti — @5
Bz— 7 % 3
2le) = t P ti—1 ;
Li — li—1 i+l — Ly
Bis(x;) =0 ——+ (1 —0;) ——, 4.2.
2(xi) =0 P——— + J>ti+1—ti (4.2.5)
o %
Bz‘+1,2($i) = (1 - Ui)
L liv1 — t;
fori=1,2,....
The partition of unity property of the linear B-splines can be written as a matrix
form
(1 0 0 |
1 1
b b b 1
0o . - =11, (4.2.6)

bn—l,n bn,n bn—i—l n

which will be a critical property in our matrix factorization technique.
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Although our matrix factorization technique does not require the explicit forms
of the inverse matrices of the Shoenberg-Whitney matrices, we require the exis-
tence of those inverse matrices. To show the existence for those infinite inverse
matrices, it is a very challenging task. So we take the constructuve approach to
solve this problem.

In general, finding the inverse matrices of the Shoenberg-Whitney matrices di-
rectly is very complicated. Here we propose a feasible approach to solve this
problem. We get into the concrete structure of the Shoenberg-Whitney matri-
ces, and characterize them into the following 5 special forms.

We start with the general expression of the Shoenberg-Whitney matrices for the
linear B-splines as follows,

r1 0 0 .

bor b1 b -
B, :— 0 . .. .. .. .. o — 1 if T; € (tz;l,ti)
2 ' ' ' ‘ | e 0 if xz; € [ti,ti+1).
bn—l,n bn,n bn—l—l,n

where
( tz — T
bi1, i )
| W t
Li — i i+l — T
’ ti —ti1 ; liv1 — 1
Li — 1
bicii =1 —0) ———
. lit1 — L
fori=1,2,.... We will examine all the possibilities for the indicator variables
{oi}

Case I: Infinite bi-diagonal upper triangular matrix that corresponds to o; = 0
fori=1,...,n,...

tg—.%'l xl—tl
lo—t1 to—1
t3—.%‘2 xg—tz

Bl ‘ t3 —t2 t3—t2 (4.2.8)

ln —Tp—1 Tp-1—th—1
tn — th—1 tn — th—1




CHAPTER 4. SHOENBERG-WHITNEY MATRIX:

36

Case II: Infinite bi-diagonal lower triangular matrix that corresponds to o; = 1

(4.2.9)

(4.2.10)

fori=1,...,n,...
[ 1 0
th—x1 x1—to 0
t1 — %o t1 —to
0 to —x9 o — 1t
11 ty—t1 to—t
32 = 2' 1 2' 1 '
ln —Tp—1 Tn —ln_1
tn tn—l tn tn—l
Case III: Infinite block-diagonal matrix that corresponds to oy =03 = --- =
UQk‘—l:"':0and0'2:(74:"':02k:"':1:
1 0
to — r1 —1
0 22 1 11—t
to —t1 to — t1
to — Tro — 1
g L2z Tazh g
to —t1 to — t1
By = ’ 0 0 .
0 lok — Tok—1  Top—1 — tok—1
tog —tog—1 ok —tlop—1
tor — Tog Tog — top—1
tor — tok—1 tor — tok—1

The first three cases are very simple, and we can find their inverses in the

straightforward way. Then we will move to the more general cases.

Case IV: Assume that oo = 053 = - --

for 2 < k < 0.

:gkzoandgk+1:...—

=1
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Then B, has the form of

BIV =

M1

0

0
to — o
to —t1

x2 — 11
to —t1

th—1 —Tp—1 Tp—1 —lk—2

te—1 —tk—2 the—1 —tk—2

tp — T T — k-1
te — k-1 te —th—1

0 tp — T4 Tp41 — tk—1
te — k-1 te —th—1

We will use this case as the building block for the lase case.

Case V: Assume that o9 = 03 = -+ = 0f, = 0,0%41
17 Ty Okgs o+l = 7" = Ol q = 0 and Okgs—1+1 = """ = Okyy —

Then Bs has the form of

where each block matrix BS has the similar structure as in Case V.

B;/ =

1,---.

37

(4.2.11)

(4.2.12)



Chapter 5

Inverses of linear
Shoenberg- Whitney matrices:

5.1 Inverse Shoenberg- Whitney Matrix Case I:

Let us modify the existing results for the finite case.

e CaseI:0;,=0fore=1,...,n,...
In this case, we have that x; € [t;,t;41) foralli=1,...,n,..., and we have
Bz‘—1,2(l"i) =0,
Livy1 —
Bia(x;) = ———,
2lw) =57 = (5.1.1)
Ti — b
+1.2(@) tiy1 — 1

By becomes an upper triangular matrix in the form of

1 0 0
tQ — I xr1 — tl 0
to—t1 ta—1
t3 —x x9 —t
0 0 3 2 2 —t2
t3 —te t3—t2
Bg — . .
0 . 0 tp1 —Tp—2 Tp-2—Iln-2
ln—1 —th—2 th—1 —tn—2
0 ' ' ]

38
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In order to make sure that the inverse of B exists, we require that all the di-
agonal entries are nonzero, i.e. x; # t;.1 foralli=1,2,....

We introduce another notation to make the expression of Bf a little simpler,

tz‘ — l’j
Lt 513
i ti —tia ( )
Then Bj becomes
1 0 0 |
0 m1 1—192, 0
0 0 M3z 1 —1m32
Bl |t . S (51
O ". .'- .'- 0 nn7n—1 1 - T]?’L,n—l
0 ' ' - - i

~1 . . .
In order to represent (Bé ) in a concise way, we need another notation,

Tio1 — 1t T — 1 Tj1—1tj1
&ij = oo /=), (5.1.5)
li — @i liv1 — X tj —xj

for i >j and é-i,i = 1.

Then the result from the finite case, we can write

M1 0 0 ..
to — 11 ts3 —to ty —t3 th_1—tn_o
0 &2, &2, §2,4 (—1)n = = &on—1
r1—t To — to r3 —t3 T2 —tn_2
t3 — 12 ty — 13 :
P £3,3 p— 3.4
-1 . ty — 13 tp—1 —tph—2
(B2) = g §a,4 - = Cn—3n-1
T3 —t3 Tp—2 —tn_2
the1 — tn—
e ! n_2 gn—Q n—1
txn72 - tn72
0 nl n_2 gnfl n—1
Tp—2 — tn—2
LO 0

0"
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which can be further simplified as

(B3)™

where

1

0

0 &0

g
I

0
—&23 &2
£33  —E&34
. §4,4

Define C € Myoxoo as follows,

Cy

1
0

0 0
G2 b
2,1 73,2

0 533

13,2
0

S24
74,3
£3.4

N4,3
Saa

M4,3
0

(—1)"H e

gn—?),n—l
_£n72,n71

§n—1,7z—1

nn,n—l

(~1yre o

nn,n—l

gn—Z,n
Nnon—1

n—1,n

nn,n—l
n,n

77n,nfl

For convenience, we can define ; ; = 0 for 7 < j.

Goal: Verify that

BiCi =1..

(5.1.7)

(5.1.8)

In order to show that BICJ = I, we would like to find the representation of
the (4, ) entry of the matrix BIC? for 1 <4, j < cc.
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The i-th row of BI:
{\0 0 Mg 1=mig 0 } ‘
i-1
The j-th column of C3 with j > 1:

Nj.5—1 Nj.ji—1 Nj.i—1

[0 (_1)3'—2& (_1)1'—3& (_1)0i 0 r

For j > i, (the upper triangular entries, including the diagonal entries), the
(i,7) entry is:

Miji—1 * (—1)7'_"& (1= niiq) - (_1)j—i—1€i+1,j
=1 Mjj-1

To verify that BICY = I, we denote AL := BICJ with its entries a;; at (4, 7).

Main diagonal case: For i = 7,
it1,i 1

&ii
— — (1 —=mii) - = —Mii—1- 1 — (1 —=mi;—1) -0 = 1.
Miji—1 (1= i) Nii-1  Mii-1 it (1= 1i-1) -0)

Qi = Tii—1

The lower triangular case: For i > j,

Qij = M1 - (_1)3‘4& + (1= nm1) - (_1)171'*1@ =0.
Mj.j—1 Mj.j—1

The upper triangular case: For ¢ < 7,
Qij = Mii1 (_1)%@'& + (1= ne1) - (—1)14*1@
Mj.i—1 Nj,j—1
ji L
= (=1 ——[mii1 - &y — (L= mii1) - &gl
N1

In order to show that a;; = 0 in this case, we just need to show that

Mii—1°&ij — (1- 77i,z‘—1) “&it1; =0,

which is equivalent to

Nii—1 §it1,5
L —nii §ij
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Indeed,
by — i
Mii-1_ ti—tion i — i
L—mii1 1— bi—Ticy  myq —tig
by —ti 1

On the other hand, we have

( T —t; ) (l’iﬂ — ti+1) (%’1 — tjl)
Gy \bin v2— Tint ) L (5.00)
&ij Tio1 — b Ti—ti \ [ Ti—tia Ti—1 — ti1

t; — xiq Liv1 — x5 i —xj1

Thus, this case is verified. So we can say that CJ is the right-inverse of B:.

Now we would like to find G € M(oo x o), such that GEBI = I,. To this
end, we take G1 as an upper triangular matrix, and determine its entries sub-
diagonal by sub-diagonal.

Define G € Myoxoo as follows,

_911 gi2 Gg13 - - 91n 1
0 922 Gos Goa - G2
0 g3 ogu '
Gh=1: " 0 gu - . |. (5.1.10)
: 0 n—1,n
0 gnn

we would like to find the representation of the (4, ) entry of the matrix GI BS
for 1 <1i,j5 < o0.

The i-th row of GL with ¢ > 1:

[\O"'O, Gii  Gii+1 0 Gin ]
i-1

The j-th column of B} with j > 2:

T
{\0---0, L= tlj-1j2 M1 0 } |
7j—2
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To ensure that GBS = I, we denote A} := GLB] with its entries a;; at (i, 7).

Main diagonal case: For i = j and ¢ > 2,

1
Mii—1 .

a; =0 - (1 - 771'71,172) + Gii Mii—1 = 1= 9ii =

The lower triangular case: For i > 7 > 2 ie. 1 —12> 7,

QAij = 0- (1 - 77j—1,j—2) +0- Njj—1 = 0.

It is easy to see that

ap=0 for 2>2, and a; =0 for 7>1.

The upper triangular case: For j —i =1,

1—miia
aij = (1 = nj—15-2) - Gii + Mjjm1 - Giig1 = —77‘ ’Z’z + Nit1,i * Giig1 = 0.
ii—
Thus,
1_ l; — @1
N :_1—771',1‘71 _ ti —tioa
Gt Mii—1 Mit1, e s W
ti—tic1 tiy1 — 1
Ti—1 —tio1
_ t;i —ti 1 _ tiv1 —t; ;i1 — i
by — Ti—1 tiyn — tis1 — X ti—Tioq
ti—tic1 tign — 1
For j —i =2,

Qij = (1 - 77j71,j72) “Gii+1 T Njj-1"Gii+2 = (1 - 771'+1,i) “Giiv1 T Miv2i41 Giiv2 = 0.
Thus,

1_ tivi —x; \ tiv1 —t; i1 —t;
Giigor = — (1= Miy1) - Giina _ o1 — b
1,i+2 Ti+2,i+1 M

tiv1 =@t — i

tito —tit1

Ti—t \ tigr— b xi1 — i
tivi—ti) tiy1—x ti—xi1 ligo—liyn @i —t Tig — i
livo — Tiy1

liyo — Tiy1 L1 — ;T — 23
tivo — tit1
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For j —1i =3,

Q5 = (1—77j—1,j—2) “Giit2TMNjj-19ii+3 = (1_77i+2,z‘+1)’gi,i+2+77i+3,i+2'gi,i+3 = 0.

Thus,
<1 _ liy2 — 1Uz‘+1) livo —liy1 xy —t; X1 — b
(1 = Mig2,i41) - Gisito livo —liv1 ) tivo — i1 L1 — 2 L — X1
9ii+3 = — - = fin — T
n2+3,1+2 i+3 i+2
tivs — tit2
<ﬂ7z‘+1 - ti+1> livo —liy1 ®;— 1 21—t
- bivo —tit1 ) tigo — Tig1 bipn — % U — 2
- titv3 — Tit2
Livs — tito

Ctis —tigr Tip1r — by X — b Tioy — iy

tivs — Tipo i — Tig1 tiy1 — T b — Timq
We can write the general formula for g; ;1 with £ > 1 as follows,

Livk — tith—1 Tiyp—2 — Livp—2 Ti—1 — ti—1

Giivk = (—1)* (5.1.11)

Livk — Tigk—1 Livk—1 — Tigp—2 t; — i

We have verified that it is true for £ = 1, 2, 3. Based on mathematical induction,
assume that it is true for 1 < k£ < s with s > 3. Now we consider the case that
j—1i=s5+1. We can write

aij = (1=m21,-2)GiitsTNjj—1"Giits+1 = (1=Nitsits—1)Giits+Nitst1,i+s Giitst1 = 0.

Thus,
(T =mjm1-2) " Gisirs
Gijits+1 = —
Nits+1,i+s
(1  liys — $i+s—1)
_ Livs — livs—1 _1y tivs —tits—1 Tiys—2 —tligs2  Ti-1 —li
bitst1 — Tits Livs = Tits—1 Livs—1 — Tiys—2 b —xi
Lits+1 — Lits
_ (<1t bist1 —livs Tigs—1 —bigs—1 Tigs—2 —bigs2  Ti1 — tz‘—I.
Litst1 — Tits tits — Tivs—1 lits—1 — Tips—2 by — i1

We complete the verification.
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5.2 Inverse Shoenberg- Whitney Matrix Case
11I:

e Case II:  We consider two subcases: A) o1 = 09+ = 0, = = 1; B)
op=0y=--=o0y=0and oy =---=0,=---=1.
Subcase A: We have that z; € [t;_1,t;) for j=1,2,...,n,..., and get
t, — 1.
Bi_q19(x;) = L1 —L
o) =
Bialay) = B2l (521)
tj — tj,1
Bjyia(z;) =
B, is a lower bidiagonal matrix in the form of
o 0 -
lh—x1 21—t 0
t—to t—to
: 2 — Xy X9 —1 0
to—11 lo—1
Bl — - l3 —x3 x3— 12 0
tg —ty 13— 1o
tn — Tn Tn — tnfl
tn - tnfl tn - tnfl
) (5.2.2)
We can write Bi! in a simpler version:
o 0 -
ma 1—ma 0
' Moz 1 =122 0
By = - nss  1—ms3 0 (5.2.3)
Tnn 1— Tin,n

To find the left-inverse and the right-inverse of B!, we define C¥ and GI! as
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the following two lower tridiagonal matrices:

C11 0
€21 Co22 0

C31 C32 (33 0

CH=1|"% cp ez caa 0 o - (5.2.4)
S : . 0
Cnd Cn2 - -+ Can
and ~ .
g 0
g1 g2 0O
gs1 932 gz O
Gl =1" gio g3 gu 0 . .|, (5.2.5)
. ) ) ) : 0 -
gn1 Gn2 Inmn
such that
BicH =ciBY = I,. (5.2.6)

To ensure that B} C3! = I, we denote AY := BiCJ! with its entries a;; at
(4,7) for 1 <4,j < co. Notice that a;; = 0 for j > ¢ with the given structures
of B and C3’. We only consider the cases for a;; with i > j.

Main diagonal case: For 1 = j,
Qii = (1 - 771—1,1'—1) cci =1

with ngy = 0 for convenience. Based on our assumption ¢;_; < x; < t;, we have
that 0 < n;; < 1. Thus,

1
Cyy = ————, for 1<i< o0.
I —mic1i—1

The lower triangular case: For i = j + 1,

Qip1i = Nii - Cii + (L —mii) - Cip1, =0,
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which results in
Nii 1
L=l —misqi1

Cit1s =
For i — j +2,
Qit2i = Nit1i+1 " Cit1i + (L = Nig1i41) - Cigoi = 0,

which results in

it 1,i+1 Mii 1
Cit2; = (—1 2 : .
i ( ) I =gt L =mi 1L —mim1 i1

For i = j + k, we can get

i Mitk—1i4+k—1 Mii 1
Citki = —1 e :
* (=1) = ipp—tivh—1 1—mul—mic1

Similarly, to ensure that GI!BI = I, we still denote AL := GBI with its
entries a;; at (i,7) for 1 < i,j < oo without causing much confusion. Notice
that a;; = 0 for j > i with the given structures of Bi! and G4’. We only con-
sider the cases for a;; with ¢ > j.

Main diagonal case: For ¢ = j,
i = Gii - (1 —mim1,1) =1

with 7199 = 0 for convenience. Based on our assumption ¢;_; < x; < t;, we have
that 0 < Nii < 1. Thus,
1

- for 1<i<o0.
I —mic1i1

Gii =

The lower triangular case: For i = j + 1,

Aiv1i = Git1,i - (L —Mic1i-1) + Gir1it1 - i = 0,

which results in
Nii 1

I —ni—1501— 772',1"

Git1i = —
For i =742,
Ai42i = Git24 ° (1 - Themel) + Git2,iv1 - My = 0,
which results in

Mii Mit1,i+1 1
T—miciic L = migain 1 — mig

Girai = (—1)?
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For i = j + k, we can get

Here we notice that ¢;4x; = ¢itr; (We need to double-check this case later).

Subcase B:
get

Gitki =

(_1)k Nitk—1,i+k—1

Nii

1

I — Migk—1i4k—1

1 Nii 1 —Mic1ioq

In this case, we have that z; € [t;,t;41) for j = 1,2,...,k, and

Bja(z;) =

Bj+1,2(95j) =

T —

i1 — 2
)
tiv1 — 1

Bj+1,2(1‘j) =

tiva — ;.
We also have that z; € (t;_1,¢;) for j =k+1,...,n,..., and get

By becomes a special tridiagonal matrix in the form of

1 0
0 tg—l’l xl—tl
lo—t1 ta—t
0 tgfl’g l’g*tg
l3—ta 13—t
0 .
0

By =
tk+1 — Tk T — tg
ter1 — Tk ter1 — Tk
th+1 — Tht1  Tht1 — Uk 0
ter1 — Tk ter1 — Tk
. tkio — Tpro  Tpyo — tpaa

thto — gyt

thto — Thr1

(5.2.7)
(5.2.8)
0
0
tn — Tn Tn — tn—l
tp —tn—1 tn — tnfl

In order to make the inverse calculation easier to handle, we would like to
work on a special example with concrete numbers first. We will calculate the
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left-inverse and the right-inverse for the following infinite matrix:

0 1/2 1/2
0 1/2 1/2
L0 1/2 1/2
Bl = 023 1/3 I (5.2.9)
1/3 2/3 0 . e e
1/2 1/2 0
o

1/2 1/2

where we take the knots {t;}22, and the sample locations {x;}32, as follows:

t;=j, for j=0,1,2 ...

0 3 )
rTn = €rT1T = — To = — Ta =
0 ) 1 27 2 27 3
and )
=] — = ) =6,7,8,....
aTJ J 27 J 3 19Oy

Now we apply a rotation transform Ry on B! from the left with the following
rotation matrix

[1 0
0 1 0
0

0 1 0

R cosf sind . ‘. T
Ro=1. . . . ) ) _ , (5.2.10)
e T . —sinf@ cosf 0O - T

0 1 0

and get
Ry B =
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1 0
0 1/2 1/2

0 1/2 1/2
00 12 1/2
0 (2cosf@ +sinf)/3 (cosf + 2sinh)/3
(cos® —2sinfd)/3 (2cosh —sinh)/3 0

1/2 1/2 0
' 0
1/2 1/2
) (5.2.115

We would like to choose § = tan~1(1/2) to make cosf — 2sinf = 0. Let
0y = tan~1(1/2). We update the above matrix as follows,

Ry, B =
o -
0 1/2 1/2
0 1/2 1/2
0 1/2 1/2 .
0 +5/3 4v/5/15
. Vi5 o (5.2.12)
. /2  1/2 0
' 0
1/2 1/2

To make the non-zero entry in the 6th row to 1, we multiply the above matrix



CHAPTER 5. INVERSES OF LINEAR SHOENBERG-WHITNEY MATRICES:51

with a scale matrix from the left:

1 0
0 1
: 0

0
1

Now we have the following matrix:

1 0
0 1/2 1/2
0 1/2 1/2
0 1/2
0

which can be written as

where
1 0 0
0 1/2 1/2
A= 1|0 0 1/2
0 0 0
0 0 0

0
0
1/2
1/2
0

0
1 0
0 0
0 V5 0
0 1 0
0
0
S5 Roy By' =
1/2 .
V5/3 44/5/15
0 1 0
/2 1/2 0
' 0
1/2 1/2
A C
0 B|’
0 0
0 0
0 |, C= 0
1/2
0 0
V5/3 14V/5/15 0

(5.2.13)

, (5.2.14)
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and

1 0
1/2 1/2 0
B=|".. 0
1/2 1/2

Notice that
Al —ATICBTY [A C g
0 B! 0 B|

Let us find A~ and B! first. We get

0 0 0
-2 2 =3/\/5
2 -2 3/V5 |,
0 2 -3/V5
0 0 3/V5

g

R

I
co oo~
coono

and

Bl'=|1 —9 2
1 2 -2 2
92 9

Then we calculate

45
ATICBT = ATIC = | 45

—4/5
| 4/5

oo O o O
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We put the above three matrices together, and get

1 0 0 0 0 0 0
0 2 -2 2 =3/v/5 —4/5 0
0 0 2 —2 3/\/5 4/5 0
0 0 0 2 -=3/vV/5 —4/5 0
A-1 _A-10B-! 0 0 0 0 3//6 4/5 0
0 B! N E TR 0 1 0
-1 2 0

Now we can calculate C47, which is

A7l —ATCB™!

GgI: 0 B—l S\/ERGO
M o 0 0 0 0 0 - ... . T1 o
0 2 -2 2 —3/V5 —4/5 0o . . . o 1 o
0 0 2 —2 3/V5 4/5 0 0 1 0
0 0 0 2 -3/ —4/5 o . .- S 1 0
0 0 0o 0 3/ 4/5 0o . .- T 1 0
- 0 1 0 0 V5 0
-1 2 0 0 1 0
1 —2 2 0 0
-1 2 -2 2 0 1
o .
0o 1 0
0 1 0
0 1 0
0 2/vV5  1/V5
-1/v5  2/V5 0
‘ 0 1 0
‘ 0
0 1
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1 0 0 0 0 0 0 1 0
0o 2 -2 2 -3 —4/5 0 0o 1 0
0 0 2 -2 3 4/5 0 0 1 0
0 0 0 2 -3 —4/5 0 0 1 0
0 0 0 0 3 4/5 0 0 2/5 1/5
- 0 1 0 -1 2 0
-1 2 0 0 1 0
1 —2 2 0 0
-1 2 —2 2 0 1
o 0 0 0 0 0 T M o
o 2 -2 2 -3/V5  —4/V5 0 0o 1 0
0 0 2 -2 3/V5 4/V5 0 0 1 0
0 0 0 2 —3/v5  —4/V5 0 0 1 0
0 0 0 0 3/V5 4/\/5 0 0 2/V5 1//5
BEE 0 V5 0 -1/vV5 2/v/5 0
0 -5 2 0 ' 0 1 0
0 V5 —2 2 0
0 —5 2 —2 2 0
[ o 0 0 0 0 0 ]
o 2 -2 2 —-2/5 —11/5 0
0 o0 2 -2 2/5 11/5 0
0 0 0 2 —-2/5 —11/5 0
0 0 0 0 2/5 11/5 0
- -1 2 0
1 —2 2 0
1 2 —2 2 0
1 —2 2 -2 2
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Finally, we need to verify that GLBH =1, i.e.

1 0 0
0 2 —2
0 0 2
0 0 0

0 0 0 0
2 —2/5 —11/5 0
-2 2/5 11/5 0
2 —2/5 —11/5 0
0 2/5 11/5 0
-1 2 0
1 -2 2 0
—1 2 —2 2 0
1 -2 2 -2 2

1

0

0
1/2

0

1/2

1/2

1/2

1/2

1/2
2/3

1/3

1/3
2/3

1/2

1/2 0

12 1/2

(When we do verification using the above matriz, it does not give us the inverse
matriz. We can use this example as an counter example against the associative
law for the infinite matrices.)

Now we use the elementary transformations to calculate the inverse of B!, and

get

7 _
C2 h—

1 0
0o 2 -2 2 =2 1
0 -2 2 -1
0 -2 1
0o 2 -1
-1 2
1 =2
-1 2
1 =2

Next, we verify if B/ CH = I.

I ~IT
£32 (72 -

(5.2.15)
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1 0
0 1/2
0
Consider
[1 0
0o 2

1/2
1/2 1/2
0 1/2 1/2
0 2/3
1/3
—2 2 -2
2 -2 2
0 2 -2
.00 2
-1
1

1/3
2/3 0
1/2 1/2 0
L 0
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1 =2
-1 2
1 =2
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That is, C2! is the inverse of B! in this example.

Next, we consider the following general case:

I _
B2 —

1/2

0
1/2

0
2 0
-2 2
0

0

1/2 1/2
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1 0
0 a1 1—mn
0 132 I —m32

0 Met1k L — Mgk

Mit1k+1 L — Mgt kr1 0

Met2k+2 L — Ny pyo

0
nn,n 1- nn,n
(5.2.16)
1 0 .. R .
0 to—x1  z1—h
to—1t1 to—1t1
0 t3—wa  x2—t2
t3—to t3—to
0 tpi1—Tk T —tg
. te+1—tk te+1—tk
I . . L b1 —Th1 Tp41—lg 0
tot1—1k lh+1—tk
tkt2—Tp4+2  Thy2—tk+1
teyo—le+1  trro—tk+1
th—Tn Tn—ln—1
tn—tn—1 tn—tn—1
(5.2.17)

Next, we do the elementary transformations to get the inverse of BZ!.
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1 0
x1—1t1
0 1 —
xo—t2
0 1 ——
(tpg1—tr)(Tpq1—Tk)
0
(tk+1—2k) (Tpt1—tk)
t —x
k+1—Tk+1 1 0
Tht+1—lk
tpt2—Th42 1 O
Trt2—tg4+1
tn—Tn 1
Tn—ln—1
(5.2.18)
1 0
ta—t1
to—x1 0
tz—ta
0 T 0
0 etk (trtr1—tk) (@r—1tx)
tep1—Tk (tep1—2p) (Trr1—tk)
~ trot1—tr
0 Yet1 7k 0
Th+1—lk
t —t
O k+2 k+1 0
T2~ tht1
0 tn—tn—1
Tn—1ln—1

(5:5.19)
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1 0
T1—t1
0 1 r——
xo—t2
0 1 F—
0 1 0
— o1 —Tp41 1 0
Th+1—lk
k2 —Tp42 1 0
T2 —tk+1
th—Tn 1
Tp—tn—1
(5.2.20)
1 0
to—11 0
to—x1
ta—tlo
0 P 0
Thy1—tk  _ _xp—ly
Tpi1— Tk Te4+1— Tk
~ tet1—tk
0 ek 0
Tp4+1—Lk
tpt2—tpt1
0 “k+2” "k+1
Tryro—tpi1
tn_tnfl
0 Tp—tn—1

(5.‘2'.'21)
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1 0 .
T1—t1
0 1 ——
xo—t2
0 1 TP
Do 0 1 0 e
—|. . : . : L (5.2.22)
Lo —Tp42 1 0
Th+2—lk+1
tn—Tn 1
Tn—tn—1
1 0
0 =t 0
to—x1
t3—to
0 Fa—— 0
0 Tpy1—tk __Tp—tg
Tp4+1—Tk Tp4+1—Tk
~ _ lk1— T4 lhy1 =Tk 0
Tl 1 —Th Tht1—Th
0 o —tr+1
Tht2—lk+1
0 tn_tn—l
Tn—ln—1
(5.2.23)

To see the transformation chain better, we split the above two matrices into
upper and lower blocks, and do the transformations respectively.

In order to handle the complexity of the computation gracefully, we introduce

the following notations:
Tj—1 — tj—l tj—l — Tj-1

¢ =

ij = ;
tj —l’j,1 LC]'

Upper Part:
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N
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0 1
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0 L=t g
0 L=z
t3—x2o
0
V3
0 1 m
0 1 0
[1 0
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0 1
%
0
1+~ O
0 I+
0

xo—to
t3—x2

0

0 Tp—2—tk—2
th—1—Tk—2
0 1 0
te—1—tk—2
th—1—Tk—2 0
O Tpi1—tg Tty
Tk+1—Tk Th41—Tk J
1 0
0 1+7% 0
0 149 0
0
V3
0 1 0
0 1 0
0 1 0,
V-1 (L +7%)  Ye—17(1 — drg1)
L+ 9% —Yk(L = Prt1)

1=k

L+

0 1-¢pn

Vh—1VkPh+1
—VkPh+1

Dlt1

0

Drv1]
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1 0 i
0 1
0 L v
. .
0 1 0
0 1 0
i 0 1 0

0 1+9 0
: 0 147 0

0 T+ve—1 —Y—1(1+7%) Ye—176(1 = Pkt+1)  Ve—1VkPrt1
h 0 L+ =Ykl = Pr+1) —VkPkt1
RS 0 I = frt1 Pe1
D
0 1 0
0 1 0
N
0 1 0
0 1 0
I 0 1 0]
I ;
0 I1+72 —v2(1+73) ~v2v3(1+74)
: 0 1+ ~s3 —v3(1 + va)
~ 0 Loy =) (= k1) vy bk
0 A e bi1
L: : 0 1— 641 orp1
Its general row can be written as:
[0, -+ 0, Ty, =y (Tt41)s oy (FD)M (=), (1) g ).

j—1

Lower Part:
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We still introduce some special notations to make the computation easier to

handle:
tj — J}j . tj — IL‘j_l
wi=——r Y=
Lj— -1 Tj— Tj-1
0 1 0
tiro—Tr42 1 0
T2 —lk+1
tn—Tn 1
Tn—tn—1
__tk+1—96k+1 lk41 =%k 0 i
Th+1—Tk Th+1—Tk
thro—lh+1
0 —kt+2” “k+l
T2 —tk+1
Y
0 In—tn_1
Tp—tn—1
0 1 0
W42 1 0
wees 10
Wj 1
wn, 1

1 — Y1 Y 0
' 0 1+ Wg+2 0
0 1+ Wk+3 0

0 ].+CL)J

0 1+w,
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R ) . ) . ) ) ) . ) (5.2.24)
w, 1
1= p41 Yr41 0
—wWrt2(1 = Ypq1) —wWrgo¥rgpr 14 wigo 0
0 1+4wws O
0 1 + LUj
0 14w,

i (5.2.25)

5.3 Inverse Shoenberg- Whitney Matrix Case
III:

o Caselll: o1 =03=:---=091=---=0andoy=04=---=09 =---=1

In this case, we have that xo,_1 € [tog_1,t2) for all k =1,2,..., and get

Bog_22(xox—1) = 0,
top, — Tog—1

Bok—1,2(Tok— ;

2k-12(T2k-1) fa— tat (5.3.1)
Top—1 — Uog—
BQk+1,2(x2k71) = 22kl 2k 1.
Log — tog—1
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We also have that xor € (tor_1,t9) for £ =1,2,..., and get

sz71,2(372k) =

Boyo(or) =

tor, — Top

)
tor, — tar—1
Top, — log—1

tog — tok—1
Bojt12(xar) = 0.

By becomes a block diagonal matrix in the form of

17T _
By =

Denote

0
tQ—l‘l xl—t1
to—tp  to—11
to—xy T2— 1t
to—t1  to— 1
0
D

(5.3.2)

Tp—3 — tn73

tp—2 — tn—S
Tp—2 —ln-3

0
t4 — X3 r3 — t3
tg —t3 tq4—13
t4 — X4 Ty — t3 0
tg —t3 tg4—13
tn72 — Tp-3
tp_o — tn—S
tn—2 — Tp_2
tn72 - tn73
tj —Tj-1 Tj-1 — tj—l
tj — tj—l tj — tj—l
tj Zj X tj,1
tj — tj,1 tj — tj,1
1 0 ]
0 Dy

tn72 - tn73

(5.3.5)
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Thus the inverse of B! can be written as

1 0
0 Dyt

:o. Dyt
(Bén)_lz (5.3.6)

D—l

It is easy to fnd that

Xy — tj_l tj_l — X1

(L’j —[L'j_l [L’j —I‘j_l

—t -z

Tj —Tj1 Tj— Tj-1

Now we can write (B3 )_1 explicitly as follows,

1 0
g F2—h 1— T

T2 —T1 T2 —T1
To—t2 la—x

T2 —T1 T2 —T1

T4 — 1 t3 —x
0 4 3 3 3

Ty — T3 T4 — T3
Ty —tg  tg—x3

=1 _
(BQ ) - T4 — I3 Tyg — I3

5.4 Inverse Shoenberg- Whitney Matrix Case 1V:

Case IV: Assume that 0y = -+ = 0p, = 0,085,401 = - =0, = 1, , Opy._ 41 =
...:O’kQS_l:O’Uk25_1+1:...:ak2$:1’..-

Note: In order to make the discussion a little easier, we allow k; = 0. When it
happens, we have 01 = - -- = 03, = 1 and we treat the part oy = - -+ = gy, = 0 empty.
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Under this assumption, By, can be written as a block-diagonal matrix as follows,

(B 0
0 B
BV =i =~ , (5.4.1)
B;
where Bj has different structures based on the value of k.
More specifically, when k; > 0, we have a tridiagonal matrix
10 --- 0
0 b by :
5 e 00 by Dy 1,k 0 0 549
2 e T bk berig 0 5 ‘ (5.4.2)
0
0 - .- e e Dky—1ky Dkoky
When k; = 0, its structure becomes a lower bidiagonal matrix
1 0 0 0
Bj = bou b0 (5.4.3)
0o . 0
O e bk‘z—l,kg bkg,k‘g

For B; with s > 1, we have a tridiagonal matrix. In order to see the structure
clearly, we write the case for s = 2 as follows

[Dkgt 1 ko+1  Dkot2,kot1 0 0 0 0 7
0 . - 0 0 0
B2 .= ! Phoks - Drsrps O ! (5.4.4)
0 bks,k3+1 bk3+1,k3+1 0
0 . .
L 0 T bry—1ky Ok ks

We can use B3 as a representative for the general case. In other words, if we can write
out the inverse of B2, then we can easily write out the inverse of BS for any s > 1.
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To find the inverse matrix formula for the above matrix, we define a special tri-

diagonal matrix from the given independent variables uy, ..., up,,v1,...,v, with p > 1
and ¢ > 1 as follows,
_Ul 1-— Ul 0 0 i
0 (%) 1— (%) :
Q(id, 7) = 0w 1= . (5.4.5)
U1 1-— (%1 0
V2 1-— (%] 0
: . . . .. . . 0
0o .- 0 A M

where we denote @ := (uy,...,u,) and 7 := (vy,. ..
ing lemma, we give the formula for Q! (4, ).

,v,) and m = p+q. In the follow-

Lemma.  Given a p-vector @ := (uy,...,u,) and a g-vector v := (vy,...,0,)
that satisfy the conditions: p > 1,¢ > 1 and p + ¢ = m, define a tridiagonal matrix
Q(u, V) as above. In order to make (i, ¥) invertible, we require that

w #0 for1<i<p, wu,#v, and v;#1 for2<j<gq. (5.4.6)

Then we can write Q™! («, ¥) as [;], where the non-zero entries in {a;} are given by
the following formulas:

e For the diagonal entries, we have

. 1—w
a;=—, for1<i<p—1, ap= 1’
U up—vl
and
u .
Apiipr1 = ——, Qj; = forp+2sj=<m.
Up — V1 1 — Vj—p

e For the lower triangular entries o; ; with p < j < ¢ < m, we represent them in

the following general formulas, for r =1,...,¢ — 1:
U1 Up V2
QXptrp = 7= Qptrptly  Optrdlptl = — - — Qptrilpt2,
Uy, Uy — U1

and for p+2<j<m-—r,

Uj—p+1

J— a . . .
J+rj+1
]_ — Uj_

Ojtrj =
p
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e For the upper triangular entries, for s =1,...,q,

2

) 1
V1<i<p, Qits= (1 — —>04i+1,i+s,
u
and fort=q+1,...,m—1,

) 1
Vi<i<m—t, = (1 - _>ai+1,i+t'
u.

(2

Since each diagonal block matrix Bg in BV is invertible for j > 1, we can easily
write the inverse of BiY as follows,

BH™" 0

0 (B :
(B = | ] (5.4.7)
: (B3)™

Explicit formulas for (B’%)f1 can also be given by the result of the lemma above.

The explicit formulas for (Bg)_1 with j > 1 in BV can be given in the following
two cases:

e For j =1, when k; = 0, we choose 4} := (1) and 1 := (bo1, - - ., bgy—1,k,). Then
(BY) ™ = Q7 (ui, vi).

When kl > 0, we take U_i = (b].l) . abk1,k1) and U_i = (bk1,k1+17 .. -abk2—17k2)~

Then
1 71_ 1 0
(B2) _[0 Qlwl,vz)]

e For j > 2, we note by u; := (bk2(j—1)+17k2(j—1)+17'"7bk2j—17k2j—1) and v; =
1
] . —1 — —
(bkzj—1,k2j_1+17 ce 7bk2j—1,k2]’)' [hen (82) = Q <Uj, Uj).
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5.5 Inverse Shoenberg- Whitney Matrix Case V:

Case V: There are two subcases to be considered: A) o1 = -+- = 0y, = 0,04, 41 =
”':O-kg :17... 70k25+1 — ... :O’ and B) o1 = --- :Ukl :O,O-k1+1 = ... :O-kg e
L Okggi1 =0 = Oyyy = 0,0hy, 141 == 1.

For subcase A, we can write B) as the following block diagonal matrix

Bl 0
0 B3
BY =|. ? , (5.5.1)
B;
where B}, ..., By ! are the same as those in Case IV, and Bj has the following struc-
ture:
T 0 ]
0 Ok, t2kot2  Dkots kot
B5 = ol (5.5.2)
: . bk’s-i-w,ks-i-w bks-l-w-l—l,k’s—i-w .
Then we have .
(By) 0
B 0 82 —1 . L
eyt 0 B (5.5.3)
(B3)"
where (BY) ™", (Bg’l)_l can be written using the formulas in Case IV, and (B5)™"

can be written using the formulas in Case I with both the left inverse and the right
inverse.

For subcase B, we can write By as the following block diagonal matrix

Bl 0
BY = (_) 53 : (5.5.4)
B;
where B}, ..., B! are the same as those in Case IV, and Bj has the following struc-

ture:
B =
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blgs_g+1,kps_o+1

0

bhgg_o+2kps_n+1

0

bligg_1,k2s—1

bligg 1 kas—1+1

bligg_1+1kas_1

bhgg_1+1kgs_1+1

bhgs_14+w—1,kgs_1+w

and its inverse can be found using the method in Case II.

bhos 14w kgs_1+w




Chapter 6

Conclusion and Future Research

Our technique to construct a local quasi-interpolant for linear B-splines on the in-
finite interval [0,00) heavily relies on the operations of the infinite matrices that
have quite different properties comparing with their finite-dimensional counterpart.
To our knowledge, there is no existing theory developed for the operations of the
general infinite-dimensional matrices. People tend to use the properties for the finite-
dimensional matrices on the infinite-dimensional matrices directly, which could result
in incorrect results. In our theory development, we encounter several examples for
the infinite-dimensional matrices that do not follow certain obvious properties for
the finite-dimensional matrices. In order to ensure that the results developed on the
infinite-dimensional matrices correct, we verify all our results based on the original
definitions.

More specifically, we found that in the following three situations, the behaviors
for the infinite-dimensional matrices are quite different.

e  On invertible matrices and singular matrices

In the following example,

1 =1 0 o o

17 [0
01 -1 0 . 0
00 1 -1 1 0

0 1 -1 - [ =19, (6.0.1)

1l o
0 . .0 1 —1] . ,
-O -'. n" -" -.‘ -.‘ -..- —.— —'—

we observe that an infinite-dimensional upper triangular matrix with all the
diagonal entries 1’s, which is supposed to be invertible, multiplies a non-zero

72
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vector and results in the zero vector. This behavior cannot happen in the finite-
dimensional matrix case, in which if an invertible matrix multiplies a non-zero
vector, the result vector can never be zero. Thus, we have to re-examine the
meaning of the invertible infinite-dimensional matrices. Should we use the view
of the linear operators or linear transformations to study the invertibility of the
infinite-dimensional matrices?

e  On associative law for matriz products

The associative law for the matrix products is an ordinary property for the
finite-dimensional case. Unfortunately, we lose this fundamental property for
the infinite-dimensional matrices. Look at the following example: Given three
infinite matrices A, B, and C,

1 0 0 0 0 0 0
0 2 —2 2 -3 —4/5 0
0 0 2 =2 3 4/5 0
0O O 0 2 =3 —4/5 0
0 O 0 0 3 4/5 0
A= |, : (6.0.2)
0 1 0
—1 2 0
1 -2 2 0
—1 2 =2 2
L _
0 1 0
0 0
0 0
I A (6.0.3)
T
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and
0 -
0 1/2 1/2
0 1/2 1/2
' 0 1/2 1/2
oo 0 2/3 1/3
1/3 2/3 0
1/2 1/2 0
' 0

1/2 1/2

74

, (6.0.4)

we compare two matrix products using different orders: (AB)C and A(BC),

and get

A(BC) = A

1 0
0 1/2 1/2
0 1/2 1/2
0 1/2 1/2
0 1/3 4/15
0 1 0
1/2 1/2 0
g

1/2 1/2

(6.0.5)
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and
10 0 0 0 0
0 2 -2 2 —2/5 —11/5
00 2 -2 2/5 11/5
00 0 2 -2/5 —11/5
00 0 0 2/5 11/5
(AB)C = | . .
12
1 -2
12
1 -2
10 0 0 0 0
01 0 0 0 -85
L0 1 0 0 85
0 1 0 -85
0 1 8/5
B 0 1 0
0 1

N O O O O O O

75

C  (6.0.6)

£ I, (6.0.7)

Since we cannot use the associative law for the products of infinite-dimensional
matrices, the impact is huge. Many ordinary matrix operations will not be true
anymore. Another consequence of this property is that the left inverse and the
right inverse for certain matrix could be different.

On left inverse and right inverse
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We consider the following matrix,

1 0
0 1/2 1/2
0 1/2 1/2
0 1/2 1/2
A 0 1/3 4/15
0 1 0
1/2 1/2 0
' 0
1/2 1/2
We found its left inverse as follows,
1 0 0 0 0 0 0
0 2 -2 2 -3 —4/5 0
0 O 2 =2 3 4/5 0
0 O 0 2 -3 —4/5 0
Agl_ O 0 .0 0 3 4/5 0
0 1 0
’ -1 2 0
1 -2 2 0
—1 2 =2 2

We also found its right inverse as follows,

10 0 0 0 0 0

0 2 —2 2 =3 4/5 0

0 0 2 —2 3 —4/5 0

00 0 2 =3 4/5 0

o000 0 3 —4/5 0
Anl =

0 1 0

-1 2 0

76

(6.0.8)

(6.0.9)

(6.0.10)
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We would like to extend our results to more general B-splines. But the main
difficulty is at the manipulations of the infinite-dimensional matrices. If we do not
understand the infinite-dimensional matrices well, it is very hard to get the correct
results. To this end, we should find good explanations for the above three proper-
ties. We hope that we can develop a theory that provides reliable operations for the
infinite-dimensional matrices.
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